@-NORM INEQUALITIES FOR SEQUENCES OF HILBERT
SPACE OPERATORS

S. S. DRAGOMIR!, M. S. MOSLEHIAN? AND J. SANDOR?

ABSTRACT. We give some inequalities related to a large class of operator
norm, the so-called @-norms, for a (not necessary commutative) family
of bounded linear operators acting on a Hilbert space that are related
to the classical Schwarz inequality. Applications for vector inequalities

are also provided.

1. INTRODUCTION AND PRELIMINARIES

Let (H; (-,-)) be a real or complex Hilbert space, B(H) the Banach alge-
bra of all bounded linear operators acting on H and I denote the identity
operator on H.

In many estimates one needs to use upper bounds for the norm of a sum
of products Ay, ..., A, By,..., B, € B(H), where separate information for
norms of operators are provided. The special case in which B; = a;I («o; €
C,1 <i < n) and the norms in the question are the operator norm has al-

ready investigated in [4]. The celebrated Holder’s discrete inequality stating

n n 1/p n 1/q
Zazﬂi < (Z |0éi|p) (Z |@‘|q> (1.1)
i=1 i=1 i=1

1 1
<1<p,q;];+§:1;ai,ﬁi€(:,1§i§n)

and its variance in the special case p = ¢ = 2 (the so-called Cauchy—
Bunyakovsky—Schwarz discrete inequality) are of special interest and of
larger utility.

2000 Mathematics Subject Classification. Primary 47A05, 47A12.
Key words and phrases. Bounded linear operators, Hilbert spaces, Schwarz inequality,

Commuting operators, Cartesian decomposition of operators.
1



2 S. S. DRAGOMOR, M.S. MOSLEHIAN, J. SANDOR

To each symmetric gauge functions defined on the sequences of real num-
bers there corresponds a unitarily invariant norm ||| - ||| defined on a two-
sided ideal C); of B(H) enjoying the invariant property |||[UAV ||| = ||| A]l|
for all A € Oy and all unitary operators U,V € B(H). It is known
that Cj is a Banach space under the norm ||| - |||. If A € C, then
114%11l = 114][] and [|BAJ|| < [|B]|[I|A]] for all B € B(H), from which we

easily conclude that
[[BAC| < IBI[ AN IC]l; (B, C € B(H)).

Some well-known examples of unitarily invariant norms are the Schatten
p-norms ||Al|, := tr(|A]P)}/? for 1 < p < oo, operator norm || - ||, and the
Ky-Fan norms; cf. [I,16]. A unitarily invariant norm ||-||¢ is called a @-norm
if there is a unitarily invariant norm || - ||5 such that [[AA*[|5 = ||A||z2

The aim of the present paper is to establish some upper bounds of interest
for the quantity [|>2;_, A;Bjl|, under certain assumptions on A;’s and B;’s.
Our results are significant since we do not use any commutative assumption
on the families of operators and as well we provide inequalities for a class
of norms which are larger than operator norms (compare the results with
those of [4]). Applications for vector inequalities are also given.

We need the following lemmas concerning real numbers (the second lemma

is obvious):

Lemma 1.1. (Young’s inequality; see [5, p. 30 or p. 49]) If p > 1 and
%—1— % =1, then for all a,b > 0 one has

a?  b?
ab < — + —.
p q

Lemma 1.2. For all a,b > 0 one has

ab < i(a +b)? < =(a® +b?)

N —

1 1
Lemma 1.3. (Daykin-Eliezer; see [2]) If ap > 1, b > 1 and — + — < 1,

then ) b E
n E+ n n q
(zakbk) s(zaz) '(zbz)
k=1 k=1 k=1

=

Q=
3 =
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2. SOME GENERAL RESULTS

The following result containing 9 different inequalities may be stated:

Theorem 2.1. Let Ay,..., A, € B(H) and By, ..., B, € Cg. Then

n 2

Z A; B

=1

A
<q B
C

Q

where

) n
was I44° 32 (BB g

1<k<n

L] e (A’ (z (z |5.5;

where r > 1,

| e 4l 5 140 a <Z HBiB;»‘H@) ,

3=
Q=

o B{EET

=1

max || A (z HAknp)

1<i<n

H
2=

1

g ) (E1ar) (Saar)” |3 (ZHBB*)

Wheret>1, T+i=1;

Qe

A
Q

1

q
q
@) ’

> 14 (2 HAkH”) ma (z 15.5:

\

(2.1)

(2.2)
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forp>1,z—1)+%:1and

max || A,| z | A z wax {[|B:B;

1<i<n 11<5<n

2

Q)

(S5 1) 55 1

k=1

Z <maX {I1B:B;

1<j<n

where m,1 > 1,

o)

Proof. In the operator partial order of B(H), we have

B

n 2
(1) {55

n n

A;B;i JA; = AiB;BjA;.

i=1 j=1 i,j=1

Taking the norm in 1' and noticing that | AA*[|5 = HAH2Q for any A € Cy,

we have

ZA*B BjA,;
Q i=1 j=1
<3 Il 4) HBiB;H@
i=1 j=1

-y (znA I|3.5;

):
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Utilizing Holder’s discrete inequality we have that

max || Ag|| Z | B; Bjlla

1<k<n

1
(£ 1) (z B
k=1 j=1

1,1 _ 1.
where p > 1, 5+5_1’

S4B <
j=1

n
el s .55 .

) =

for any i € {1,...,n}.
This provides the following inequalities:

max 443 4] (z |B.B;

;

1<k<
: :
wel (Siar) Sian(S1msly) =
k=1 i=1 =1
1 1 _ 1.
where p > 1, 5+5_1’

I ER (max 13,3 ) — M.

\ k=1

Utilizing Holder’s inequality for r,s > 1, 1 + % =1, we have:

(
max || 4| Z | B: Bjll4

1<i<n

@ =

) (& ||Az»r|’")1 [Z (jilHBiBf Q)]

where r > 1, %—}—%:1;

)

Z || Al (Z HBiB;“ 5
i=1 j=1

n n
2 144l max (JZ:jl |B:iB;
\
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and thus we can state that

([ max || A, z 1B:B:];

1<k<n

oo | i (ZHM)I(Z (ZHBB* Q>)

where r > 1, —|— =

)

IN

1<k<n

max || Agl| z | A H max <Z1 HBZ-B;‘
]:

\

and the first part of the theorem is proved.
By Holder’s inequality we can also have that (for p > 1, % + % =1)

1

q
q .
@ )

Mps<z|mkup> (B izl(jzl” J@)
k=1

where t > 1, ——1—

1
q

A

Q )

1<i<n

max || Al Zl (Zl HBZ-B;k
-1 \j=

2 [14ill max <Z |B:B;

\

and the second part of ([2.1)) is proved.
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Finally, we may state that

(

max || Ay| z max {HBZB;

1<i<n 1<j<n

S

1
My <) || Akl % (ZZI | A]] ) Lzl (@%’;{HBz‘BJ 5

where m, 1 > 1, %—k =1;
| 2 e {18551}
giving the last part of (2.1). OJ

Remark 2.2. Tt is obvious that out of ([2.1)) one can obtain various particular
inequalities. For instance, the choice t = 2, p = 2 (therefore u = ¢ = 2) in
the B—branch of (2.2 gives:

i=1

2

Q <>l (Z 5, B*HQ> 0.4

1,j=1

1
<D llA (Z I1B; Bill || B; B; )
i=1 i,j=1
n n n %
=>4l <Z||BilléZ|llelé> : (2.5)
i=1 i=1 j=1
i=1 i=1

If we consider now the usual Cauchy—Bunyakovsky—Schwarz (CBS) inequal-

ity
2

<> ll4illg > 1Bl (2.6)
Q i=1 i=1

then we can conclude that ([2.4)) is a refinement of the (CBS) inequality (2.6)

whenever the operator norm || - || is majorized by || - ||¢-
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Corollary 2.3. Let A;,...,A, € B(H) and By,...,B, € Cg so that
B;B; =0 with i # j. Then

(2.7)

N
CDI UW ﬁ>

where

n
2 2
max A" 22 1 Billg
1=

1<k<n

mps lad (51ar)” (S50 )

where r > 1, —+ =

R
I

2
mase 4] 3 14 maxe {11815}

1<i<n

(1) (35 1ar) {2 13413 }

where t > 1, = —:

1
o 4] (£ HAkH”> S 181

el
Il

n 4 n » D ' 9
Sl (1) s {103}
where p > 1 and

r n n
2
max I| A ] 1;1 [ Z:Z?l 1 Billg ;

(@}
Il

(= ||Az-um) >l (3 112 )

Wherem,l>1 —+—:

(1) s, {15}
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As in the proof of the Theorem [2.1] one has

n 2 n n
S AB| <Al (ZHAAI - ||BZB;‘||@) = M
i=1 Q i=1 J=1

Using Holder’s generalized inequality from Lemma and assuming that
141 > 1, | BiB;llg > 1, we get

(Z 141l H&Bﬂ@) (Z ||Ak||f’> (Z BB ) -

Thus the following result is true:

Theorem 2.4. Let Ay,..., A, € B(H) and By,...,B, € Cqy. Assume that
|A;|| > 1 and ||BZ«B;'-‘||62 > 1 for alli,j €{1,2,...,n}. Then

ZAB (Zmup) ZHAH (ZHBB*HQy”,

1 1
where — + — < 1.
p g

3. OTHER RESULTS

A different approach is embodied in the following theorem:

Theorem 3.1. If A;,..., A, € B(H) and By, ..., B, € Cg, then

n 2
Z A; B
=1

< Z | Ail® Z | B:B; 5 (3.1)
o i=l j=1
( n
> IAd° e | 351855
n % n n ¢ é
<) (Srar) [z (Z |B.5: @) ]
i=1 i=1 \ j=1
where p > 1, %Jrcll:l;
s 1?5 .5
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Proof. From the proof of Theorem [2.1] we have that

2

< DD IAdlIA N |B:B; 5
Q

i=1 j=1

=1

Using the simple observation that
1 2 2
FAM A< 5 (R +1407) i € {1, n},

we get

n n 1 n n
D D MAIAINB:BS g < 5 22 > AP +1451°] [ B:55 5

i=1 j=1 i=1 j=1

= S [l B3

i=1 j=1

= Z [ Z HBZ‘B;
=1 =1

o+ 1417 1B, o]

@ )

which proves the first inequality in (3.1)).
The second part follows by Holder’s inequality and the details are omitted.
0

Remark 3.2. If in (3.1)) we choose A; = --- = A,, = I, then we get

n

§<Z|yBi||g+ > |BB;
=1

1<izj<n

12,
@) <3 IBla.
=1

S5
i=1

Q

which is a refinement for the generalized triangle inequality for [|-[|5, when-

ever || - | is majorized by |- 5.

The following corollary may be stated:
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Corollary 3.3. If By, B, € Cq are such that B;B; = 0 for i # j,
i,7€{1,...,n}, then

2 n
2 2
<Al IBIR, (3.2)
Q =1
52 1A max || B2
et 1<i<n @

=

q

IN

>Nl ) | 1Bl
i=1 j=1

1,1 _ 1.
where p > 1, 5+a—1,

2 2
| x4 S 1B
Theorem 3.4. If Ay,

A, € B(H) and By, ..., B, € Cq, then

max [[A;]* Z 1B:B; |5

1

n 2 n AP ; BB* q 1
Sas| <! (Z140)( 21850 (33

=1 Q Wherep>1 Li1l_7,

p ' q
" 2
\ (; HAiH) max {[|B.5;]5 -
Proof. We know that

2 n n
<3S A 1440 1B:B;

o i=l j=1
Firstly, we obviously have that

P < max {414} Z |B:B; [l g = max A > ||1B:B; -
i,0=1

1,j=1
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Secondly, by the Holder inequality for double sums, we obtain

n

P< | (A4l (ZHBB* )
L2,j=1 i,j=1

= leAillpZIIAjllp> (ZHBZ-B;‘ g)
i=1 j=1 i,j=1

2 1
= ZlnAsz) (ZIHBzB; q@) )
1= 1,]=

1,1 _
Wherep>1,5—|—a—1.

Finally, we have

P < max {||B.B;

1<i,j<n

S a4

i,7=1
n 2
= <Zl H&-H) Jax. {HBiBj @}
and the theorem is proved. U

Corollary 3.5. If Ay,..., A, € B(H) and By,...,B, € Cg are such that
B;B; =0 fori,j € {1,...,n} with i # j, then

( 2 & 2
max || A EHBZ'HQ;
1=

1<i<n

L(E ||Aiup)i(z 152 ) o

Q where p > 1, —+ =

n 2
2
(S0 e {1503}

11
Theorem 3.6. ]f15+5 <land||Ai > 1 and||B;B}|| > 1 foralli,j =1,n
then

Z A; B

i=1

p

(Z 4 H”) . <Z I B*Hq>w .

i,0=1

i=1
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Proof. Using Lemma for double sums, we have, as in the proof of The-
orem that

n n n ﬁ n
p=>>_ > NAll-I4;]-1B:B;llg < <Z ([-As[ - IIAjII)p) (Z 1B Bj 115

i=1 j=1 i,y=1 i,j=1

if we assume that ||4;]| > 1 and || B;Bj|| > 1 for all 4,j = 1, n.

Thus, we get

P

2q
n Pt+q n ptaq
(9
p (L) (Simaig)

ij=1

1 1
if —+ - < 1.
P q

Finally, the following result may be stated as well:

Theorem 3.7. If A;,..., A, € B(H) and By, ..., B, € Cq, then

2
STAB| < (=) AP+ =D (A max > 1IB:B; llo
i=1 0 - 753 i ]

Proof. As in the proof of Theorem [3.1] we have

2

<D D MAl- 1A - 1BiB; llg-
Q

i=1 j=1

Now, using Lemma [I.T| we can write

1 1
Al A< =LA + =149,
[[As]] - 1| Ayl pH I qH il

p

) pt+aq

Y
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Thus, we have

ZZHAH 1A 11 - 11B: B} Nl g ;Z::{ | AP + —||Aj||q] IBiB g =

=1 j=1

=—ZZ||A||P |B:B; g+ ZZHA I"-15:55l0 =

7,1]1 11]1

1 - . 1 " §
=- Z 1AlP- > I1BiB;llg + — Z 141> 1B:iB; llg <
— j=1 q j=1 i=1
1 n 1 n n .
<L =D NANP + =D 11411 Imax > IB:B;l4
p i=1 q j=1 =r=n j=1

O
Remark 3.8. Another variant may be obtained via Lemma [1.2}
[Al - 1450 < 5 (HA I+ 114517,
n n . 1 i}
[Al - 1451 - 11Bi Bj |l ZZZ (1Al + 11 451D* - 1 B:B; llg <
=1 j=1 =1 j=1
< sup Z 1BiBjllg <Z (Al + ||Aj||)2> :
1<i<n =1 ij—1
4. APPLICATIONS
Throughout this section we assume || - || (and hence || - [|5) to be the

operator norm. If by M (B, A) we denote any of the bounds provided by

2
! . . or (3.3 for the quantity Z A;B;
fo

, then we may state
llowing general fact:

Under the assumptions of Theorem we have:

2

< [|l=]* M (B, A). (4.1)

=1
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for any © € 'H and

2
<l lyll* M (B, A). (4.2)

n

Z (A;Biz,y)

=1

for any x,y € 'H, respectively.
The proof follows by the Schwarz inequality in the Hilbert space (H, (., .)).
Now, we consider the non zero vectors 1, ...,y, € H. Define B; : H — 'H

byBi:%(lgign). Then

_ ||<yj> y%)?/z ® y]H
il

|1B:5;

= ys, y)|; 0,5 €{1,...,n}.

If (yi);_1; is an orthogonal family on ‘H, then ||B;|| = 1 and B;B; = 0 for

i,je{l,...,n}, 1
Now, utilising, for instance, the inequalities in Theorem [3.1] we may state
that:

(x yz

T Yl S < |z ZIIAII Z| (i, y5)] (4.3)

(

n

S AP max [z |<yi,yj>\] ;

< |lz|* x (z_il ||Ai||2p)p L—il (é |<yi7yj>|> ]

1,1 _ .
where p > 1, 5+(—1—1,

Q=

max || 4;]* Z | (i, yj)] -

L 1<i<n ij=1

for any z,v1,...,y, € H and Ay,..., A, € B(H).
The choice A; = ||y||[I (i = 1,---,n) will produce some interesting
bounds for the norm of the Fourier series ||> " ,(z,y;)||. Notice the vec-

tors y; (i =1,--- ,n) are not necessarily orthonormal.
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