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NEW INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
FUNCTIONS WHOSE DERIVATIVES IN ABSOLUTE VALUE
ARE CONVEX WITH APPLICATIONS

MUHAMMAD AMER LATIF

ABSTRACT. In this paper some new Hadamard-type inequalities for functions
whose derivatives in absolute values are convex are established. Some appli-
cations to special means of real numbers are given. Finally, we also give some
applications of our obtained results to get new error bounds for the sum of the
midpoint and trapezoidal formulae.

1. INTRODUCTION

The following definition for convex functions is well known in the mathematical
literature:
A function f: I — R, ) # I C R, is said to be convex on I if inequality

flz+ (1 =t)y) <tf(z)+ (1 -1)f(y),

holds for all z,y € I and t € [0,1].

Many inequalities have been established for convex functions but the most fa-
mous is the Hermite-Hadamar’s inequality, due to its rich geometrical significance
and applications, which is stated as follow:

Let f: I CR — R be a convex mapping and a,b € I with a < b. Then

() Sbia/abf(“””)d“W' -

Both the inequalities hold in reversed direction if f is concave. Since its discovery
in 1883, Hermite-Hadamard’s inequality [4] has been considered the most useful
inequality in mathematical analysis. Some of the classical inequalities for means can
be derived from (1.1) for particular choices of the function f. A number of papers
have been written on this inequality providing new proofs, noteworthy extensions,
generalizations and numerous applications, see [1]-[14] and the references therein.
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In a recent paper [12], K. L. Tseng et al., established the following result which
gives a refinement of (1.1):

3a+b a+3b b
r(4) LB

ey e s,

where f : [a,b] — R, is a convex function (see [12, Remark 2.11, page7.]).
The main aim of this paper is to establish some new Hermite-Hadamard type
3a+b at3b
inequalities which give an estimate between ﬁ ff f(z)dzx and W for
functions whose derivatives in absolute value are convex and as a consequence we
will get refinements of those results which have been established to estimate the

difference between the middle and the leftmost terms in (1.1).

2. MAIN RESULTS

To prove our results we need the following lemma:

Lemma 1. Let f : I CR — R be a differentiable function on I° , the interior of
I, where a,b € I with a <b. If f" € Lla,b], then the following equality holds:

3a+b a+3b b
f(f)—;f(t)_bla/ﬂu)du

b— ! b

- 16“ UO tf’(t?)a:—i—(l—t)a>dt
1 b b

s e-us (a0 2
+/1tf'(ta—z3b+(1—t)a—2i_b)dt

0
1 , a+3b
+/O t—1)f (tb+(1—t) 0 )dt]. (2.1)

. . . . . . _ 13a+b
Proof. By integration by parts and by making use of the substitution u = ¢4~ +
(1 —t)a, we have

b—a (' /[ 3a+0b
T /Otf <t I +(1—t)a>dt

p 1

b—a | 4tf (t3% + (1 —¢ 4 ! b

a | #f 2+ A-0a)) /f g0t +(1—t)a)dt
16 b—a 0 b—a J 4

3a+b
4

:if <3a:b>_b1a/a flu)du. (2.2)
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Analogously, we also have the following equalities:
b—a (! a+b 3a+b
t—1)f (¢t 1—t dt
o [a-nr (U ra-n )
a+b

f<3a+b> bia/ga;f(u)du, (2.3)

b—a [* [ a+3b a+b
1 —
16/Otf<t 1 +(1-1 2)dt
x+3b

f<a+3b> bia/m;r:f(u)du (2.4)

f <a+3b> - bia/m;bf(u)du. (2.5)

Adding (2.2)-(2.5), we get the desired equality. This completes the proof of the
lemma. d

Using the Lemma 1 the following results can be obtained:

Theorem 1. Let f : I C R — R be a differentiable function on I° such that
f' € Lla,b], where a,b € I with a <b. If |f'| is convex on [a,b], then the following

inequality holds:
b 3a+b
< 4\f
(%) i@ alr (350)]

BT

2
Proof. Using Lemma 1 and taking the modulus, we have

f(M)+f(a+3b
- I

Sbl_e’a /t +(1—t)a>’dt
L/ O
, [, a+b o 3a+b
f(t2 +(1-t) = )|t
1
+/ tf’<ta+3b+(1—t)a+b>'dt
; 4 2

+/01(1—t) ’<tb+(1—t)a23b>'dt]. (2.7)

+2

3a—|—b
4

+/ (1—1)
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Using the convexity of |f’| on [a, b], we observe that the following inequality holds:

/Olt f (tga:b—ﬁ—(l—t)a)‘dt
f’<3a4+b>’/01t2dt+|f’(a)|/olt(1—t)dt

3l ()| s @l 2s)

Similarly, we also have that the following inequalities hold:
3a+b
!/
()
(2.9)

3
1
ool (v st (459 o (220
,(a+b
(%)

~ 6 2
1
a—+ 3b a+b a+ 3b 1
tf (¢ 1—t dt < ! -
[l (5 ramn g ars gl (4525
and

<

1
3

1
= 2.10
: . (2.10)

1
b 1 1 b
/ a—0lf <tb+(1t)a—z3 )‘dt§6|f’(b)|+3 f’(“f’ >‘ (2.11)
0
Utilizing the inequalities (2.8)-(2.11), we get (2.6).
This completes the proof of the theorem. ([l

Corollary 1. Suppose all the conditions of Theorem 1 are satisfied. Then
3a+b a+3b b
=)+ 1

f( 4 ) f( 4 ) _ / f(u) du

b—a/,

2

< () I @+ 17 0. @)

Moreover, if | f' (z)| < M, for all x € [a,b], then we have also the following inequal-

iy:
f(3arb)_~_f(a-t—13b) 1 b b—a
— < M. 2.1
‘ ; = |t < (5 (213)
Proof. Tt follows from Theorem 1 and using the convexity of |f’|. d

Theorem 2. Let f : I C R — R be a differentiable function on I° such that
I € Lla,b], where a,b € I with a < b. If |f'|? is convex on [a,b] for some fized

q > 1, then the following inequality holds:
3a+b a+3b b
== == 1 1 1 —
f<4)+f(4)_ /f(u)dug _ b—a
b—a J, p+1 2 16
,{a+b , (3a+b
()

2
x{( q+|f’(a)lq>é+<
IRGCY

f,<3a2—b)
+<f,(az3b> +f,<a—21—b)

1,1
where = + = = 1.
-

D=
Q=

q

1
Q>q
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Proof. From Lemma 1 and using the well-known Holder integral inequality, we have

‘f(%*bﬂf(“fﬁb) bfa/bfwdu

2
< [ ) ([ (0 a)
(o) ([t oo
() ([ (52 v amn ) )
+ </01(1t)pdt>; </01 f (tb+(1t)a—23b> th>é. (2.15)

Since | f’|? is convex on [a, b], we have

Q=

1 q
/f’<t3a+b+(1—t)a> dt
0
q 1 1
< ’<3a+b> /tdt+|f’(a)|q/ (1—t)dt
4 0 0
3a+b\|? 1
3|7 (50| +3r @
Similarly,
1 q q q
,(.a+b 3a+b 11, (a+d 11, (3a+b
_ < Z —
/Of<t2+(1 t)4 dtfzf 5 +2f 1 ;
1 q q q
, (. a+3b a+b 11, (a+3b 11, /a+d
_ < Z _
/Of<t a0 e < |y (¢ : !
and
! a-+3b a+3b\|*" 1
(1-— —1f (b)".
[l (wea-0% 31 ()] 45170

Using the last four inequalities in (2.15), we get the inequality (2.14), which com-
pletes the proof of the theorem. O

Corollary 2. Suppose all the conditions of Theorem 2 are satisfied. Then
,f (Sazrb) 4 f' (aZSb) 1 b
‘ 5 i / f(u)du
1 1\ 7 b
4 1 1 1 [¢
< — Z 4 4+ 59 +Ta / ’ . .
< (-3 (2) L3t st 7] (20 ) 0 @l I @ (210

Proof. Tt follows from Theorem 2 using the convexity of |f/|? and thae fact
n

=

(up + )" < (ug) —|—Z ) ug, v > 0,1<k<n0<s<l1.
k=1 k=1
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Theorem 3. Let f : I C R — R be a differentiable function on I° such that
f' € Lla,b], where a,b € I with a < b. If |f'|? is convex on [a,b] for some fized

q > 1, then the following inequality holds:
=)+ /(=5 —a
f 3a;—b f a—z?)b _ 1 } b
—\2 3 16
,(a+b\]|* , (3a+0b\|? P
P ()] el (%

2 _bla/abf(“)d“
x{<|f’(a)|q+2 f’<3“:b) q>é+( +2
q);+ (2] (%) q+|f/(b)lq);}-
(2.17)

Q=

q
Jr(f’(a;b) f,<az3b)

+2
Proof. Suppose that ¢ > 1. From Lemma 1 and using the well-known power-mean
inequality, we have

3a+b a+3b b
\f< R A R

el
+</01(1—t)dt>l_q (/01(1—t)
—l—(Altdt)l_; </01t f (taz?)b—k(l—t)a;b)
+</01(1—t)dt>1; (/01(1—t)
Since | /|7 s convex on [a, b], we have
/Oltf’<t3a:b+(1—t)a)
< f,(:’)a:b)

i (t?’azbﬂl—t)a) th>q
, (. a+b 3a+b\|7 \7
f<t 5 +(1-1¢) ) > dt)

"N
)

f (tb+(1—t) az?’b) th>;. (2.18)

q
dt

q 1 1
/tht+|f'(a)|q/ t(1—t)dt
0 0

,(3a+b
il (57)

Analogously, we alos have that the following inequalities:

1

Tl
+ I @I

1 b b q
/(1—t) J"’<zta++(1—zt)?’a+ ) dt
1 a+b\|?T 1 3a+b\|?
< | Lol
sl (50)] sl ()]
1 a+ 3b a+0b\|? 1 a+3b\|? 1 a+b\|?
/ B <2y L,
/Otf<t +(1t)2)dt3f<4>+6f<2>
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/01(1—15) f,(aZBb)

By making use of the last four inequalities in (2.18), we get (2.17). Hence the proof
of the theorem is complete. [l

and

4 1
< =
-3

q 1 ,
STACLE

i (tb—i— 1-1) a23b>

Corollary 3. Suppose all the conditions of Theorem 2 are satisfied. Then using
similar arguments as in Corollary 2, we get the following inequality:

3a+b a+3b b
LRI 1L

2
L2 (3) (g)] (52 17 @i+ 1@ 210

1\ (1
<[z -
<(3) (2)

Theorem 4. Let f : I C R — R be a differentiable function on I° such that

f € Lla,b], where a,b € I with a < b. If |f'|? is concave on [a,b] for some fized
q > 1, then the following inequality holds:

3a+b a+3b b
|f( alRAL )bia/ J (u) du

2
, (Ta+b
Pl

q—

<(a1) (i

1,1 _
where;—&—a—l.

Proof. From Lemma 1 and using the well-known Hélder integral inequality for ¢ > 1
and p = q%p we have

U

2

b1_6“> </01tqqldt> ' (/01 f’(tga:b—i-(l—t)a)
/Ol(l—t)qqldt T(/Ol f’(ta;b+(1—t)3a+b>

K ,(.a+3b a+b
1 —
(-0

(o) (]

3a+b a+3b b
‘f( IS [

IN

() (f

th>; . (221)

7 <tb+(1—t)a+3b>
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Since |f’|? is concave on [a, b] so by using the inequality (1.1), we obtain:

1 b 3a+tb g 7 b
/O f’(ﬁ’a: +(1_t)a> f’(‘*j“)’ = f’( “;)

Analogously, we have that the following inequalities:
7 5a + 3b\ |
8

1

/Of’<ta2+b+(1—t)3a:b)
, { 3a + 5b
(%)

1
|
. a+3b ,(a+Tb\|?
[l (mra-0=2) as|r (“X7)

Using the last four inequalities in (2.21), we get (2.20). This completes the proof
of the theorem. O

q
dt <

q

q
dt <

)

q
dt <

q

,(,a+3b a+b
f <t 1 +(1-1¢) B )

and
q
dt <

Corollary 4. Suppose all the assumptions of Theorem 4 are satisfied and assume
that |f’| is a linear map, then we get the following inequality:

‘f(%*”);f(“f’)) _bla/bﬂu)du < (;q‘ll)q;l (b;“) f (a+b)l.
‘ (2.22)

Proof. Tt is a direct consequence of Theorem 4 and using the linearity of |f/|. O

Theorem 5. Let f : I C R — R be a differentiable function on I° such that
I’ € Lla,b], where a,b € I with a < b. If |f'|* is concave on [a,b] for some fived
q > 1, then the following inequality holds:

f(M)_Ff(M) 1 b
| 4 4 fb_a/tlf(u)du

2
b—a , ( 13a+3b , (1la+5b
<() [ () b (™))
, ( 5a + 13b , [ 3a+13b
() ()] e

Proof. First, by the concavity of |f/|? on [a,b] and the power-mean inequality, we
note that

lf Az + @ =NP" > X f @)+ 1 =N |f
> A @+ @ =N 1f W)
and hence

If Az + (1 =Ny = Alf @)+ 1=V ]f )],
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for all A € [0,1] and z, y € [a,b]. This shows that |f’| is also concave on [a, b].
Accordingly, using Lemma 1 and the Jensens’s integral inequality, we have

f(3a+b) +f(a+3b
‘ b—a/ flu

<b1—6a>[ /(tga:b—l—(l—t)a)
+/01(1—t) 7 (ta;_b—&—(l—t)?)a:b)‘dt

36 b
a+ Jr(l—zt)“;r >’dt

) f <tb+(1—t)a23b>’dt}
f’ (fo (t3akb 4 (1—t)a)dt>

f tdt

dt

/

I
S
L

b—a 1

|

Jo (U —1) (1922 4 (1 — ¢) 3etd) dt>|

+(/o( )dt> fl( Jy (@ —t)dt
Jot(teE3 4 (1 )a+b)dt>

+</01tdt> f’( T
([ ana)s (fo £ (th+ (1 - >a+fb>dt>

fo 1_t

which is equivalent to (2.23) and the proof of the theorem is complete. O

)

Corollary 5. Suppose all the assumptions of Theorem 5 are satisfied and assume
that |f'] is a linear map, then we have the following inequality:

3atb at3b b 4
‘f( ) + (%5 )_bia/ £ () du §<b12 )|f’(a+b)|. (2.24)

2
Proof. Tt follows from Theorem 5 and using the linearity of |f]. O

3. APPLICATIONS TO SPECIAL MEANS

Now, we consider the applications of our Theorems to the special means. We
consider the means for arbitrary real numbers a, b € R. We take

(1) The arithmetic mean:

A(a,b):a;b a,beR.
(2) The harmonic mean:
H(a,b) = +—; a,b € R\ {0}.
aTs
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(3) The logarithmic mean:
In|b| —1
Liab) = I R ol 0], a0 £ 0
(4) Generalized log-mean:

bn+1 _ an+1

Ln(a,b):[( ]n;a,beR,nGZ\{—l,O},a#b.

n+1)(b—a)
Now using the results of Section 2, we give some applications to special
means of real numbers.

Proposition 1. Leta, be R, a <b, 0 ¢ [a,b] and n € Z, |n| > 2. Then
b— o
|A™ (a,b) + A (a™,b") — 2L (a,b)| < |n] (4“) Al ) @Y

Proof. The assertion follows from Corollary 1 when applied to the function f(x) =
",z €R, neZ,|n|l>2. O

Proposition 2. Leta, b € R, a < b, 0 ¢ [a,b] and n € Z, |n| > 2. Then for
p,q>1 with%—l—%:l, we have

|A™ (a,b) + A (a",b") — 2L" (a, b)|

< |n| (pil) ' (;) o {1 +37 453 + 7%} (b 3 a> A (\a|”*1 , |b|"*1) . (3.2)

Proof. The assertion follows from Corollary 2 when applied to the function f(z) =

2", x eR, neZ, |n|l>2. O
Proposition 3. Leta, be R, a <b, 0¢ [a,b] andn € Z, |n| > 2. Then g > 1, we
have

|A" (a,b) + A (a",b") — 2Ly, (a, )|

1 2
1\ /1\¢ L 1 (b— I
<) (= [1+5a+7a+11a} a A(\a|” Lol 1). (3.3)
3 2 8
Proof. The assertion follows from Corollary 3 when applied to the function f(z) =
2",z €R, neZ, |nl>2. O

Proposition 4. Leta, b€ R, a <b, 0 ¢ [a,b]. Then

|A~ (a,b) + A (a7 — 207" (a,b)| < (b;“) A (|a\—2 , |b|—2) . (34)

Proof. Tt is a direct consequence of Corollary 1 when applied to the function, f (z)
1
o T € [a,b].

Ol

Proposition 5. Leta, b€ R, a <b, 0 ¢ [a,b], then for all p > 1, we have
‘A_l (a,b) + A(a ", b7") —2L7 " (a, b)’

1 \7 /17" b

1 1 1 —a —2 -2
< R — 1 q q q A . .
_(pH) (2) 1435 +5 +7}( . ) (lal7,1617%) . (35)

Proof. 1t follows directly from Corollary 2 for the function, f (z) = 1,z € [a,b]. O
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Proposition 6. Let a, b € R, a < b, 0 ¢ [a,b]. Then for all ¢ > 1, we have the
inequality

A" (a,b) + A(a™ " 07") —2L7" (a,b)|

< (;) (;) (1458478 4113 (b;“) Alal ™ p17) . 36)

Proof. 1t follows directly from Corollary 3 for the function, f (z) = 1,z € [a,b]. O

Remark 1. We can get several inequalities for means from Corollary 4 and Corol-
lary 5 for a particular choice of the concave function f but we omit the details for
the interested reader.

Remark 2. Let a, b € R\{0}, a < b then a™' > b~ and A~' (a71,b7}) =
1+1 = H(a,b). Hence one can get several inequalities containing harmonic mean

and logarithmic means and we omit the details for the interested readers.

4. APPLICATION TO THE MIDPOINT AND TRAPEZOIDAL FORMULAE

Let d be a division of the interval [a,b], .. a = g < 21 < ... < Tp_1 < Tp, = b,
and consider the quadrature formulae

b
/ f(@)dz = M(f,d) + E(f,d),

and
/f =T'(f,d)+ E'(f,d)
where i
and B
T'(f, )_g(%‘ﬂ— z)w

are the midpoint and trapezoidal versions and E(f,d) and E’'(f,d) are the asso-
ciated errors respectively. Here, we derive some error estimates for the sum of
midpoint and trapezoidal formulae.

Proposition 7. Let f : I C R — R be a differentiable function on I° such that
f' € Lla,b], where a,b € T with a < b. If |f'] is convex on [a,b], then for every
division d of [a,b], we have:
! 1 = 2 1 /
|B(fd) + E'(f,d)l < ¢ @ —x) (1 @) + [ (@)l (41)
i=0

Proof. By applying Corollary 1 on the subinterval [x;,z;+1] (¢ =0,1,...,n—1) of
the division d, we have

‘f (.’171 +$2+1> LI @)+ ) 2 /wm f(x)dx

2 Tit1 — Ts

i

= (+8_> 17 @)l +1f ()l (42)
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n—1 n—1
Z ($i+1 - 931) f <xZ i xH_l) + f (zZ) i f (IH_l) (xi—i-l - ﬂfz)

1=0 2 1=0 2
n=1 Lz
-2 Z/ f(z)dx
=0 Y %i
n—1 .
Ti + Xip1 fxs) + f(wigr) 2 e
<3 (s |7 (g ) ¢ FEETEL 2 [ sy,

(4.3)

Using (4.2) in (4.3), we get (4.1). This completes the proof of the proposition. O

Proposition 8. Let f : I C R — R be a differentiable function on I° such that
f € Lla,b], where a,b € T with a < b. If |f'|? is convex on [a,b] for some fived
q > 1, then for every division d of [a,b], we have

|E(f,d) + E'(f,d)]

§;< ! >;(1>2w[1+3i+53+7¢]§5(w+1mOQHf(%)*If%m+D],

ptl 2 i=0
(4.4)
1,1 _
where st = 1.
Proof. The proof is similar to that of Proposition 1 and using Corollary 2. (]

Proposition 9. Let f : I C R — R be a differentiable function on I° such that
f' € Lla,b], where a,b € I with a < b. If |f'|? is convex on [a,b] for some fized
q > 1, then for every division d of [a,b], we have

1 % 1 %+4 1 1 1
|E(f,d)+ E'(f,d)| < (3) (2> {1 +54 4+ 7a + 114

n—1

< 3 (@ien — 2P I @] +1F (@ign)l]. (45)
1=0

Proof. The proof is similar to that of Proposition 7 and using Corollary 3. ]

Proposition 10. Let f : I C R — R be a differentiable function on I° such that
I € Lla,b], where a,b € I with a <b. If |f'|? is concave on [a,b] for some fized
q>1 and |f'|* is a linear map, then for every division d of [a,b], we have

1 —‘1;1 n—1

) S (@i — )’ If (@i +23)| (46

i=0

q—
2qg+1

, 1
B+ Bl < g

Proof. The proof is similar to that of Proposition 7 and it follows from Corollary
4. O
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Proposition 11. Let f : I C R — R be a differentiable function on I° such that
f € Lla,b], where a,b € I with a < b. If |f'|? is concave on [a,b] for some fized
q > 1 and |f'|? is a linear map, then for every division d of [a, b], then the following
inequality holds:

n—1
1
|E(f,d) + E'(f,d)| < 3 ) (wis1 = 2)? | (w1 + 1) - (4.7)
=0
Proof. The proof is similar to that of Proposition 7 and it follows from Corollary
5. O
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