A NEW PROOF METHOD OF ANALYTIC INEQUALITY

XTAO-MING ZHANG

ABSTRACT. This paper gives a new proof method of analytic inequality involving n variables. As
its Applications, we proved some well-known inequalities and improved the Carleman-Inequality.

1. MONOTONICITY ON SPECIAL REGION

Throughout the paper R denotes the set of real numbers and R, denotes the set of strictly
positive real numbers, n € N, n > 2.
In this section, we shall provide a new proof method of analytic inequality involving n variables.

Theorem 1.1. Givena,b € R, c € [a,b]. Let f : x € [a,b]" — R have continuous partial derivative,

D; = {(l‘l,ZEQ,“‘ 7xn71ac)’1<1g1<1271{xk} > c :1§I]?22<71{mk} #C}ai: 1,2, ,n—1.

If Of (x)/0x; > 0 hold for any x € D; (i =1,2,--- ,n— 1), then

f(yl7?/27"‘ 7yn—lac) Z f(CaCa"'C7C)
hold for y; € [¢,b] (i =1,2,--- ,n —1).
Proof. Without the losing of generality, we let n = 3 and y; > y2 > c.

For z1 € [y2,41], it has (z1,y2,¢) € D1, then Of (x)/0z1|,—(y, 4, o > 0. Owing to the con-
tinuity of partial derivative and 9f (w)/8m1|m:(y2,y27c) > 0, it exists e, such that yo — ¢ > ¢
and Of (®) /01|y (y, 4y o) > 0 for any z1 € [y2 —€,y2]. Hence, f(-,y2,¢) : 21 € [y2 —&,451] —
f (z1,y2,¢) is strictly monotone increasing,

f(yl,yQ,C) > f(yQayQ’C) > f(y2 - €7y2>c)'
For x5 € [y —€,y2], (y2 — €, 22,¢) € Dy, Of (®)/02] 4 (yp—c 4,.¢) > 0. Then

f(ylvaac) > f(y27y270) >f(y2_€ay27c) > f(y2_€7y2_€7c)'

If yo — e = ¢, this completes the proof of the Theorem Otherwise, we repeat the above process.
It is clear that the first variable and the second variable of function f are decreasing and no less
than c. Let s,t are their limits, then f (y1,y2,¢) > f(s,t,¢), where s,t > ¢. If s = ¢,t = ¢, this
completes the proof of the Theorem Otherwise, we repeat the above process. Let the greatest
lower bound of the first variable and the second variable are p,q. It is easy to see p = ¢ = ¢, and

f(yl)y27c) >f(C,C,C). [l
Similarly to the above ,we know Theorem [1.2]is true.

Theorem 1.2. Givena,b € R, c € [a,b]. Let f : x € [a,b]" — R have continuous partial derivative,

D; = {(1‘1,1132, cee  Tp—1,0) | 1<I]£1<a7>l<71 {zr} < c,x; = 15@12271 {zp} # c} ,i=1,2,---,n—1.

Date: January 28, 2009.
2000 Mathematics Subject Classification. Primary 26A48, 26B35, 26D20,
Key words and phrases. monotone, maximum, minimum, inequality.
This paper was typeset using AAS-ITEX.

1



2 X.-M. ZHANG
If 0f (x)/0x; <0 hold for any x € D; (i =1,2,--- ,n— 1), then
f W92, Yn-1,¢) > f (¢, ¢,0)
hold for y; € [a,c] (i =1,2,--- ,n—1).
In particular, according to Theorem and Theorem [I.2] the following four corollaries hold.

Corollary 1.1. Let a,b € R, f : [a,b]" — R have continuous partial derivative,
- — < mi - < -
D; {:I: (1,22, ,xpn)|a < 1I§I}€1£In {z1} <z 1211222 {z1} < b}, 1=1,2,---.n
If Of (x)/0x; > 0 hold for any x € D; and any i =1,2,--- /n, then
f (1’1, T2yt v ’xn) > f (-Tminvxmina te al‘min)
hold for z; € [a,b] (i =1,2,--- ,n), with Tmin = nin {z1}.
Corollary 1.2. Supposes a,b € R,
Dy ={x= (21,20, -, < mi <= <bl.
1 {ac (21,29 Zn)la < 11&1&1” {z} < > 121%)(11 {z1} < }

Let f : [a,b]" — R be symmetric, all partial differentiations of f be continuous. If df(x)/dx1 > 0
hold for x = (x1,xz2, -+ ,zy) € D1, then

f (xla Ty 71'11) > f (xminvl'mina T a$min) 5
with Tmin = 112&1@12 {zr}. Equality holds if and only if 11 = x9 = -+ = xy,.
SKSNn

Corollary 1.3. Supposes a,b € R, f : [a,b]" — R have continuous partial derivative,

- — . < x; = i < .
D, {:c (x1,22,- -+ ,xn) |a < x; nin {zr} < max. {zi} < b}

If 0f(x)/0x; < 0 hold for any € D; and any i =1,2,--- ,n, then
f(fEl,.lez,"' axn) > f(l'maxawmaxa"' ,xmax)y

With Tmax = max {zr}. Equality holds if and only if v1 = x9 = -+ = x,.
SRSNn

Corollary 1.4. Supposes a,b € R,
= = . <z, = mi <p\.
D, {w (x1,22,- -+ ,xn) |a < xp in {z1} < 1?1?3}{71 {z1} < b}

Let f : [a,b]" — R be symmetric, all partial differentiations of f be continuous. If Of(x)/dx, < 0
hold for € = (x1,x2, - ,xp) € Dy, then

f(fl?l,wg,"‘ ;xn) Z f(xmax;xmaxa”' 7$max)a

With Tmax = max {zk}. Equality holds if and only if x1 = x9 = -+ = x,.
SRS
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2. UNIFYING PROOF OF SOME WELL-KNOWN INEQUALITY

In this section, we denote @ = (a1, ag, - ,an); Gmin = Min {az}, Gmax = max {az} and
1<k<n 1<k<n
D; = {ala; = amax > @min >0}, i=1,2,---,n,

Proposition 2.1. (Power Mean Inequality) The power mean M,(a) of order r with respect to
1
the positive numbers ay,az, - ,ay is defined as M,(a) = (l Yoy ag)r forr £ 0, and My(a) =

n

1
[, a. Then M, (a) > M (a) if r > s, equality holds if and only if ay = az = - - = ay,.

Proof. Obviously, M,(a) is symmetric with respect to aj,ag, - ,an, 7 — M, (a) is continuous.
Without the losing of generality, we let 7, s # 0,

1 Z?:l a; 1 Z?:l a; n
f(a)_rln<n ——In = ,a € RYY.

S

Then
of (@) _ af! ai”!

dar  Yilyap YL,
S (o e - 0 a)
doipal > af
Sigay taf [(a1/a;)" " 1]
Doy aj >l a .

If a € Dy, we get f (a)/0a; > 0. According to Corollary it has

f (ala ag, - .- 7an) > f (amim Amin, *** aamin) 5
ngr\ YT n e\ Ve
(Z“ al) > <Z“ a1> . M, (a) > M, (a).
n n
Equality holds if and only if a; = a2 = --- = ay. O

Proposition 2.2. (Holder-Inequality) Let (x1,x2, - ,%n), (Y1,Y2, - Yn) € RY, p,g > 1, and

1/p+1/g=1. Then
n 1/p n 1/q n
P q
(Zk:1 wk) (Zkzl yk) 2 Zk:l TkYk:
Proof. Let b= (by, b2, ,b,) € RY,

fraeR:— (ZZ:1 bk>1/p <Z::1 bkak>l/q N 22:1 bkalle/qv a € RY.

If a € Dy,
of (a) _ 1 n 1/p n 1/¢-1 1 1/q—1
da; g (Zkzl bk) (Zk=1 bkak) B ;blal '

=L (0 wa) ()l (S )]
>t (T ) [ ot (S )]

Similarly, If @ € D;(i = 2,3,--- ,n), df (a)/da; > 0. According to Theorem (1.1

f(a17a27"' 7an) > f(aminyamina"' aamin)a
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n 1/p n 1/q 1/q

(Zk:1 bk) (Zk 1 bkak) z Zkz DRy
In above inequality, let a, = yi /%, by = 2}, we complete the proof of Proposition O
Proposition 2.3. (Minkowski-Inequality) Let (x1,x2,- - ,Tn), (Y1,Y2, -+ ,yn) € RT, p > 1, then

() (o) = (X )

Proof. Let b = (by, b2, ,b,) € RY,

fracR} — (Z:Zl bkak) Vp — (Z:Zl b (allg/p 4 1)p) 1/p, acRY.
If a € Dy,

of(a) _
8a1 -

;bl (> bkak)l/p_l _;blai/p_% 1/p+1>p_1 (> b (a 1/P+1)p)1/p—1
_ ;bl > bkak)l/”‘l (S0 b (alf? 1) )1/1,,1

. :(Zzzl b (a7 1)) () (T bkak)l_””}
_ ;bl > bkak)l/P—l (37 (a7 +1) )1/p—1
. <Z:1 i <a,1€/1?+1)p)1 1/p (Z: 1 (ai/p 4 gl /p>p>1_1 .

_l’_

g 119b1 (ZZ:1 bkak)l/p_l (ZZ b <a /v ) )l/p—l
| [<Z: g <ak/p )p)l " (Z: 1 (azlg/p%-a}/pa;l/p)p) 1-1/p]

—0. )

Similarly, If @ € D;(i = 2,3,--- ,n), df (a)/0a; > 0. According to Theorem

f (ala az, - .- 7an) > f (amina Gmin, *** aamin) 5
n 1/p n 1/p 1/p
(X o) = (0 e (w+1)")
In above inequality, let ax = ¥, / Ty, by = xk, we complete the proof of Proposition ]

3. A REFINEMENT ON THE CARLEMAN’S INEQUALITY

If a, >0(neN,n>1)with 0 <> >, a, < 0o, then the famous Carleman’s inequality is

o] n /n [e’¢)
(31) Zn:l (szl CLk) 1 <€ Zn:l n,

where the constant factor is the best possible(see [1]).
Recently, Yang et al. [9] gave a strengthened version of (3.1)) as follows.

(3.2) S (I w) e ( on T 2>

Some other strengthened version of (3.1) were given by [1]-[9]. In the section, we shall obtain
another refinement on the Carleman’s inequality in the form of Corollary




A NEW PROOF METHOD OF ANALYTIC INEQUALITY 5

Lemma 3.1. Leti € N, i > 1, then

2 1 oo 1
. 1— - _—
5 (1-5v7) 1> X0 k)

(3.4) 1-— 2 ! > =
' ¢ 3i+10) i+ 17 ((i+ 1))@

Proof. Let ¢ (i) = e (1 - 35”) W, then ) (i) > (i + 1) is equivalent to

2142 n 21 N 1+1
3i4+7 3410 (Z'!)l/i
If 1 <i < 16, after brief computation, we know inequality (3.5]) hold.
If i > 17, we get /2w > €7/3,
(3.6) Vori > (217 +71i+70) /(9% +39i+50)

If z > 0, it have e > (1 + 1/x)*. Thus

(3.5)

9142 4+ 710 + 70 (9i2439i+50)i / (21i2+71i+70)
3.7 > (1

(87) ¢ ( +(9i2+39i+50)i>

By virtue of (3.6)) and (3.7)), we get

2132 + 71i + 70 ' iy (i+1) (30 +7) (30 + 10)
Varis (1 i
7”>< * (9i2+39i—|—50)i> o @) > e R0 £ 50)

1+ 5 21 1+ 1

(3:8) 347 3410 i (2mi)/ @)

The well-known Stirling-equality is i! = v/2mi (i/e)’ exp (6;/12) with 0 < 6; < 1. We have
(3.9) il > V2 (Z) .
Owing to inequality (3.8) and (3.9)), inequality (3.5]) hold.

Hence, {1 (i)};2, is a strictly decreasing sequence. Because .lile Y (i) = 0, we have 9 (i) > 0.
1—T00
Inequality (3.3)) is proved.

Meanwhile,
V2 (i +1) > e¥/3,

> (3i+8)/2-(2i+2)/(3i+8)

)

31+ 8

w2y 3i+10
o (i + 1))/ (2i+2)
(27 (i+1)) > Sis

2 (i 4+ 1) > (1+

(3.10) e (1 __ 2 ) L c
’ 3i+10) i+1 7 (14+1)(2r (i+ 1)/
According to (i +1)! > /27 (i + 1) ((i + 1)/e)", inequality (3.4) hold. O
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Theorem 3.1. Letn e N;n>1,a;, >0(k=1,2,---,n), B, = 1r<r}§1£1 {kay}, then
SRS

(3.11) e (1 - 3k2+ 7) LapI <Hj:1 aj> :
> (1 - 3k2+ 7) Pl (k';l/’“] |

Proof. Let by, = kag,k=1,2,--- ,n, b= (by,ba, - ,by)

> By,

D; = {b|b¢ = @?gxn {br} > 12}3& {br} > O} . i=1,2,---.n,

and

- beR" N CPC IR B nlkbl/kbR”
fibe +_’€Zk:1 C3k+7 k_zkzl k!szlj » VR

Then inequality (3.11)) is is equivalent to the following (3.12))
n 2 bk n 1 k 1/k
(312) e) | <1 T 7) T > (k' szl bj>
n 2 1 n 1
ezk:1 (1 3k + 7) ko Zkzl (k!)l/k] ’

> B,

and B,, = min {br}.

IfbeD;(i=1,2--,n),

1 n 1
1— i
o ( 3i+ 7) i 2 k (k1)Y/k

2 \1 o0 1
1— - .
e < 3i+ 7) i Zk=i k (kDY*

According to inequality (3.3)), df(b)/0b; > 0. In view of Theorem
f(b17b27”' 7bn) Z f(Bn7Bn7 7Bn)

This implies inequality (3.12)) hold. O
Corollary 3.1. Letne Nyn>1,a, >0(k=1,2,--- ,n), B, = 11<1}€121 {kay}, then
<n

n 2 n k 1/k 4
(3.13) eZkZl (1 T 7) ar — Zk:1 (I'L1 aj> > B, <56 - 1> :

Proof. Let T (i) = 622:1 (1 — 3T2+7> % — 22:1 W, i = 1,2,--- ,n. Inequality (3.4)implies
{T (¢)};_, is a strictly increasing sequence. According to inequality (3.11]), we have

n 2 n k 1/k 4
ezkzl (1 3k + 7) = Zkzl <Hj:1 aj) > BT (n) 2 ByT (1) = By (56 - 1) .

Let n — +00, we know the following Corollary is true.
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Corollary 3.2. Ifa, >0(neN,n>1) with0 < Y | ay < 0o, then

00 n 1/n oo 2
(3.14) anl (Hj:l aj) < €Zn:1 <1 "~ 3n + 7) n-

Remark 3.1. a lot of Application of Theorem[1.1] will appear in other papers.
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