APPROXIMATING CSISZAR f-DIVERGENCE VIA AN
OSTROWSKI TYPE IDENTITY FOR n—TIME
DIFFERENTIABLE FUNCTIONS
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ABSTRACT. Using an identity of Ostrowski type for n—differentiable functions,
we point out an approximation of Csiszdr f—divergence.

1. INTRODUCTION

One of the important issues in many applications of Probability Theory is finding
an appropriate measure of distance (or difference or discrimination) between two
probability distributions. A number of divergence measures for this purpose have
been proposed and extensively studied by Jeffreys [25], Kullback and Leibler [34],
Rényi [45], Havrda and Charvat [23], Kapur [28], Sharma and Mittal [47], Burbea
and Rao [5], Rao [44], Lin [37], Csiszér [11], Ali and Silvey [1], Vajda [55], Shioya
and Da-te [48] and others (see for example [28] and the references therein).

These measures have been applied in a variety of fields such as: anthropology [44],
genetics [40], finance, economics, and political science [46], [50], [51], biology [42],
the analysis of contingency tables [22], approximation of probability distributions
[10], [29], signal processing [26], [27] and pattern recognition [3], [9].

Assume that a set y and the o —finite measure y are given. Consider the set of all

probability densities on u to be 2 := {p|p :x =R, p(z) >0, fxp(x) dp (z) = 1}.
The Kullback-Leibler divergence [34] is well known among the information diver-
gences. It is defined as:

(1) Dict (n.0) = |

X

p(z)log [58;] dup(z), p,qeQ,

where log is to base 2.

In Information Theory and Statistics, various divergences are applied in addi-
tion to the Kullback-Leibler divergence. These are the: wariation distance D,,
Hellinger distance Dy [24], x*—divergence D, 2, a—divergence D, Bhattacharyya
distance Dg [4] , Harmonic distance Dy,, Jeffreys distance Dy [25], triangular
discrimination Da [52], etc... They are defined as follows:

(1.2) D, (p.g) = / p() — q(@)|du (), pae®;

(13) Dup.0)i= [ [Vol@) - Va@)| dut), pace
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(1.4) D, (p,q) :== /p(x) [(;Eg) - 11 du(z), p,q e

1—a 14+

15 Datua)i= g [1- [ b F @I F du)] . paco

(1.6) Dg (p,q) :=/X\/1Wdu(w)7 p,qED;
(17) Dia(p.0)= | 2 (), pac o,
18 D)= [ e - g@)h 20 ), pae
(1.9) Da (p;q) ::LWW(%)’ p,q € Q.

For other divergence measures, see the paper [28] by Kapur or the book on line [49]
by Taneja. For a comprehensive collection of preprints available on line, see the
RGMIA web site http://rgmia.vu.edu.au/papersinfth.html

2. REPRESENTATION OF CSISZAR f—DIVERGENCE
In [8], the authors have pointed out the following integral identity generalising
the trapezoid rule.

Lemma 1. Let f : [a,b] — R be a mapping such that F=1 4s absolutely continuous
on [a,b]. Then for all x € [a,b], we have the identity:

b e NS e R R |
(2.1) / fya = Y [(b ) J(rk(+ 11))| @=a) " | 0 ()
@ k=0 )

+(-1)" /b K, (z,t) f™) (t) dt

where the kernel K,, : [a,b]> — R is given by

(2.2) K, (z,t) =

and n is a natural number, n > 1.

In what follows, we need the identity (2.2) in the following equivalent form:

b
(23) f(z) = / £ (t)dt

b—a
=3 i a Z (k i ! [(b — Z)k"'l + (—1)’§ (2 — a)k—kl} f(k) (2)
k=1 :

(_1)n+1

z b
N _a’ﬂ (n) 1\ p(n)
o —arm [/ = O Wi [a-n's <t>dt]
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for all z € [a, b].

Note that for n = 1, the sum 22;11 is empty and we obtain the known identity
(see for example [6])

b z
24) () = bla/mmbla[/ (t—a) £ () dt

+/b<t—b>f<”<t>dt] » @ € [a,0].

In what follows, we assume that the probability distributions p, ¢ € Q2 satisfy the
standing condition:

(2)
q(z)

3

(2.5) 0<r< <R< o0, forae zel.

Obviously » <1 < R.
The following representation of Csiszar f—divergence holds.
Theorem 1. Let f : [r, R] — R, where r, R are as above and f"~1) is absolutely

continuous on [r, R]. Then for all p,q € Q satisfying (2.5), we have the represen-
tation:

(2.6) £ (p,q)
R

n—1
= R " f dt—R rz k—l—l Iip k+1f(k)(.)(p7Q)
k:l

n 1 k+l
— Z k + D1 Le=mretpo e (P4)

oyt Z(z)
+(§%i)r)m / ¢() < [ - dt) e

_1\n+1 R

q(z)

Proof. Using (2.3) for z = 2%z e T and a = r, b = R, we may write

q(z)?
en (49

- /f :z::_i(kil)!

<z§§;—7~>’€“]  (55)

nal p(z)
+((R_i)7~)+n! [/< ) (t— )" f) (t)dHAi (t—R)" ™ (t)dt]

q(x)

(r-2i)™

forall z € T.
If We multiply (2.7) by q(z) > 0, integrate on I and take into account that
Jral =1, we get the desired identity (2.6). I
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Remark 1. If n =1, then we have the representation:

R
@8 Lo = 5 [ F@

—Tr
p(z
1

= [a@ (/ <t—r>f'<t>dt> an (2)

R
= /Fq ) (/ (t=R)f (1) dt) i ()

if n = 2, then we have the representation:

1 [ 1
(29) If(pg) = - T/r f(t)dt + ml(Rf)Qf(l)(.) (p,q)
1
te—denzpo) Pd)

p(x)
e K ( [ a-rrew dt) e

+

3. BOUNDS FOR THE REMAINDER

In formula (2.6), we consider the remainder Ry (p, q) given by

_q\yntl z(z)
Ry(p,q) : = (S%i)r)n! VFQ(I) (/ oy g (t)dt> dp (2)

R
+ /Fq(x) </m) (t— R)" f™ (1) dt) du (z)] .

q(z)

In this section, we are interested in obtaining some bounds for Ry (p, q).
For this purpose, consider

nE= [ -
and
R
I () = / (t— R)" £ (t) dt,

where z € [r, R].
For a < b, we also define the Lebesgue norm,

) :
1l = V If(t)lpdt] L p>1

and

10100 1= €55 sup | (1)].

t€la,b]
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Now, we observe that

nel < [l olas o] BT
z -7 —_
! - r - [r,2],00 n+1
z 1 ( )oerl %
o z—r
nE < e (/ t—r“"dt> = [ e
| 1( )| f [r,2],8 r | | f [r,2],8 an+1
_nta
- H (m) G past, Ll
[r,2],8 (om—i—l)a @ ﬂ
and, finally,
L@ < || s et = r0)
[rz],1 te[r,2] [r,2]
Consequently, we have
(z— ryntt (n
3.1 L) <{ G ) L lil_q.
31 InEIS] S e e e
(=) 1"y
In a similar fashion, we may point out that
(R=2)""" Z)nJrl n
n+1 Hf( H[ZR
) < & Fln) 11 _ 1.
(3:2) EEI<y S 1 Pleme e>Lats=1
(B=2)" |f™|. gy

The following bound for the remainder Ry (p, ¢) holds.

Theorem 2. Let f,r, R,p and q be as in Theorem 1. Then we have the inequality

1

(3.3) By o)l = Srp—y
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(L>7 7

Hf<">u[w,m,m] e

p(@) _
+ (q(w) "

(om—i—l)a fF () o5
(2 =) N g ] e @)
q(z) [r, 2], | “H
if a>1, é—l—%:l,

@)’
(38 =) 1l | )
[ERS T 2\
T ) | (R-5E)T
L x & W s g ( _p\"e +
nl(R—r) (Om_H)Q r4 q(x)
n @\"
17 i Jea @) [(R = 565) "+ (
£l gy (R
(n-{—'l)!
[ E(Rfr)w%il 11 _
n!(an+1)i Zf o > o + 3= 17
||f(n)||[r,R],1(R_T)n71

n!
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Proof. Using (3.1) and (3.2), we may write:
Rl < g | @)
FBOr = nl(R—r) qu

+Lq@

p(x)

[ -nr s wa

dp ()

N

R
/’ (t— R f™ (1) dt

W@J

. n+1
Fr e @ (5 =r) 1 s o i (@)
p@) " o
< 1 % (om+1)a qu ((7 ) Hf "’ H[T’sgiﬂvﬂ d/L (LL')
- (R—=r)n!
if a>1, L4+4=1
fra @) (58 =) £ ot , it (@)
A feate) (R—22)" ) i ()
1 (MH)Q —— [ra( ( (7)) Hf g dp ()
+(R —r)n! %
if a>1 é + % 1
o) (R 22) 10 s g 00
f(ﬂ) n+1 z n+1
L K<§r) +(r-15) }wm>
! I, ek =
< r (z) p(z)
- (R—r)n! % (MH_UIZ] = Jral [(22) - 7“) + (R —)) } dp (z)
(n) Fm (R—r)"
ﬂi%%ﬂﬁ«R—rW“ e
1 (n) nt L (n) )t
< — £ oy (B2 A A e
- (R-r)n! x (;;]fl)a nl(antl)®
1y (B =) 1y B

n!

and the theorem is proved. i
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Remark 2. For n =1, we obtain the estimate

%ﬁﬂ@ﬂ“R—“”fHﬂl

+ (58 =) WOy ]du@

(a+1)* qu {( p(w ) ||f(1 H 22) R).6

IRy (p,q)] < —— x -qu0+wwwwm4w@

if a>1,

1
«

fea@ | (R~ 2) 17V e
+ (o~ MNHMI]WM

1 _ 1.
+i=1

IIf‘“ (A . v . 2
= frate) (153" + (38 ) |t
||f“)||[r,m,ﬁ p(o p(@)\ 1w
< 1 % (a+1)% (7) 7‘) + (R — m) d,u (.13)
- R-—r
if a>1, +5=1;
(R—r) ||f(1)H[r,R],1
H »,R],oo(R_r)
2
< 15D B 1,1 )
> éail) fOL>1a 6:1’
(AR

which improves some results from [18] and [19].
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