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SOME REVERSES OF A CAUCHY-SCHWARZ INEQUALITY FOR
COMPLEX FUNCTIONS OF SELFADJOINT OPERATORS IN HILBERT
SPACES

S.S. DRAGOMIR!?, M.S. MOSLEHIAN®, AND Y.J. CHO*

ABSTRACT. Some reverses of a Cauchy—Schwarz inequality for complex functions of selfad-
joint operators in Hilbert spaces, under suitable assumptions for the involved operators, are
given. Several examples for particular functions of interest are provided as well.

1. INTRODUCTION

Let B(5#) denote the algebra of all bounded linear operators on a complex Hilbert space
(A, (-,-)). An operator A € B(s7) is called positive if (Ax,xz) > 0 holds for every x €
and then we write A > 0. For self-adjoint operators A, B € B(.%), wesay A < Bif B—A >
0. Let A € B(J2) be selfadjoint. The continuous functional calculus f +— f(A) establishes a
«-isometrically isomorphism ® between the C*-algebra C (sp (A)) of all continuous complex-
valued functions defined on the spectrum sp(A) of A and the C*-algebra C* (A) generated
by A and the identity operator 1, on J# (see [13]). If f and g are real valued functions on
sp (A) then the following property holds:

fA)<g(A) = f(t) <g(t) (tesp(A)).
For recent results on various inequalities for functions of selfadjoint operators, see [11, 4, 3, 5]
and the references therein.

Let A € B(.7) be selfadjoint with the spectrum included in the interval [m, M| for some
real numbers m < M and let {E\}, be its spectral family. Then for any continuous function
f:[m, M] — C, it is well known that we have the following spectral representation in terms
of a Riemann—Stieltjes integral:

f(A) = / £ (N dE), (L1)

m—0

which in terms of vectors can be written as
M
FWo) = [ FW (B, (1.2)
m—0

for any =,y € €. The function g¢,, (\) := (E\z,y) is of bounded variation on the interval
[m, M] and
Gay (m —0) =0 and g, (M) = (z,y)
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for any x,y € . It is also well known that g, (A\) := (E\z,z) is monotonic nondecreasing
and right continuous on [m, M].

The classical Cauchy—Schwarz inequality asserts that if z and y are elements of a semi-
inner product space, then [(z,y)| < ||z| ||y||. There are mainly two types of reverse Cauchy—
Schwarz inequality. In the additive approach (initiated by Ozeki [11]) we look for an in-
equality of the form x+ |(z,y)| > ||z|| ||y|| for some suitable positive constant . In the mul-
tiplicative approach (initiated by Polya and Szegd [15]) we seek for an appropriate positive
constant k such that |(z,y)| > k||z| ||y||. There are many generalizations and applications
of the Cauchy—Schwarz inequality and its reverse for integrals, weighted sums and isotone
functionals; see the monograph [2]. Moreover, some reverse Cauchy—Schwarz inequalities for
Hilbert space operators were presented in [9, 10, 8, 12, 1].

In order to provide upper bounds for the nonnegative quantity || f (A) z||* — (f (A) z, z)?,
where x € 7 with ||z|| =1 and f : [m, M| — R is a continuous real-valued function defined
on [m, M| which contains the spectrum of the selfadjoint operator A the first author obtained
in [7] the following result:

Theorem 1 (Dragomir, 2008). Let A € B() be a selfadjoint operator with sp (A) C
[m, M| for some scalars m < M. If f : [m,M] — R is continuous on [m, M| and § :=
minte[m,M] f (t)7 A= maXgem, M) f (t)7 then

0 < |If (A)al® = (f (4) z,2)’ (1.3)

< .(A_(;)Q_

[(f (A)z,2) = 252
1 2
< 1 (A —=9)
for any v € A with ||z|| = 1.

Moreover if § is positive, then we also have

0 < [If (A)al® = (f (A)x,2)” < (1.4)

for any x € A with ||z| = 1.

Remark 1. We notice that the first inequality in (1.4) is equivalent with

A+d
1/ (A) =[] < VAS (f (A)z,z) (1.5)

while the second inequality is equivalent with

I/ (A) 2] :
05 ey~ Aea) < (VAa- Vo) (1.6)

for any x € A with ||z| = 1.
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Motivated by the above results we investigate in the current paper the problem of finding
revrse of [(f (A)x,z)| < ||f(A)z|, where x is a unit vector of a complex Hilbert space
(A (-, -)) for different classes of continuous complex valued functions f : [m, M| — C and
selfadjoint operators A € B(¢) with sp(A) C [m, M| for some scalars m < M. Some
applications are also presented.

2. THE RESULTS

The following result holds:

Theorem 2. If f:[m,M] — C is continuous on [m, M| and a € C, r > 0 with |a| > r and
such that

|f (t) —a| <7 for any t € [m, M], (2.1)

then for any selfadjoint operator A € B(I) with sp(A) C [m, M],
(If (A, z) < |If(A)=| (2.2)

< Re(a)Re (f (A) z,x) + Im (a) Im (f (A) z, x)

: af* —r2

)

L

for any v € A with ||z|| = 1.
Proof. We have from (2.7) that

[F (O = 2Re[f () a + [af* < * (2:3)

for any t € [m, M].

Let {E:}, be the spectral family for the operator A. For a given x € J¢ with ||z|| = 1, the
function g, (t) := (Fix,x) is monotonic nondecreasing and integrating inequality (2.3) over
gz on the interval [m — e, M] with ¢ > 0 and then taking the limit for ¢ — 07, we get

m—0

/M F () d (B, z) — 2Re [a /ﬂfof ) d(Etx,x)}

M M
+ ‘ayz/ d (B, ) < 7"2/ d(Ewx,z) (2.4)
m—0

m—0
for any x € S with ||z| = 1.
Since by the spectral representation theorem (1.2) we have

/ FOPd(E,z) = |f (A) 2],

m—

| r@atBea) =i (4).0)

m
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and f£0d<Etx,:z:> =1 for any x € S with ||z|| = 1, we have, by (2.4), that

I A+ (/af - ) < 3Re ({f (4) 2,2 a)

=2[Re(a)Re(f (A)x,z) +Im (a) Im (f (A) z,x)] (2.5)

for any « € € with ||z|| = 1.
Utilizing the elementary inequality a? + 3% > 2a0 if o, # € R we obtain

217 (A)all /o — 72 < |If (A)al* + (\/ jaf? ) (2.6

for any x € € with ||z|| = 1.

On making use of (2.5) and (2.6) we get the second inequality in (2.2).

Since Re ((f (A) z,z)a) < |{f (A) z,x)a| = [{f (A) x,x)| |a|, it follows from (2.5) that the
third inequality in (2.2) also holds.

The first inequality is a consequence of the Holder—McCarthy inequality (Az,z)? <
(A%z,z) (||z]] = 1). We, however, present a direct proof. By the Cauchy-Bunyakovsky—
Schwarz integral inequality for the Riemann—Stieltjes integral with monotonic nondecreasing
integrators we also have that

UM ’f(t)!d<Etm,x>r < [ Worawnn [ e

m—0 m—0 m—0
which means that
{f (Dz2)* < | f(A)z]”
for any x € 7 with ||z|| = 1, and thus we get the first inequality in (2.2). §

Remark 2. If § := minepna f (t) and A := maxycpm ) f (1), then the condition (2.7) holds

with a = &2 %.

5 and r =

Corollary 1. Let f : [m, M] — C be continuous on [m, M|, a € C, r > 0 with |a| > r and
|f (t) —a| <71 for any t € [m, M], (2.7)
Then for any selfadjoint operators A; € B() with sp(A;) C [m, M]; j € {1,--- ,n},

n

Z(If(Aj)\l’j,xﬁ < (A @y, f (An) )|

n

< Z Re(a)Re (f (A;) zj,z;) +Im (a) Im (f (A;) z;,x;)
=1 \lal =17
<Z?:1f(/1j)l’j7$j>
1- =

fa®

for each x; € A5 j € {1, ,n} with Y7 ||z;||* = 1.
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Proof. On considering

i=| 1 |ew, A= _ e B(A).
0 A,

and applying Theorem 2 for A and 7 we deduce the desired results. g

Now, for v, I' € C and [a, b] an interval of real numbers, define the sets of complex-valued

functions
Ulas) (7:T)
= {f : [a,b] — C| Re [(r — () (m—vﬂ >0 foreach t¢ [a,b]} (2.8)
and
INWICHY
- {f [a,8] — C| ‘f(t) —# < %|r—7| for cach ¢ € [a,b]}. (2.9)

The following representation result may be stated.

Proposition 1. Let v,I' € C, v # I'. Then Uy (7,1) and Ay (7,T) are nonempty,
convez and closed sets and

U (7, 1) = By (1, 1) - (2.10)
Proof. We observe that for any z € C we have the equivalence

v+ T
Z_—

1
<>II—
5 _2! 7

if and only if
Re[('—2)(z—7)] > 0.

This follows by the equality
1 v+ T 2 _
{0 = s = 55| =Relr -2 - 7)

that holds for any z € C.
The equality (2.10) is thus a simple consequence of this fact. §

On making an application of the properties of the complex numbers we can also state
that:

Corollary 2. For any v,I' € C, v # T, it holds that

Uiy (.T) = {f : [0.8] — C | (ReT — Re f (1)) (Re f (1) — Re)
+(ImT —TIm f(¢)) (Im f (t) — Im~y) > 0 for each t € [a,b]}. (2.11)
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Now, if we assume that Re(I') > Re(y) and Im (I') > Im(y), then we can define the
following set of functions as well:

Stap) (1, T) :=={f : [a,b] = C| Re(I') = Re f (t) > Re (7)
and Im (T') > Im f (¢) > Im (v) for each t € [a,b]}. (2.12)

One can easily observe that S'[G,b] (7,T) is closed, convex and

@ 7& SV[a,b} (77 F) g U[a,b] ('7; F) .

Making use of the classes of functions defined above we can provide a generalization of
inequality (1.5) as follows:

Corollary 3. Let A € B(.) be a selfadjoint operator with sp (A) C [m, M| for some scalars
m < M. If f:[m,M] — C is continuous on [m,M] and there exist two numbers ~,T" € C,
v # T, with Re () Re (v)+Im (') Im () > 0 and such that f € Upyan (7, T) (= Bpnag (1, 1))
then

(If (A)] 2, z) (2.13)
<[l f ()|
< [Re(y) + Re(T)]Re (f (A)x,@ + [Im (v) + T ()] Tm (f (A) z, 7)
N 44/Re (T )+ Im (I") Im ()
|7+TH< (A, )!
~ 4y/Re(T v) + Im (I') Im ()

for any x € A with HxH = 1.

Proof. We apply Theorem 2 for a = 7+F

We observe that

and r =1 |T —~].

> D=~
’ ‘7+ —‘ 7| = 4Re(9)

o~ = |1 .
= 4[Re(I)Re(v) +Im (') Im (v)] >0

and by (2.2) we get the desired result (2.13). §

Remark 3. If f : [m, M] — (0,00) is continuous on [m, M] and 0 < § := mingepm,a f (1),
A = maxyepm g [ (1), then [ € Sip (6,A) C Upy (0,A) and by (2.13) we get inequality
(1.5).

The following result, where the condition |a| > r from Theorem 2 is dropped may be
stated as well:

Theorem 3. If f: [m, M] — C is continuous on [m, M| and a € C\ {0}, r > 0 such that

|f (t) —a| <71 for any t € [m, M],
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then for any selfadjoint operator A € B(S) with sp(A) C [m, M],

(If (Al z) <|If(A)=| (2.14)
< Re(a)Re (f (A)z,z) + Im (a) Im (f (A) z,z) 12
B lal 2lal
< (A) )+ 7

for any x € A with ||z| = 1.
Proof. As in the proof of Theorem 2 we can state that

I (A) z))* + |a]* < 2Re ({f (A) z, z) @) + r°
= 2[Re (a) Re (f (A) z,2) + Im (a) Im (f (A) z, z)] + r*

for any x € 2 with ||z| = 1.
Since

2|1/ (A)allal < IS (A)2|* + |af*
for any z € 5 with ||z|| = 1, then we get
2|1f (A) x|l la] < 2[Re(a) Re (f (A) z,2) + Im (a) Im (f (A) z, )] + r*

which proves the second inequality in (2.14).
The rest is obvious and the theorem is proved. 1

Corollary 4. Assume that A € B() is a selfadjoint operator with sp (A) C [m, M| for
some scalars m < M. If f : [m,M] — C is continuous on [m, M| and there exists two
numbers v,I' € C with v # £ such that f € U (7,T) (= Dy (1, T)) , then

(If (A)]z,z) (2.15)
< |[If (A) z|l
< [Re(y) + Re(D)[Re (f (A) z,2) + [Im (7) + Im (T)] Im (f (A) 2, z)
B v+ T
Ir —
4y + T
D —

< [{f (A) 2, z)| +

4ly+ T

for any x € A with ||z|| = 1.

Remark 4. If f : [m, M] — R is continuous on [m,M] and § = minepna f (1), A =
maxie(m, v f (¢) with A # —§ then f € Siy (6, A) C Upay (6, A) and by (2.15) we get

(A —0)°

1 (A) zl| < [{f (A) 2, 2)| + N

for any x € A with ||z| = 1.

(2.16)
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3. APPLICATIONS

The above results can be applied to various continuous complex valued functions. However,
here we will present only a simple example as follows:

Proposition 2. Let A € B(J) be a selfadjoint operator with the property that there exists

the real numbers m, M with [m, M] C [0, %} and

Then
1< ||| (3.2)
cos (*5)
~ 24/cos (M —m)
M M
X [COS ( —2|—m> (cos Az, z) + sin ( —;m) (sin Ax,x)}
cos (52) 1/2

[{cos Az, z)? 4 (sin Az, Zl?>2} ,

= 2y/cos (M —m)

for any x € A with ||z| = 1.

Proof. Consider the function f : [m, M] — C given by f(t) = e = cost + isint. Then
Re f (t) = cost,Im f (t) = sint and for ¢t € [m, M] we have Re f (t) € [cos M, cosm]| and
Im f (t) € [sinm,sin M] and if we define I' = cosm + ¢sin M and v = cos M + isinm then
we have

cos M =Rey <Ref(t) <Rel =cosm
and

sinm =Im~y <Imf(¢t) <ImI =sin M.

Now, if we write inequality (2.13) for f (t) = e and T',y as above, we have
L< e (3.3)
cos M + cosm) (cos Ax,x) + (sinm + sin M) (sin Ax, x)
4+/cosm cos M + sin M sinm

< lcos M + isinm + cosm + isin M| |[(f (A) x, x)|
- 4+/cos m cos M + sin M sinm

for any « € € with ||z|| = 1.
We have

<

|cos M + i sinm + cosm + isin M|*
= (cos M + cosm)® 4 (sinm 4 sin M)
= 2+ 2(cosmcos M +sinmsin M)

M —
= 2+2008(M—m):4(:052( 5 m)
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and by (3.3) we get (3.2). &
The following result also holds:

Proposition 3. With the assumptions as in Proposition 2,

1< ||eiAxH (3.4)

M M
< cos ( il m) cos Az, x) + sin ( —2|—m> (sin Az, x)
—m

[ o () ()

(cos Az, z)* + (sin Az, z)*] "/
(5 (52).

for any x € A with ||z| = 1.
Proof. We write inequality (2.15) for for f(t) = € and T' = cosm + isin M and vy =
cos M + i1sinm to get

l\')

1< ||z (3.5)
< (cos M + cosm) (cos Az, z) + (sinm + sin M) (sin Az, z)

- QCOS(M;m)

|cos M + isinm — (cosm + 4 sin M)/|?

8 cos (M;m)

< [(cos Az, x)* 4 (sin A, $>2}

1/2

|cos M + isinm — (cosm + isin M)|>

8 cos (Mgm)

for any x € J# with ||z| = 1.
It follows from

|cos M + isinm — (cosm + i sin M)|>
= (cos M — cosm)” + (sin M — sinm)?

= 2 — (cosmcos M + sinmsin M)
M —
= 2—2cos(M —m) = 4sin® (Tm),

and (3.5) that the desired result (3.4) holds. &
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