SOME NEW HILBERT-PACHPATTE’S INEQUALITIES
WENGUI YANG

ABSTRACT. Some new Hilbert-Pachpatte discrete inequalities and their integral ana-
logues are established in this paper. Other excellent inequalities are also given in remark.

1. INTRODUCTION

Let p > 1, g > 1 and {a,,} and {b,} be two nonnegative sequences of real numbers
defined for m =1,2,--- ,kand n = 1,2,--- ,r, where k£ and r are natural numbers and

define A, =>"" a5 and B, =), b;. Then

unless {a,,} or {b,} is null, where C(p,q, k,r) = %pqm.

An integral analogue of (1.1) is given in the following result.

Let p > 1,q¢ > 1 and f(o) > 0, g()>0f0rcr€(0x) € (0,y), where z,y are
positive real numbers and define F(s) = [ f(o)do and G(t fo g(T)dr, for s € (0, ),
t € (0,y). Then

(1.2 / / PTOED < Dip,g, 2,0 ]<x—s><Fp-1<s>f<s>>2ds

Y 2

x / (v — (G (1)g(t)%dt §

0

unless f(o) =0 or g(1) =0, where D(p,q,z,y) = %pq\/x_y.

Inequalities (1.1) and (1.2) are the well known Hilbert-Pachpatte’s inequalities[1], which
gave new estimates on Hilbert type inequalities|2]. It is well known that Hilbert-Pachpatte’s
inequalities play a dominant role in analysis, so the literature on such inequalities and
their applications is vast[3-9].

YoungHo Kim[10] gave new inequalities similar to Hilbert-Pachpatte’s inequalities as
follows.

Let p > 1,q¢ > 1, a > 0, and {a,,} and {b,} be two nonnegative sequences of real
numbers defined for m = 1,2,--- )k and n = 1,2,--- ,r, where k and r are natural
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numbers and define A,, =Y a;, and B, = >, b;. Then

k r & %
ZZ Aqu . C’(qu,kra {Zk m_|_1)(A m)2}
m=1 —

& (me +no)a
X {Z(r—n—i—l)(B,qflbn)z} :

n=1

,_.

=

unless {a,,} or {b,} is null, where C(p, ¢, k, ;) = (%)épq\/ﬁ.
An integral analogue of (1.3) is given in the following result.
Letp>1,¢>1,a>0and f(o )>0 g(T )>Ofora€(0 x) TE(O y), where x,y are
positive real numbers and define F(s) = [ f(o)do and G(t fo 7)dr, for s € (0,2),
t € (0,y). Then

x 2

(14) / / Fpsaﬂads‘l%D(p,q,x,y;w [ =@ fs)ds

0

VI

Y

< J-nEwgnray

0

unless f(o) =0 or g(7) =0, where D(p,q,x,y; ) = (%)épq\/@

The purpose of the present paper is to derive some new generalized inequalities (1.1)
and (1.2) and similar to (1.3) and (1.4). By applying the elementary inequality, we also
obtain some new inequalities similar to some results in remark|1,10].

2. MAIN RESULTS
Now we give our results as follows in this paper.

Theorem 2.1. Letp > 1,g>1, a>1,v > 1 and {a,} and {b,} be two nonnegative
sequences of real numbers defined form =1,2,---  k and n=1,2,--- ,r, where k and r
are natural numbers and define A, = >0 as and B, =Y i bi. Then

k r
Al BY
Z Z @Dty ey = O 4 korma.7)
ay

m=1n=1 YM oy + an

X{Z(k} m + 1)(AP” m)}

m=1

Q=

{Z(T —n+ 1)(32_1%)”} 7 :

n=1
=1

unless {a,,} or {b,} is null, where C(p, q, k,r;a,7y) = Ofka S

Proof. The idea of proof Theorem 2.1 comes from Theorem 1 in Pachpatte[1] and Theorem
2.1 in Kim[10]. From the hypotheses of Theorem 2.1 and using the following inequality
(see[11,12]),

(2.2) {mi_lzm} <Bsz{Z }ﬁ_l,

k=1
where > 1 is a constant and z,, > 0, (m =1,2,--- ,n), it is easy to observe that
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(2.3) AP SpZAg—las, m=1,2--k B! SQZBf_lbt, n=1,2--,r

s=1 t=1

From (2.3) and Hélder’s inequality, we have
(24) ZAg_las S m%_l {Z(Ag_las)a} , M= ]-7 27 T aka
s=1
and
(2.5) > Bi'h < n's {Z(Bf‘lbm} L n=1,2-r
t=1 t=1
Using the inequality of means[13]

n o ﬁ 1 n .
(2.6) {Hs} S{Q—Zwm}

i=1 " oi=1

S =

n
for r >0, w; >0, > w; = Q,, we observe that
i=1

1

w1 —|—OJ2

(2.7) (sw1gpz)/witen) < (w1} + was}).

sy =n"t w =1 wy =1 and r = w; + ws, from (2.3)-(2.5) and (2.7),

Let s =m ,
a v

we have

(2.8) AP Bl < pqmaT_lan_1 {Z(A‘Z_las)a} { (Bf_lbt)V}

s=1 t=1
(a—1)(at7) (r=1)(at7) m N s
pgay fm @ n__ o 1 v 1
< + (AL as) (Bib)" ¢
a+y { a v } {; ; t

form=1,2,--+ ,k,n=1,2,--- r. From (2.8), we observe that

2=

1
AanTqL pq m B N « n B
(29) (a=1)(a+v) =D (a+v) < o+ {Z<A§ las) } {Z(Bg 1bt>ﬂ{} ’

ym ey +an > s=1 t=1

form=1,2,--- k, n =1,2,--- r. Taking the sum on both sides of (2.9) first over n
from 1 to r and then over m from 1 to k of the resulting inequality and using Holder’s
inequality with indices «, a/(a — 1) and v, v/(y — 1) and interchanging the order of
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summations, we observe that

k T
p q
2.2 St
(a=1)(aty) (v=1)(a+7)

m=1n—1YMm +an ey

s} [

IN

IN

1

k m é r n %
P {Z 2<A€‘1as>“} T {Z Z(Bf—lw}
k

2=

- apka‘*;lr”f {Z(k: —m+ 1)(A£;1am)‘*} {Z(T —n+ 1)(Bﬁ‘lbn)”}

m=1 n=1

0

Remark 1. In Theorem 2.1, setting & = v = 2, we have (1.1). In Theorem 2.1, setting
é+%:1, we have

T

k
Ar. B}
ZZ — 1 S C(p,q,k’,?’;()é,’}/)
m=1 n=1

— yme~! + an’~

2=

X{Z(kj m 4 1)(AP 1 a,,)® }Q{Z(r—n—l—l)(Bg_lbn)V} :

m=1 n=1

unless {a,,} or {b,} is null, where C(p, q, k,r;a,7) = a’ka e

Remark 2. In Theorem 2.1, setting p = ¢ = 1, we have

AmBn
(2.10) ZZ (@=D(at) ey < C(L Lk ra,7)

m=1n=1 Y atl + an atl

1 1
k a r 5
X {Z(k; —m+ 1)a%} {Z(r —n+ 1)bZL} :
m=1
unless {a,,} or {b,} is null, where C(1,1,k,7;a,7) = k" e
In the following theorem we give the further generalization of the inequality (2.10)
obtained in Remark 2. Before we give our result, we point out that {p,,} and ¢, should

be two positive sequences for m = 1,2,--- ,k and n = 1,2,--- ,r in Theorem 2.3 in
Kim[10].

Theorem 2.2. Let « > 1, v > 1 and {a,} and {b,} be two nonnegative sequences
of real numbers and {p,} and {q.} be positive sequences defined for m = 1,2,---  k
and n = 1,2,---,r, where k and r are natural numbers and define A,, = Y " as,

B, =70 b, P = > ps and Q, = > i q. Let ® and ¥ be two real-valued,
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nonnegative, convez, and submultiplicative functions defined on Ry = [0,00). Then

k

P(Am)V(Bn)
(2.11) ZZ (a=1)(a+y) MSM(’@T;OKW)

m=1n=1Ym +an o
T b 'y%
Z(r—nﬂ){qn\y(—”)] ,
ot n

Az e ()]

a—1 y—1
k _a Y o r I
where M (k,r; o, 7y) = ai’y { > [ég:l)] al} {Z [\Pgin)] 71}
m=1

n=1

Q=

Proof. From the hypotheses of ® and ¥ and by using Jensens inequality and Holder’s
inequality, it is easy to observe that

(2.12) ®(A,,) = (Pm ZZ%T;?S/%) < (P, (Z%Zgjc;js/ps)

U (1) < M (5 ()]
and similarly, i i

(2.13) U(B,) < \I’Si”)n%l { n [qt‘ll (%)]7}1

Let s; = m*©
(2.13), we have

1
sy =01 wr = 5w = 2 and 7 = wi + wy, from (2.7), (2.12) and

(2.14) ®(A,)U(B,)

e [0 5 o (]} ] [0 (5 e (]}

(a=1)(a+y) (=D (a+v)

ary m ay n o

< +
o+ « ¥

PER ]2 B0

form=1,2,--+ k,n=1,2,--- r. From (2.14), we observe that
P(An)¥(By)

(a=1)(aty) (=1)(at7)
mo ey +an

st SR )] [ Sk ()

form=1,2,--- k, n=1,2,---  r. Taking the sum on both sides of (2.15) first over n
from 1 to r and then over m from 1 to k£ of the resulting inequality and using Holder’s

(2.15)

Q=
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inequality with indices «, a/(av — 1) and 7, v/(y — 1) and interchanging the order of
summations, we observe that

P(An)V(B)
> s G-D(@t)

m=1n=1"7YM &7 +an

IN

IA
Q
—_
W

n=1
O
Remark 3. From the inequality(2.7), we obtain
w (Y 1 w W w W
(2.16) S (wrs7 92 4 wysl T2)

for w; > 0, wy > 0. If we apply the elementary inequality (2.16) on the right-hand sides of
result inequality in Theorem 2.1 and Theorem 2.2, then we get the following inequalities

k r

3 A B < Cp, g, k50, 7)
(@ D(aty) G-D(aty) —
m=1n=1 YM oy . + an B ay = a+ v
i aty oty
1 T “
X | — k—m+1)(A42 1a,,)* + — r—n+1)(Bi ) :
S S RS T SR S
where C(p, q, k,r;a,7) = ap—%k%lr%l. And
: S 2B ayMlkrio,)
(@ 1(aty) G-D(aty) —
m=1n=1 YM ay . + an > oy = a+ v
& aty aty
1 an\1°1 7 1 b \17 |
X | = k—m+1 {m<b(—m)} + = r—n+1 [qﬂ(—”)] ,
a {WE [ G ALl (v

where M(k;,r;a,fy):al?{z [ég:)]a—l} {Z |:\Ilgin):|w—1} T
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The following theorems deal with slight variants of the inequality (2.11) given in The-
orem 2.

Theorem 2.3. Let « > 1, v > 1 and {a,,} and {b,} be two nonnegative sequences of
real numbers defined for m = 1,2,--- .k and n =1,2,--- ,r, where k and r are natural
numbers and define A,, = % Z;n:l as and B,, = % Z?Zl b;. Let ® and ¥V be two real-valued,
nonnegative, convex functions defined on R, = [0,00). Then

kv
ZZ mnd(An) 0 (5,) < C(L, 1,k r;an7)

(a—1)(aty) (=1 (at+n)
m=1n=1 YN oy + an oy

X{Z(k—mﬂ)@a(am)} {Z(r—nﬂ)qn(bn)} :

m=1 n=1

2=

1 ge=t 21
where C(1,1,k,r;a,7y) = mk’ a .
Proof. From the hypotheses and by using Jensens inequality and Holder’s inequality, it is
easy to observe that

B(Ay) = B (%Zas) < %Z‘I’(as) < %m {Z‘@a(“s)} .

U(B,) =V (%ibt> < %i\l/(bt) < %n {i \Iﬂ(bt)}”.

The rest of the proof can be completed by following the same steps as in the proofs of
Theorems 2.1 and 2.2 with suitable changes and hence we omit the details.

O
Theorem 2.4. Let o > 1, v > 1 and {a,} and {b,} be two nonnegative sequences of
real numbers and {p,} and {q,} be positive sequences defined for m = 1,2,--- |k and
n =1,2---,r, where k and r are natural numbers and define P,, = Y " ps, Qn =

Yo @t Ap = PLZZ”ZI Pms and B, = QL Yo qube. Let © and ¥ be two real-valued,
nonnegative, convezr functions defined on Ry = [0,00). Then

I PLQ,D(A,)V(B,
3 Qn®(A)¥(B,)

(a—1)(a+7v) (=1 (a+y)
m=1n=1 YN o + an hatd

X{Z(k—m+1)[pm®(am)]a} {Z(r—nﬂ)[qn\y(bn)w} ,

m=1 n=1

<C(1,1,k,r;a,7)

2=

y—1

where C'(1,1,k,r; o, 7y) = N A

Proof. From the hypotheses and by using Jensens inequality and Holder’s inequality, it is
easy to observe that
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The rest of the proof can be completed by following the same steps as in the proofs of
Theorems 2.1 and 2.2 with suitable changes and hence we omit the details.
O

3. INTEGRAL ANALOGUES

Now we give the integral analogues of the inequalities given in Theorems 2.1-2.4.
An integral analogue of Theorem 2.1 is given in the following theorem.

Theorem 3.1. Letp >0,¢>0,a>1,v> 1 and f(o )>O g(r )>0f0r0€(0 x) 7'6
(0,y), where x, y are positive real numbers, define F(s fo o)do, G(t fo
for s € (0,z), t € (0,y). Then

(s)G(t ) _
(3.1) =) e dsdt < D(p,q,x,y;a,7)
s

o ot
X /(fv — $)(F""(s)f(s))"ds /(y —1)(G"(t)g(t))dt o,

~y—1

unless f(o) =0 or g(1) =0, where D(p, q, x,y; a,7y) = (jfvx o y .

Proof. From the hypotheses of F'(s) and G(t), it is easy to observe that

s t

(3.2) FP(s) :p/Fp_l(U)f(O')dO', s€(0,x), GUt) = q/Gq_l(T)g(T)dT, te(0,y).

0 0

From (3.2) and Holder’s inequality, we have

(3.3) / FrL(o)f(0)do < 5°5 / (FY(0)f(0))%do § . s € (0,9),
and
(3.4) / G () g(t)dt < ¢°7 / (G () g(r)dr S L e (0,1).

Let sy = s sy =71 wy =1 w =1 7 =w +wy, from (3.2)-(3.4) and (2.7), we

observe that
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2=

t

Q=

s

(35) F(s)G'(t) <pgs™a s /(Fp_l(a)f(a))ada /(Gq_l(f)g(T))”dT

0 0
(a—=1)(a+~) (y=1)(a+7) s é t %
pgary | m e P — » B
< + FP aq /Gq 74
<atn { ; ; } [ @sras b 3 @y
0 0
for s € (0,x), t € (0,y). From (3.5), we observe that
(3.6)
1
S E t =
Fr(s)G(t) pq _ . B
e s < 2L [ o) y § [G oy
s il +at v Y " )

for s € (0,z), t € (0,y). Taking the integral on both sides of (3.6) first over ¢ from 0 to y
and then over s from 0 to = of the resulting inequality and using Holder’s inequality with
indices a, o/ (v — 1) and 7, 7/(y — 1) and interchanging the order of integrals, we observe

that
(t>
// @Dty 1)(a+v) eEnEEm
v e +at @
< M / / (Fp*l(g)f(a))ada / / (G N ()g(r))dr »  dt
T oa+tvy
0 0 0

< za // (FP=Y( ))*dods yWT_l // (GTY( ) drdt

oz+7

0 0

Pq  a-1 -1 _ o _

= 2wy [a -9 s / (y = (G (Bg(t) e

0 0

O

Remark 4. In Theorem 2.1, setting o = v = 2, we have (1.2). In Theorem 2.1, setting
é+%¥:1,wehave

// s~ 1_|_at'y 1d3dt§D(p7qa$>y§04,7)

2=

Y

x /(90 —8)(FP~ () f(s))"ds /(y —)(GT (t)g(1))dt »

0 0

Q=

T

-1
_pqxayw.

unless f(0) =0 or g(7) =0, where D(p, q,z,y;0,7) = 25
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Remark 5. In Theorem 2.1, setting p = ¢ = 1, we have

)G(t)
3 7 // (a=1)(at+7) a+’v) (v=1)(a+v) 1)(a+ )d sdt S D<17 173773/;0477)
S

oy +at
< fe-srdsy 3 [w-voway
0 0
unless f(o) =0 or g(7) =0, where D(1,1,2z,y; «,y) = aﬂx Ty 5

In the following theorem we give the further generalization of the inequality (3.7) ob-
tained in Remark 5.

Theorem 3.2. Let « > 1,7 > 1 and f(o) > 0, g(1) > 0, p(o )>Oandq()>0f0r
(O z), T € (0,y), where x, y are positive real numbers, define F(s fo o)do and

= [T g(r)dr, P(s) = [, p(o)do and Q(t) = [, q(r)dr for s € (0, a:') te (O,y). Let
<I> cmd U be two real Ualued nonnegatwe convex, and submultzphcatwe functions defined
on Ry =[0,00). Then

J¥(G(1))
(3.8) // ) 1)<a+7> =) dsdt < L(x,y; o, )
Vs

ay at ary

. { O/ZH) o %)rds}“ { O]M o %)ydt}”,
where L(z, y; ,7) = 7 {Of [w] o ds}a;l {_:f [Wg(g»} 1 dt}vwl .

Proof. From the hypotheses of ® and ¥ and by using Jensens inequality and Holder’s
inequality, it is easy to see that

(3.9)

wF@»_@(P@Uﬁk ﬁ > <L e ; <»w)

_ <I>§DP(S)>O/SP(U)¢ (%) b < CIDEE(S)) “al{o/s{p(a)(l) (%)rda} ,

and similarly,

(3.10) W(G(1)) < ‘I’gg»t”f {] {q(f)xp (%)}Vm}i.

Q=
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Let s = s s =t w =21 w = %, T = wy + wsy, from (3.9), (3.10) and (2.7), we
observe that

i {[bon (o} | [ oo ]}
<Y {m(a_li(f+”> N =) }
aty - g

[ e {f o]

for s € (0,z), t € (0,y). From (3.11), we observe that

P(F(s)¥(GE®) 1

(e—1)(a+ty) (y=D(aty) —

vs e +at e a+

[ { et ([l

(3.12)

for s € (0,x), t € (0,y). Taking the integral on both sides of (3.6) first over ¢ from 0 to y
and then over s from 0 to = of the resulting inequality and using Holder’s inequality with
indices o, a/(aw — 1) and 7, 7/(y— 1) and interchanging the order of integrals, we observe
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that

j @35(5» { 0/ [p<a><1> (%)}da} a ds]
[Fegnfjbem )

1
S atq

VAN
Q
—_
-2
——

Remark 6. From the inequality(2.7), we obtain

(3.13) s1s2 <

(wl Stiﬂ +wa + Wo 3151 +w2)

for w; > 0, wy > 0. If we apply the elementary inequality (3.13) on the right-hand sides of
result inequality in Theorem 3.1 and Theorem 3.2, then we get the following inequalities

(3:14) // (1><+> <1><+>ddtSQVD(p,q7$,y;a,~y)
aaa’Y ’Yao"‘/ a+/y
S ~y + at 5
aty .
1 s By
_ _ Fpl ad 1 qu Wdt
x[a{ﬂ HE () f(5)) } 7{/ } ]

’ 0

a—1 2a=1

x o y v .And

where D(pv q,%,Y; &, 7)

a—&—w
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/ / = ggaw if((t))ﬁd sdt < O‘VLS;L?J; @)
X é /(x—s) [p(s)<1> (%)rds +% /y(y—t) {q(m <%>rdt 3 |

a—1 ’771
“a(P(s a1 o 4 1 o
where L(z,y;a,7) = a_lw {of [%] ds} {bf [ g%) } dt} .
The following theorems deal with slight variants of (3.8) glven in Theorem 3.2. Before

we give our Theorem 3.3, we pomt out that ”F fo o)do and G(t fo T)dr”
are replaced by "F(s) = £ [ f(0)do and G(t) = 1 fo 7)d7r” in Theorem 3 4 in Klm[lo}

Theorem 3.3. Let a > 1, 7>1andf()>0 g()>0f07“0€(0x) € (0,y),
where x, y are positive real numbers, define F(s) = 1 fo o)do, G(t) =+ fo T)dr for
(O,J;), € (0,y). Let & and ¥ be two real valued nonnegatwe convex functwns

deﬁned on R+ = [0,00). Then

st®(F(s))T(G(1))
// (a—1)(a+ty) 1)(oz+“/) mdé‘dt S D(L]-?xvya (1/,’}/)
S

oy at ay

2=

< [@=swisendsp § [ 0w

y—1

where D(1,1, z,y; ., y) = aﬂ;z: B y =

Theorem 3.4. Let « > 1, v > 1 and f(o) > 0, g(1) > 0, p(o )>0andq()>0f0r
(0 x), 7 € (0, y) wher’e x, y are posztwe real numbers deﬁne P(s) = [ ol

= [ q(r)dr, F(s P(S fo o)do and G(t fo dT fors € (O x)
(O,y). Let d cmd U be two real valued, nonnegatwe conver functzons defined on

R+ = [0,00). Then

(F'(s))¥(G(1))
// (o= 1>(a+w> Gy 4sdt < D(1, 1,2, 45 0, )

o s @ +at

where D(1,1, k,r;a,7y) = aﬂx B y =

The proofs of Theorems 3.3 and 3.4 are similar to the proof of Theorem 3.2 and similar
to the proofs of Theorems 2.3 and 2.4. Hence, we leave out the details.
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