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A WEIGHTED COMPANION FOR THE OSTROWSKI AND THE
GENERALIZED TRAPEZOID INEQUALITIES FOR MAPPINGS
OF BOUNDED VARIATION

M.W. ALOMARI*! AND M.A. LATIF?

ABSTRACT. A new generalization of weighted companion for the Ostrowski
and the generalized trapezoid inequalities for mappings of bounded variation
are established.

1. INTRODUCTION

In 1938, A. Ostrowski [1], proved the following inequality for differentiable map-
pings with bounded derivatives:

Theorem 1. Let f: I CR — R be a differentiable mapping on 1°, the interior of
the interval I, such that ' € Lla,b], where a,b € I with a < b. If |f' ()] < M,
then the following inequality,

b
o [ fwadu

holds for all x € [a,b]. The constant % 1s the best possible in the sense that it cannot
be replaced by a smaller constant.

(1.1) f () =

<M@B-a) |-+

4 (b-a)?

In [2], Dragomir proved the following Ostrowski’s inequality for mappings of
bounded variation:

Theorem 2. Let f : [a,b] — R be a mapping of bounded variation on [a,b]. Then
we have the inequalities:

b b
bia/ f ()t ]-\/(f),

for any x© € [a,b] , where \/Z(f) denotes the total variation of f on [a,b]. The
constant % is best possible.

_ atb
r— o

(1.2) —

f () =

<1+
12

In [3], Tseng et al. have proved the following weighted Ostrowski inequality for
mappings of bounded variation, as follows:

Theorem 3. Let 0 < o < 1, g: [a,b] — [0,00) continuous and positive on (a,b)
and let h : [a,b] — R be differentiable such that h'(t) = g(t) on [a,b]. Let ¢ =

Date: October 28, 2011.

2000 Mathematics Subject Classification. 26D10, 26A15, 26A16, 26A51.

Key words and phrases. Bounded variation, Lipschitz mappings, Ostrowski inequality, Trape-
zoid inequality.

*Corresponding author.


sever
Typewriter
Received 31/10/11

sever
Typewriter

sever
Typewriter

sever
Typewriter


2 M.W. ALOMARI**! AND M.A. LATIF?

A=t ((1=4)h(a)+ $h(b) andd=h"" ($h(a)+ (1 - %) h(b)). Suppose that f
is of bounded variation on [a,b], then for all x € [c,d], we have

(1.3) dt—[(1—a)f(m)+aw]/bg(t)dt SK-\b/(f)

where, '
15 [l 0 () di 4 |h (x) + MO 0<a<i

K= max{lg‘xf;g(t)dtvL’h(m)—kM ,gfjg(t)dt}, l<a<?
§ [ g, 2ca<t

and \/Z (f) is the total variation of f over [a,b]. The constant 5% for 0 < a < 1
and the constant % for % < a <1 are the best possible.

Motivated by [4], S.S. Dragomir in [5] has proved the following companion of the
Ostrowski inequality for mappings of bounded variation:

Theorem 4. Let f : [a,b] — R be a mapping of bounded variation on [a,b]. Then
we have the inequalities:

b
(1.4) f(x)+f(2a+b—x B /f 1) dt ].\/(f)’

for any x € [a, “FL] , where \/Z(f) denotes the total variation of f on [a,b]. The
constant 1 1s best possible.

3a+b

b—a

In the recent work [6], Z. Liu, proved another generalization of weighted Os-
trowski type inequality for mappings of bounded variation, as follows:

Theorem 5. Let f : [a,b] — R be a mapping of bounded variation, g : [a,b] —
[0,00) continuous and positive on (a,b). Then for any x € [a,b] and o € [0,1], we

have
b x b
dt—[(l—a)f(x)/ g(t)dt+a<f(a)/ g(f)dtJrf(b)/ g(t)dt)H

<[3+]5-| B/jg(t)dﬂ /:gu)dt—%/:g(t)dt] VO

where, \/l; (f) denotes to the total variation of f over [a,b]. The constant [% + |3 — «]
is the best possible.

Indeed, W.J. Liu [7] has proved the above inequality (1.5) (essentially same).
However, Z. Liu [6] proved the sharpness of the (1.5), and thus he improved the
constant in W.J. Liu result. For details we recommend the reader to read the pa-
pers [6] and [7].
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In this paper, a new generalization of weighted companion for the Ostrowski
and the generalized trapezoid inequalities are proved. Therefore, several weighted
inequalities are deduced.

2. A WEIGHTED COMPANION FOR THE OSTROWSKI-TRAPEZOID INEQUALITY

Theorem 6. Let f : [a,b] — R be a mapping of bounded variation, g : [a,b] —
[0,00) continuous and positive on (a,b). Then for any x € |a, “TH’] and « € [0,1],
we have

(2.1)

- b

b
t-a) 1@ [ T g@ds+ farb-a) [, 0@ds| - [ fog@a

2

< L E I | D mg(s)ds, a+b7xg(8)ds, b g(s)ds -\b/(f)
[2 2 a P a+b—z a

<|5+|5-9] .Abg(s>ds.\?<f>

where, \/Z (f) denotes the total variation of f on [a,b].

Proof. Let x € |[a, “T*'b] Define the mapping

(1—a)f;g(s)ds+af;g(s)ds, t € la, ]
S, (t) = (1—a)f%g(s)ds+af;g(s)ds, te (z,a+b—x
(1—a)fbtg(s)ds—i—af;g(s)ds, te(a+b—uz,0b

for all « € [0, 1].
Using integration by parts, we have the following identity:

b
[ siwdr@=a

b T
f(b)/ g(s)ds+f(a)/ g(s)ds]
a+tb

+-a) |f@) [T g@dstfard-a) [,

b
g(s)ds

b
—/ f (g (t)dt

Now, we use the fact that for a continuous function p : [a,b] — R and a function
v: [a,b] — R of bounded variation, one has the inequality

b

< sw p(0)\/ ().

tela,b]

b
(2.2) [ pwd

a
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Applying the inequality (2.2) for p(t) = Sy (t), as above and v(t) = f(t), t € [a, ],
we get

(2.3)

b T
a[fa))/ g(s)ds+f(a)/ g(s)ds]
ath b

b
+(1-a) [f(fc)/ i g(S)ds+f(a+b—x)/a_+bg(8)d8]— 709 (0)dt

2

b

< sup |S,(0)]-\/ (f)-

t€la,b] a

Putting

t t

pl(t):(l—a)/ g(s)ds+a/ g (s)ds, t € [a,x],

a T
t

pg(t):(l—a)/mg(s)ds—&—oz/ g(s)ds, te(x,a+b—ux,

p3(t)=(1—a)/bg(s)ds—i—oz/g(s)ds, te(a+b—uazb).

Therefore, it is easy to check that p;(t) is increasing on the interval [a,x), pa(t)
is increasing on the interval (z,a + b — x| and ps(¢) is increasing on the interval
(a + b — x,b]. Moreover, pi(t) = p5(t) = p5(t) = g(t) > 0. Thus,

sup |5 ()| = p1 (x) — p1 (a)

t€la,z]
—max{-a) [Ty dsa [Cg(as)
el Lo

sup [y ()| = p2 (a+b—z) —p2 (2)

te(z,a+b—z]
a+b—zx at+b—x
:max{(l—a)/ g(s)ds,a/ g(s)ds}
a+b—zx
[ [ e

sup |5y ()] = p3 (b) —ps (a+b—2)

te(a+b—wx,b
b b
= max (lfoz)/ g(s)ds,a/ g(s)ds
at+b—zx at+b—zx

s

[\

and

Il
| =
+
| =
\
Q
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which follows that

sup ISg(t)ImaX{sup 1Sg M), sup  |Sy(#)[, sup Sg(t)l}

t€(a,b] t€la,z] te(z,a+b—zx] te(a+b—ax,b)
1 1 T at+b—zx b

(2.4) =|z+ |z — o max / g(s) ds,/ g(s) ds,/ g(s)ds
2 2 a T at+b—2x

By (2.3) and (2.4), we obtain the first inequality in (2.1).
To obtain the second inequality, since

sup |Sg (1)) < sup [Sy(0)|+  sup  [Sy(t)|+  sup  [S, (¢)]
te(a,b] t€la,x] te(z,a+b—1] te(a+b—zx,b]

]AZ@M&

By (2.3) and (2.5), we obtain the second inequality in (2.1).
which completes the proof. (I

. [heftea

We remark that, Cerone, Dragomir and Pearce [8], have proved the following
generalized trapezoid inequality for mappings of bounded variation:

g[bg“+P—a;bHW§u>

for all @ € [a,b]. The constant % is the best possible.

b
@—@ﬂ@+@—@ﬂ®—/f@ﬁ

In what follows, we deduce another bound for the generalized trapezoid inequal-
ity for mappings of bounded variation

Theorem 7. Let f : [a,b] — R be a mapping of bounded variation. Then for any

z € [a, “£2], we have

(2.6) w—mf@+u—@ﬂ@—/f@w

< [(b—fv)

. b;x]?ux

a0 -

for all x € [a, QTH’], and the constant % is the best possible.

Proof. Taking g(t) =1 on [a,b] in (2.1) and choose oo = 1, we get the desired result.
To prove the sharpness of (2.6). Assume that (2.6) holds with constant Cy > 0,
i.e.,

b
(2.7) w—mﬂw+u—@ﬂ@—/f@w

b—x
2

< [Cl(b—az)+

(x —a) -

}~?U)
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Define the mapping f : [a,b] — R given by
0, te(a,b)
f@) =
a+tb

which follows that f; f(t)dt =0and \/Z (f) = 2, making of use (2.7) with x = 232,
we get

(b—a) < (b—a) [C;+ﬂ 2

which gives that
1 C; 1
<2y
27 2 + 4

and therefore, C7 > %, which proves the sharpness of (2.6). O

Remark 1. In (2.1), if one chooses

(1) a =0, then we get
atb b

b
@ [T adstravs-o) [ a6 [ Fogwa

2
b

Smax{/(fg(S)ds,/:%wQ(S)d&/(Hbmg(S)ds} '\:/(f)
b
g/a g(s)ds-\/ (/)

which is the “weighted companion of Ostrowski inequality”.
(2) a =1, then we get

’f(b)/:gws+f<a>/:g<s>ds—/abf<t>g<t>dt

b

< max{/;g(S)ds, /:+bmg(5)d37/(1+bx9(3)d5} \:/(f)

b

b
g/ g(s)ds-\/ ()

which is the “generalized weighted trapezoid inequality”.

Corollary 1. If we take g(t) = 1 on [a,b] in (2.1) then we get the following
inequality

(2.8)
- [a (b—:c)f(b?)—i—flx—a)f(a)+(1_a)_f(x)+f(2a+b—x)}_/abf(t)dt
_B+‘§—aH(b;””)+ <x—a>—b;x]-\i/(f>,
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which is the “generalized companion of trapezoid—Ostrowski inequality”. Moreover,

if we choose T = "TH’, then we get

(ba)[af(a);rf(b)+(1a) (‘”bﬂ /f t) dt

ol 552

2 2 M

(2.9)

Its clear that a = % is best possible in (2.8), which gives the average trapezoid-
midpoint inequality, as follows:

(b;a) [f(a);rf(b)+ (a“’)] /f ) dt

The constant % is the best possible.

b

=9/ )

a

(2.10)

Proof. We show that i is the best possible. Assume that (2.10) holds with constant
Cy >0, ie.,

(b;a) [f(“);f(buf(“bﬂ /f t) dt

Define the mapping f : [a,b] — R given by

(2.11)

b
<02 —a\/

N[—
~+
I
8
S

which follows that f:f(t) dt = 0 and \/Z (f) = 1, making of use (2.11), we get
(bZ—a) < C5 (b — a) and therefore i < (4, which proves the sharpness of (2.10). O

Corollary 2. Let 0 < a < 1. Let f € CW]a,b]. Then we have the inequality

(2.12)
o [f(b)/:g@ms+f<a>/:g<s>ds]

+(-a) :f<w>/a7+b <>ds+f<a+b—x>/;g<s>ds —/abf(t)g(t)dt
<[3+[3-of]m {/ e >ds,/fb_mg(s)ds,/a;_zg<3>ds}~||f/||1
<[5+l [ o,

for all x € [a, %£L], where ||-||, is the Ly norm, namely || f'||, := f [f' ()] dt.
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Corollary 3. Let 0 < a < 1. Let f : [a,b] — R be a Lipschitzian mapping with the
constant L > 0. Then we have the inequality

(2.13)

o [f(b)/ggbg(é’)dwf(a)/Ong(S)d81

a+b

3 b b
+(1-a) [f(w)/ 9(8)d3+f(a+b—x)/l+b9(8)d8]—/ f0ga

a

2

} -(b—a) .max{/amg(s) ds,/:ergﬂg(s) ds,/aljrbxg(s) ds}

L
- —«
2

for all z € [a, “£2].

Corollary 4. Let 0 < o < 1. Let f : [a,b] — R be a monotonic mapping. Then we
have the inequality

(2.14)

o [f(b)/:g@ms+f<a>/:g<s>ds]

a+b b

b
+-a) |f@ [ g(S)ds+f(a+b—ff)/a_+bg(8)d8]—/ J (4 g (t)dt

2

< B*E‘“] .max{/a“”g@ds,/:“‘”g(s)ds,/a;_zg@ds}.|f<b)_f<a>|
<[5+[5-o]] [s@asro-s@)

for all x € [a, &$2].

Remark 2. Let the assumptions of Theorem 6 hold, for a function f if one replace
the condition of bounded variation to be L-Lipschitzian on [a,b]. Then for any
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z € [a, %Ft] and o € [0,1], we have
b x
(2.15) |« lf (b)/ g(s)ds—!—f(a)/ g(s)ds‘|
ath b b
+i—a) @) [ g(S)ds+f(a+b—x)/aT+bg(8)d8 - [ 10gwa
<L|(l1-a) ’/a g (s)ds 17[a,z]+ /aTMg(s)ds mebd—k‘/b g(s)ds ey

+a

t
/ g(s)ds .
x 1,[a,b]

The proof of the above inequality may be done in similar manner of proof Theorem
6, by using the well known fact, for a Riemann integrable function p : [¢,d] — R
and L-Lipschitzian function v : [¢,d] — R, one has the inequality

(2.16) <L / o),

d
/ p(t) dv (1)

and we shall omit the details. Moreover, if we take g(t) =1 on [a,b] in (2.15) then
we get the following inequality

(2.17)

,(b—w)f(b)+(:c—a)f(a)+(1_a).f($)+f(“+b‘$)} —/bf(t)dt
2 a

2 2 9
<Ll(1_0‘) (;(b—a)2+2<x—3a2_b> >+a($—a) ;(b_x) ],

which is the “generalized companion of trapezoid—Ostrowski inequality”. Moreover,
if we choose T = “TH’, then we get

0-a [T 0y (0] —/abf(t)dt

L
(2.18) <7 0- a)’.

Finally, we note that, several special cases may be deduced from (2.15) and we shall
left the details to the interested reader.
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