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1 Introduction

Let p > 1, +7—1 Ay by > 0. 10 < 27 <ooand 0 <Y ° b < oco. Then
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where the constant ) is the best possible.
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Inequality (1.1) is t(he/pwell known Hilbert’s inequality[1]. It is well known that Hilbert’s inequalities play
a dominant role in analysis, so the literature on such inequalities and their applications is vast[2-6]. By
defining the operator V, Pachpatte[7] gives new estimates on inequalities of this type.

In order to narrate conveniently, we give firstly notations and definitions[7]. Let R denote the set of real
numbers, N = {1,2,---}, Nyo ={0,1,2,---}, N, = {1,2,--- ,a}, « € N. Define the operator V by Vu(t) =
u(t) — u(t — 1) for any function u defined on Ny. And define the operators Viuv(s,t) = v(s,t) —v(s — 1,¢),
Vau(s,t) = v(s,t) —v(s,t — 1) and VaViu(s,t) = Va(Viv(s, b)) = Vi(Vau(s,t)) for any function v(s,t) :
No x Ny — R. we let I =[0,00), Ip = (0,00), Ig = [0, ), denote the subintervals of R. For any function
u : I — R; we denote by «' the derivatives of w; for the function u(s,t) : I x I — R, we denote the
partial derivatives (9/9s)u(s,t), (9/0t)u(s,t), (0%/9sdt)u(s,t) and (8?/0tds)u(s,t) by Dyu(s,t), Dau(s,t),
D1Dsu(s,t) and Dy Dyu(s,t), respectively.

Now we repeat the result of [7] as follows.

Theorem 1.1 Letp>1,¢g>1, % + % = 1. Let a(s) : Ny, — R, b(t) : N,, — R, and a(0) = b(0) = 0.
Then

=

m

Z 5)|1b(t) 3
S Ml(paQ7m)n) (m_$+1)|va(8)|p
1 1
— qu +ptq

s=1

{Z(n—t+1)|Vb(t)|q}l (1.2)

s= t=1

for m,n € N, where My (p,q,m,n) = im(p_l)/pn(q_l)/q, for m,n € N. Inequality (1.2) is the well known
Hilbert-Pachpatte’s inequality. Subsequently, a series of results are given[10-14].

The following theorem is obtained by Young-Ho Kim and Byung-11 Kim([8].

Theorem 1.2 Let p > 1, ¢ > 1 be constants. Let a(s) : N, — R, b(t) : N, — R, and a(0) = b(0) = 0.
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for m,n € N, where Ms(p,q,m,n) = p—iqm(p_l)/”n(q_l)/q, for m,n € N.
The purpose of this paper is to build some new inequalities with some sequences involving inequalities
(1.2) and (1.3). The integral analogues of the main results are also given.

2 Main results

Theorem 2.1 Let n € N,n > 2, p;, > 1,(i = 1,2,---,n), « = > 1 117 and 3; = H?:L#ipj7(i =

1,2,---,n). Let a;(s;) : Ny, — R and a1(0) = az(0) = -+ = a,(0) = 0. Then
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for m1,ma, -+ ,my, € N, where M (p1,--+ ,Dn, M1, ,My) = 7, IIm; " | for mq,mg,--- ,m, € N.

Proof The idea of proof of Theorem 2.1 comes from Theorem 2.1 in Young-Ho Kim and Byung-Il
Kim[8]. From the hypotheses of Theorem 2.1, it is easy to observe that the following identities hold

a;(s;) = Z Vai(r), i=1,2,---,n (2.2)

Ti=1

for s; € Npp,, i =1,2,--- ,n. From (2.2) and using Holder’s inequality with indices p;, p;/(p; — 1), we have
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for s; € Ny,,, i =1,2,--- ,n. Using the inequality of means[9]
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forr >0, w; >0, Y w; = Q. Let 2; = sf"'_17 w; = z%’ i=1,2,---,n.and r = > w;, from (2.3), one
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for s; € Np,,, @ =1,2,--- ,n. We observe that
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for s; € Np,,, i = 1,2,--- ,n. Taking the sum on both sides of (2.6) first over s;(i = 1,2,--- ,n) from 1 to
m; and then using Hélder’s inequality and interchanging the order of summation, we observe that
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This completes the proof of Theorem 2.1.

Remark 1 In Theorem 2.1, n = 2, our result is Theorem 1.2. In Theorem 2.1, n = 2 and a = 1, our
result is Theorem 1.1.

In the following theorems we establish the two independent variable versions of the inequalities involving
some sequences.

Theorem 2.2 Letn € N,n >2,p; >1,(i = 1,2,--- ,n), a = > 1p and 3; = [y ;.05 (i =
1,2,---,n). Let a;(s;,t;) : N, X Np, — R and a1(0,t) = a2(0,t) = -+ = a,(0,¢) = a1(s,0) = az2(s,0) =

- = an(s,0) = 0. Then
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for mi, Mo, =+, My, N1, , Ny € N.
Proof From the hypotheses of Theorem 2.2, it is easy to observe that the following identities hold

i(si,t5) Z Z VoViai(ri, o), i=1,2,---,n (2.8)
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for s; € Ny, t; € Ny, i =1,2,--+ ,n. From (2.8) and using Hélder’s inequality with indices p;, p;/(p; — 1),
we have
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and (2.9), one obtains
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for s; € Np,,,t; € Np,, 1 =1,2,--- ,n. We observe that
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for s; € Np,,t; € Np,, i =1,2,--- ,n. Taking the sum on both sides of (2.11) first over s;,¢; (i =1,2,--- ,n)
from 1 to m; and then using Hélder’s inequality and interchanging the order of summation, we observe that
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This completes the proof of Theorem 2.2.
Remark 2 By applying the inequality (2.4) on the right-hand sides of result inequalities in Theorem
2.1 and Theorem 2.2, we get the following inequalities
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3 Integral analogues

Now we give integral analogues of ours results as follows.
Theorem 3.1 Letne€ N,n>2,p;, >1,(i =1,2,---,n),a=>." + and 3 = HJ 1jiDgs (8=

i=1 p
1,2,- ) Let fi(z), (i = 1,2,---,n), be real-valued continuous functions defined on I, and f;(0) =
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Proof Along the lines of proof of the Theorem 2.1, from the hypotheses of Theorem 3.1, it is easy to
observe that the following identities hold

Z/fi/(Ti)dTi, i=1,2,---,n (3.2)
0

for s; € I;;, 1 =1,2,--- ,n. From (2.2) and using Holder’s inequality with indices p;, p;/(p; — 1), we have
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obtains
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for s; € I,, i =1,2,--- ,n. We observe that
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for s; € I;,, i = 1,2,--- ,n. Taking the integral on both sides of (3.5) first over s;(i = 1,2,--- ,n) from 0 to

x; and then using Holder’s inequality and interchanging the order of integrals, we observe that
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This completes the proof of Theorem 3.1.

In the following theorems we establish integral analogue of Theorem 2.2.

Theorem 3.2 Letne€ N,n>2,p; > 1,i=12,---,n), a = Z?:lpi and 3; = HJ 1)]7511)],(' =
1,2,---,n). Let fi(si,t;) : Iy, x I, — R and f1(0,t) = f2(0,t) = --- = £,(0,t) = f1(s,0) = fa(s,0) =
f,L(S,O) = 0. Then
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Proof Along the lines of proof of the Theorem 2.2, from the hypotheses of Theorem 3.2, it is easy to
observe that the following identities hold

s; t

fi(siti) = //DZlei(TiaO'i)dTidUia i=1,2,---,n (3.7)
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for s; € I, ,t; € I,,, i =1,2,--- ,n. From (3.7) and using Hélder’s inequality with indices p;, p;/(p; — 1), we
have
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and (3.8), one obtains

n

n pi—1
[T1fiGsat)l < JlGsata) = //|D2D1fz 7i,04)|" drido;
=1 i=1
%
1 [ & (s5ti) @i~ De
s - Z( 21) //|D2D1fb(7—uo'z)| ‘drido;
> iz Pi i=1
n si by Pi
= ZO@ 81 1 (pl_l)a H //|D2D1fi(Ti,0i)‘pidTid0’i (39)
1 1’81 i=1 i=1
0 0
for s; € I, t; € Iy, i = 1,2,--- ,n. We observe that

1

Si t; P

n n
Hima filsi.13)] < H //|D2D1fi(7i,0i)|pidﬂ'd0i (3.10)
10 0

S ag(sit) it T 35

1=

for s; € I, t; € I),,i=1,2,--- ,n. Taking the integral on both sides of (2.11) first over s;,t; (i = 1,2,--- ,n)
from 0 to z; and from 0 to y;, respectively, and then using Holder’s inequality and interchanging the order
of integrals, we observe that
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This completes the proof of Theorem 3.2.
Remark 3 By applying the inequality (2.4) on the right-hand sides of result inequalities in Theorem
2.1 and Theorem 2.2, we get the following inequalities
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