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A GENERALIZATION OF WEIGHTED COMPANION OF
OSTROWSKI INTEGRAL INEQUALITY FOR MAPPINGS OF
BOUNDED VARIATION

MOHAMMAD WAJEEH ALOMARI

ABSTRACT. A weighted companion of Ostrowski type inequality is established.
Some sharp inequalities are proved. Application to a quadrature rule is pro-
vided.

1. INTRODUCTION

In 1938, A. Ostrowski [1], proved the following inequality for differentiable map-
pings with bounded derivatives, as follows:

Theorem 1. Let f: I CR — R be a differentiable mapping on 1°, the interior of
the interval I, such that ' € Lla,b], where a,b € I with a < b. If |f' (z)] < M,
then the following inequality,

(1.1)

<M(@D-—a)l|-+

1 b
f) 5= [ fwdu R

b—a

holds for all x € [a,b]. The constant % is the best possible in the sense that it cannot
be replaced by a smaller constant.

In [2], Dragomir proved the following Ostrowski’s inequality for mappings of
bounded variation

Theorem 2. Let f : [a,b] — R be a mapping of bounded variation on [a,b]. Then
we have the inequalities:

b b
bfa/f@)dt ]-\/(f),

for any x € [a,b] , where \/Z(f) denotes the total variation of f on [a,b]. The
constant % 1s best possible.

_ atb
.

b—a

1
(12) |f(x) - <3+

A generalization of the above result is considered in [3]. In [4], Dragomir et al.
have proved the following generalization of Ostrowski’s inequality.

Theorem 3. Let f : [a,b] — R be a continuous on [a,b], differentiable on (a,b)

and whose derivative f' is bounded on (a,b). Denote ||f'||., = sup |f'(t)|] < oo.
t€la,b]
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Then,

b
(b—a) [AM+(1—A)ﬂx)] —/ F(t) dt

< [(b;a)z (2 +a-n?)+ (:r— “‘2”’>2

for all X €[0,1] and a + \25% <z < b— 2252

(1.3)

1Moo -

A generalization of (1.3) was considered in [5]. In [6], Tseng et al. have proved
the following weighted Ostrowski inequality for mappings of bounded variation:

Theorem 4. Let 0 < a < 1, g: [a,b] — [0,00) continuous and positive on (a,b)
and let h : [a,b] — R be differentiable such that h'(t) = g(t) on [a,b]. Let ¢ =
A=t (1= %) h(a)+ Sh(b)) andd=h"" ($h(a)+ (1 —S) h(b)). Suppose that f
is of bounded variation on [a,b], then for all x € [c,d], we have

0 | r0e@a- 007w+ o O O) [y ul <
where,
%f;g(t)dtnL’h(x)er‘, 0<a<l
K= max {152 [Jg(dt+ |n(2) + B0 2 Pgyar},  d<a<?
g g, 2<a<t

and \/Z (f) is the total variation of f over [a,b]. The constant 5% for 0 < a <
and the constant 5 for % < a <1 are the best possible.

1
2

for recent results concerning Ostrowski inequality for mappings of bounded vari-
ation see [7, 8].

Motivated by [9], S.S. Dragomir in [10] has proved the following companion of
the Ostrowski inequality for mappings of bounded variation:

Theorem 5. Let f : [a,b] — R be a mapping of bounded variation on [a,b]. Then
we have the inequalities:

X a — X b
(1.5) f””g”’ )fbia/f(t)dt L

it

_ 3a+bd
x 1

b—a

<

]~\/(f),

for any x € |a, ‘%b] , where \/Z(f) denotes the total variation of f on [a,b]. The

constant % is best possible.

For other results see [11, 12]. In the recent work [13], M.W. Alomari has proved
a companion of Ostrowski’s inequality (1.3) for mappings of bounded variation:
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Theorem 6. Let f : [a,b] — R be a mapping of bounded variation on [a,b]. Then

for all X € [0,1] and a + )\b_T“ <z< ‘IT'H’, we have the inequality

Smax{)\b;aa(x_ (2—>\)2a+/\b)7(a+b )} \b/

:maX{Ab;a7(1—A{1(b—a) +‘x_ (3—)\)a1()\+1;b’}.\b/(f)

(1.6)

a

where, \/Z (f) denotes to the total variation of f over [a,b].

In this paper, a weighted version of Alomari’s inequality (1.6) is proved. There-
fore, several weighted inequalities are deduced. Application to a quadrature rule is
pointed out.

2. A WEIGHTED COMPANION OF OSTROWSKI TYPE INEQUALITIES

Theorem 7. Under the assumptions of Theorem 4, we have

a z aro—z ' '
LU0 o LTI Py i [ 090

b

(2.1) <K\ ()
where,

{ (t)dt + |h(x) — [25%h (a) + <20 (b)]]

Lot dt+|h (a+b—12)— [1jah(a)+3jTah(b)]|}, 0<a<
K { dt + | (z) = [252h (a) + LR (1)]], 552 [ g (1) dt

[h(a+ ) [:h<a>+3-7ah<b>},%f;’g@dt}; l<ac<

$ 009t at 2<acx

for all z € [e, <E4], where \/z (f) denotes the total variation of f on [a,b]. Fur-
for s<a<l1are

the best passzble.
Proof. Let x € [c, <54]. Define the mapping
h(t)—[(1—%)h(a)+ Sh(b)], t€]a,x]

s(t) =14 h(t)— Math®) te(z,a+b—al

h(t)—[sh(a)+ (1—%)h(b)], te(a+b—ux,b]

(SIS

winy
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for all a € [0, 1].
Using integration by parts, we have the following identity:

/abs(t)df(t) [h(t)f [(k%)h( )+ 3 Ch

|- [ re

at+b—x
—/ F(t)g(t)dt

a+b—zx

b

+ [ - [Sh@+ (1-5)nw)]]- f(t)aergE—/aibmf g(t)dt
[RAGESICRNMIE LSS {TET ) [APERYAIY Y
_[af@;f(buaa)f@)*f(;”—x]/a g(t)dt—/a F(8) g (t)dt

Now, we use the fact that for a continuous function p : [a,b] — R and a function
v : [a,b] — R of bounded variation, one has the inequality

[ rwavo

Applying the inequality (2.2) for p(t) = s(¢), as above and v(t) = f(t), t € [a, b],
we get

— b b
{aw—i—(l—a)f(x)—’—f(?a_‘_b )}/a g(t)dt—/a ft)g(t)dt

b

< sw 0\ ().

t€la,b]

(2.2)

a

b b
s(t)d sup |s ,
<|[swao|< O
where,
B a o (a) + h (D)
t:l[g)b] |s ()] = max {h(m) - Kl - 5) h(a) + §h(b)} yha+b—2x)— 5

al );h(b)—h() Sh@+(1=3)a0)| —h(a+b-2) 2[h(b)—h(a)]}
—max{l_a(h(b)h(a))Jr‘h(x){Bzah() O‘Ilh(b)”
00 - n @)+ a0 - S + 2] e - na

:max{ljla/abg(t)dt—k‘h(x)— [SZQh(aH-aIlh(b)}

1—a [? 1 -
@ g(t)dt+‘h(a+b:c)[ ZO‘ a) 2=

a

and thus we obtain the desired result in (2.1).
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To prove the sharpness of the constant 177"‘, for 0 < a < % assume that (2.1)
holds with a constant Cy > 0, i.e.,
(2.3)

b b
g(t)dtf/ £ (t)g () di

)

gmaX{leabg(t)dtJr’h(:r) [340‘h(a)+ O‘Ilh(b)]

Cl/clbg(t)dt—k‘h(a%-b—x)— [11%(@”3;%(1))”}.\7@).

a

Without loss of generality, assume that the maximum of the right hand side is the
first term i.e.,

(2.4)
@210
2

+(1-«

x a — X b b
y L= [y [ r0awa

<

Cl/abg(t)dt—k‘h(x)— {3;ah(a)+ “Ilh(b)} H ~\b/(f)
Consider the mapping '

1 ( B=a)h(@)+(1+a)h(b)
0, te[a,b]\{h1< Oh(a)+(+a)h )}

ft) =

_ 3—a)h(a)+(1+a)h(b
%7 t:hl(( )()4( )())

Then f is with bounded variation on [a, b], and f; f@®)gt)dt=0, \/Z (f) =1, and
for x = h! ((Bfa)h(a)z(wo‘)h(b)), making of use (2.4), we get

— <Ch,

which implies that the constant 1_7"‘ is the best possible.
Now, assume that the maximum of the right hand side is the second term i.e.,

(2.5)
[RACESLN

11—«

o b b
y P L2220 [oan- [ rwsta

<

o [ owat oo - [+ 2 00 H V)
Consider the mapping '

0, tefob\{atp—pt (kom0

3 t=a+b—h! <(1+a>h(a)z(3fa)h(b))



6 MOHAMMAD WAJEEH ALOMARI

Then f is with bounded variation on [a, b], and f; f@®)gt)ydt=0, \/Z (f) =1, and
forx=a+b—h""! <(1+a)h(a)z(37a)h(b)), making of use (2.5), we get

- <
4 = V1,

which implies that the constant ITTO‘ is the best possible. Therefore, 1?% is the best
possible for (2.3).

Now, to prove the sharpness of the constant 5, for % < a <1 assume that (2.1)
holds with a constant Cy > 0, i.e.,

(2.6)
[aw+(l_a)f(x)+f(a+b )}/g(t)dt_/ f(t)g(t)dt
b b

s@/gwwVU)

Consider the mapping
0, tela,b\{a}

1, t=a

Then f is with bounded variation on [a, b], and fab f@)gt)dt=0, \/Z (f) =1, and
for x = h~! (M), making of use (2.6), we get

«
— <
9 = 2,

which implies that the constant § is the best possible. Thus, the proof of (2.1) is
completely established. O

Remark 1. If we choose h(t) =t and g(t) = 1, then the inequality (2.1) reduces
to (1.6).

Corollary 1. In (2.1), choose a = 0, then we get

) b
(2.7 V@“”$+b L [owar- [ s0g0a

where,

b

SK1'\/(f)7

a

l/abg(t)dt—&—‘h(a+b—x)—

h(a)+3h(b)‘
4 )

4

for all x € [a, “TH’], which is the “weighted companion of Ostrowski” inequality.
Furthermore, if we choose h(t) =t and g(t) = 1, then the inequality (2.7) reduces
to (1.5).

Remark 2. In Corollary 1, choose
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(1) = a, then we get

f()-QFf( / dt—/f £ dt

which is the “weighted trapezoid” inequality.

s%LgquVUL

(2.8)

(2) o= 3% then we get

(2221252 o0a- s

where,

Kz :max{i/[lbg(t)dt—i—‘h(ga:b) _ 3h(a):h(b)

[ aa (252 - tesn )]

b

<Kz-\/ (),

a

b

< K- \/(f)a

a

(2.9)

)

(3) o= 2L, then we get

(439 s smo
where,
/abg(t)dt+ 'h <a;rb> - 3h(a):h(b)

Kgnmx{
iLZunﬁ+M(a;§’M@waw%

which is the “weighted midpoint” inequality.

(2.10)

)

> =

Corollary 2. If we choose h(t) =t, g(t) = 1 and x = 22 in (2.1), then we have
the following inequality

(2.11) |(b—a) [awﬂl—a)f(“;b)] - abf(t)dt
b
<K'(b—a)-\/ (/)
where, '
2, 0<a<y
K'=93 [3+]5-0l], 3<a<}
2, <as<i

which is the “generalized Bullen’s inequality”, for details (see [7] and [14], p. 141).



8 MOHAMMAD WAJEEH ALOMARI

Corollary 3. Let 0 < a < 1. Let f € CW]a,b]. Then we have the inequality
(2.12)

a z aro—< ' '
LU0 o LTI Py ai— [ 090

<K

for all x € [c, <£2], where |||, is the Ly norm, namely || f'||, := f |f (t)] dt.

Corollary 4. Let 0 < a < 1. Let f : [a,b] — R be a Lipschitzian mapping with the
constant L > 0. Then we have the inequality

(2.13)
a z a - ’ '
[ LOLI0 | T Py [ g a

<KL(b—a),

for all z € [c, <59].

Corollary 5. Let 0 < a < 1. Let f : [a,b] — R be a monotonic mapping. Then we
have the inequality

(2.14)
[af(a);f(b)Hla)f(x)+f(2a+bx)}/ b dt — /f

S K|f(b) = f(a)l,

for all z € [c, <49].
3. APPLICATION TO A QUADRATURE RULE

Let Iy : a = 29 < 1 < -+ < x, = b be a partition of [a,b] and ¢; =
AU((L §) b + 3h (). di = b (§h () + (1 3) h(ren) & € [, 2524
(t=0,1,--- ,n—=1). Put L; = h(zi41) — h(z;) = f;;“ g(t)dt, and define the sum

(3.1)

f&) +flzi+aip—&)

+(1-a)- 5

n—1

f (@) + f (@it1)

Ao (f, 9,0, 1,,8) = ST
(£.9.h. 1. 6) ;Ja 5

for all & € [0,1]. In the following we propose an approximation for the integral

L F gt

Theorem 8. Let f,g,h be defined as in Theorem 7, then we have

b
(3.2) t/f@gmﬁ:Aﬂﬁ%m&ﬂ+RAﬁQMMﬁy

where, Aq, (f,9,h, In, &) is given in (3.1) and the remainder Ry, (f, g, h, I, &) satis-
fies the bounds

Ra (90 100 £ 3 Ko \/ (1) < M-\ () = Mo\ (0),
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where,
{ 2L + |h (&) — [?’_—ah(ﬂcz) + aT—Hh(xiJrl)” )
2L + ’h(zi+$i+1 &) — [1+ah(xi)+3_Tah($i+l)]|}7 0<a<i
K= maX{l “L; + |h &) — [Bzah(xi) + aTHh(CCiH)] | ; 1ZaLi
“e | (@i + @i — &) = [F2h () + 35%h (zip)]| § Li} ;<a<?
SLi, 2<a<1
(i=0,1,2,--,n—1).
o fmax {552 () - [552h 0) + S0 (wenn)]
B2 o i — 6 - [H2 ) + 5520 ()]} D<as}
Mioi=q _max  {max {352L; +[h (&) = [*5%h (x) + 2 h ()] 152 L
S s — ) — [0 ) + 520 )] | $ L)), b<a<?
sv (L), 2<a<1
max {%V(L) + opax |h (&) — [35%h (25) + “FLh (2i40)] | 0<a<i
1jT“y (L) + o pax ‘h(l‘i +xip1 — &) — [%h(xi) + ?’TTah(xiH)] |} )
Mz, i= max{ 520 (L) +  max k(&) — [35%h (2) + 2L h (2 1 2
4 i=0,1,...,n—1 ‘ v ZH)} ’ 7 SO<3
v (L) + i_opax |h (@i + wipr — &) = [H2h (23) + 3520 (2i41)] ], §v (L)} ;
qv(L), Z<a<i1

and v (L) :=max{L; : i =0,1,...,n— 1}. In the last inequality the constant 1TTO‘
for0<a< % and the constant 5 for % < a <1 are the best possible.

Proof. Applying Theorem 7 on the intervals [z;, x;11], we may state that

HQM+(1_Q)f(éi)+f<xi+m+1—fi)}/:i“g(t)dt_/:”lf(t)g(t)dt’

2 2

i i

foralli=0,1,--- ,n—1.
Using this and the generalized triangle inequality, we have
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Ra (f7gah7-[’na£)

k—1 Tit1 Ti+1
SZ af(xi) +2f(xi+l) +(1_a>f(§i>+f(xi2+xi+l_€i):| / g(t)dt—/ f(t)g(t)dt’

=0 i T

k—1 Tit1 k—1Ti4+1 b b
<2 K \/ (f) <, jmax  {Ki}- ; \/ (f) =My - \/ (f) < My \/ (£)

O

Corollary 6. In Theorem 8, choose

(1) @ =0, then we get

b

(33) [ 1090 = Ao (9.1 10, + o (9.0 10, ).

where, Aoy (f,9,h, In,&) is given in (3.1) and the remainder Ry (f, g, h, I,,§)
satisfies the bounds

Ti41

n—1 b b
Ry (f,9:h 10, €) <Y Kio- \/ (f) < Mig-\/(f) < Map-\/(f),
=0 a a

T4

(2) a =1, then we get

b
(3-4) / f@)gt)dt =Ar(f,9,h, In, &) + Ry (f, 9,0 In, §) -

where, Ay (f,g,h,In,&) is given in (3.1) and the remainder Ry (f, g, h, I, €)
satisfies the bounds

n—1 Tit1 b b
Rl(fagvhal’ruf)SZKi,l'\/(f)SM171'\/(f)SM271.\/(f)7
1=0 x; a a
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