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SOME HERMITE-HADAMARD TYPE INEQUALITIES FOR
FUNCTIONS WHOSE PARTIAL DERIVATIVES IN ABSOLUTE
VALUE ARE PREINVEX ON THE CO-ORDINATES

M. A. LATIF

ABSTRACT. In this paper we point out some inequalities of Hermite-Hadamard
type for double integrals of functions whose partial derivatives in absolute value
are preinvex on the co-ordinates on rectangle from the plane. Our established
results generalize those results proved in [33] for functions whose partial deriv-
atives in absolute value are convex on the co-ordinates on the rectangle from
the plane.

1. INTRODUCTION

The following definition is well known in literature:
A function f: I —- R, ) # I C R, is said to be convex on I if the inequality
fOz+A-Ny) <A (2)+ (1= f(y),
holds for all z, y € I and A € [0, 1].
Many important inequalities have been established for the class of convex func-

tions but the most famous is the Hermite-Hadamard’s inequality. This double
inequality is stated as:

f<a+b)§ 1 /abf(x)dxgw (1.1)

2 b—a 2 ’
where f : I — R, ) # I C R a convex function, a, b € I with a < b. The inequalities
in (1.1) are in reversed order if f a concave function.

The inequalities (1.1) have become an important cornerstone in mathematical
analysis and optimization and many uses of these inequalities have been discovered
in a variety of settings. The Hermite-Hadamard inequality (1.1) has been extended,
refined and generalized in a number of ways, see for instance [6, 7, 9, 20, 24, 29, 32,
34] and the references therein.

In recent years, lot of efforts have been made by many mathematicians to gen-
eralize the classical convexity. These studies include among others the work of
Hanson in [?], Ben-Israel and Mond [6], Pini [26], M.A.Noor [21, 22], Yang and Li
[35] and Weir [34]. Mond [6], Weir [34] and Noor [21, 22], have studied the basic
properties of the preinvex functions and their role in optimization, variational in-
equalities and equilibrium problems. Hanson in [?], introduced invex functions as
a significant generalization of convex functions. Ben-Israel and Mond [6], gave the
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2 M. A. LATIF

concept of preinvex function which is special case of invexity. Pini [26], introduced
the concept of prequasiinvex functions as a generalization of invex functions.
Let us recall some known results concerning invexity and preinvexity
Let K be a closed set in R™ and let f : K — R and n : K x K — R be continuous
functions. Let « € K, then the set K is said to be invex at  with respect to 1 (-, ),
if
z+tn(y,z) € K,Vz,y € K,t € [0,1].

K is said to be an invex set with respect to 7 if K is invex at each x € K. The
invex set K is also called a 7-connected set.

Definition 1. [34]The function f on the inver set K is said to be preinvex with
respect to n, if

flu+in(v,u) < (1—1t) f(u) +tf(v),Yu,v € K, t € [0,1].
The function f is said to be preconcave if and only if —f is preinvez.

It is to be noted that every convex function is preinvex with respect to the map
n(xz,y) =z —y but the converse is not true see for instance [34].

In the recent paper, Noor [20] has obtained the following Hermite-Hadamard
inequalities for the preinvex functions:

Theorem 1. [20]Let f : [a,a+ n(b,a)] — (0,00) be a preinvexr function on the
interval of the real numbers K° (the interior of K) and a, b € Ko with a <
a+n(b,a). Then the following inequality holds:

a a a+mn(b,a) a

Barani, Ghazanfari and Dragomir in [2], presented the following estimates of the
right-side of a Hermite- Hadamard type inequality in which some preinvex functions
are involved.

Theorem 2. [2]Let K C R be an open invex subset with respect ton: K x K — R.
Suppose that f : K — R is a differentiable function .Assume p € R with p > 1.

If f/ s preinvex on K then, for every a,b € K with n(b,a) # 0, then the
following inequality holds:

fla)+ flatn(ba) 1 a+r(b.a)
2 gl S

—1

b
z P

p—1

+
2

p
’ p—1

f ()

na) |7
2(1+p)

<

(1.3)

=

Theorem 3. [2]Let K C R be an open invexr subset with respect ton: K x K — R.
Suppose that f : K — R is a differentiable function. If ‘f,‘ is preinvex on K then,
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for every a,b € K with n(b,a) # 0, then the following inequality holds:

f(a) + f(a +n (b7 a)) 3 1 /a+77(b,a)
2 1(b,a) Ja

f(x)dx

n bv a 4 4
S (|5 @] +]r ®]). @
For more recent results on Hermite-Hadamard type inequalities for preinvex,
log-preinvex functions, we refer the readers to the latest papers of M. Z. Sarikaya
et. al , [31].

<

Let us consider now a bidimensional interval A =: [a,b] X [c,d] in R? with a < b
and ¢ < d. A mapping f : A — R is said to be convex on A if the inequality

holds for all (z,y), (z,w) € A and A € [0, 1].

A modification for convex functions on A, known as co-ordinated convex func-
tions, was introduced by S. S. Dragomir [10] as follows:

A function f : A — R is said to be convex on the co-ordinates on A if the partial

mappings fy : [a,b] = R, fy(u) = f(u,y) and fo : [c,d] = R, fo(v) = f(z,v) are
convex where defined for all = € [a,b], y € [c, d].
A formal definition for co-ordinated convex functions may be stated as follows:

Definition 2. [15] A function f: A — R is said to be convex on the co-ordinates
on A if the inequality

Fltz+ (1~ t)y,su+ (1 - s)w)
<tsf(z,u) + (1 =) f(z,w) +s(1 =) f(y,u) + (1 = 1)(1 = 5)f(y, w),
holds for all t,s € [0,1] and (x,u), (y,w) € A.

Clearly, every convex mapping f : A — R is convex on the co-ordinates but
converse may not be true [10].

The following Hermite-Hadamard type for co-ordinated convex functions on the
rectangle from the plane R? were established in ?77?:

Theorem 4. [10] Suppose that f : A — R is co-ordinated convex on A, then

b d
Pt < g [ [ (s [ (50) )
1 b d
Si(b—a)(d—c)/a/cf(x’y)dydx

b d
Silbla/a [f(x,C)-f—f(ﬂCad)]dx‘Fﬁ/c [f(a,y)-&-f(b,y)]dy]

cfld+flad+ e+ fbd
- 4

(1.5)
The above inequalities are sharp.

For several recent results on Hermite-Hadamard type inequalities for functions
that satisfy different kinds of convexity on the co-ordinates on the rectangle from
the plane R? we refer the reader to [1]-[4], [10]-[11], [15]-[17], [25]-[28] and [33].
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By using the following lemma:

Lemma 1. [21, Lemma 1] Let f : A C R? — R be a partial differentiable mapping
on A = [a,b] X [c,d] in R? with a < b, c < d. If gtafs € L(A), then the following
equality holds:

J (@) + ] asd) + ] (bc) & (bd) L
4 +(b—a)(d—c)/a/cf($,y)dydx

b d
-3 bfa/ @0+ f @alde+ 5 [ [f(a,y)dy+f(b7y)}dy]
_ b—a) —c// 1_2)82f(ta+(1—;zg;sc—i-(l—s)d)dtds.

(1.6)

Sarikaya, et. al [33], proved the following Hermite-Hadamard type inequalities
for differentiable co-ordinated convex functions:

Theorem 5. [21, Theorem 2, Page 4] Let f : A C R? — R be a partial differentiable
mapping on A := [a,b] X [¢,d] in R? with a < b, ¢ < d. If‘@t@ ‘ is convex on the
co-ordinates on A, then one has the inequalities:

b d
‘f(a,c)+f(a,d)zf(b,c)+f(b,d)+ _al _c//f(x,y)dydfo

3*f(a,c) 9% f(a,d) 3% f(b,c) % f(b,d)
< (b—a)(d—c) bi0s | T | otas | T | Dios Dtds

- 16 4 ’

(1.7)

where

b d
A=l lbla/a [ (@) + £ o+ — [ [f(a7y)dy+f(bay>]dy] -

Theorem 6. [33, Theorem 3, Page 6-7] Let f : A C R? — R be a partial differen-
tiable mapping on A := [a,b] X [¢,d] in R? with a < b, ¢ < d. If

oL a1
convex on the co-ordinates on A, then one has the inequalities:

‘f(a,c)+f(a,,d)+f(b,c)+f(b,d) 1 /b/d
+ — — f(z,y)dyde — A

4

1
9” f(asc) (a,d) 9% f(b,e) 9% f(b,d) a
_(b-ad-o F5 |+ | s ‘ | ows | T | Tow0s (1.8)
T 4(p+1)r 1 ’

d

b
Z% [bia/ [f (0,0) + f (@, )] do + —— [f(a,y)dy+f(b,y)}dy]

d——c
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Theorem 7. [33, Theorem 4, Page 8-9]Let f : A C R? — R be a partial differen-
62]" q

tiable mapping on A := [a,b] x [¢,d] in R? with a <b, ¢ < d. If |54

,q>1, 48

convex on the co-ordinates on A, then one has the inequalities:

‘f(a,ch(a,d)+f(b,c)+f(b,d)

1 b pd
! +(b—a)(d—c)/a/cf(m,y)dydz—A

9 f(a,c)
otos

1
q

8% f(a,d)
OtOs

9% f(b,c) 9% f(b,d)
+ Otds + OtOs

4 )

_|_

<

(b— aiéd —¢) (1.9)

where

A=l lbla/a @0+ f adlde+ 7 [ [f(a,y)derf(bay)]dy] -

In a recent paper, M. Matloka [19] introduced a new class of functions which are
(h1, ha)-preinvex on the co-ordinates and established some Hermite-Hadamard and
Fejér type inequalities for this class of functions.

Motivated by the results established in [19], the main aim of the present paper
is to define preinvex functions on the co-ordinates and to establish some Hermite-
Hadamard type inequalities for functions whose second order partial derivatives in
absolute value are preinvex on the co-ordinates. Our established results generalize
those result proved above in Theorem 5-Theorem 7.

2. MAIN RESULTS

In this section we first give notion of preinvex functions on the co-ordinates
which generalize the classical convexity on the co-ordinates and then we prove
some inequalities of Hermite-Hadamard type for such functions.

Definition 3. [19]Let K1 and Ky be non-empty subsets of R™ and let my : K7 x
Ky - R" andn : Ko x Ko — R”. We say Ky x Ky is invex with respect to 1 and
12 at (u,v) € K1 X Ky if for each (z,y) € K1 x Ko and t,s € [0,1], we have

(u+tn(z,u), v+ sn2(y,v)) € X1 x Xo.

K x Ky is said to be invex set with respect to n1 and ng if K1 X Ky is invex at each
(u,v) € Ky x K.

Definition 4. Let Ky x Ky is invex set with respect to n1 : K1 x K1 — R" and
Mo 1 Ko X Ko — R™. A function f: K1 X Ko — R is said to be preinvez if for every
(z,y), (u,v) € K1 x K3 and t € [0,1], we have

fluttm(z,u),v+tna(y,v) < (1—1) f(2,y) +tf (u,0).

Definition 5. Let K1 X Ks be an invex set with respect to 1 : K1 X K1 — R™ and
Mo 1 Ko Xx K9 — R™. A function f : K1 x Ko — R is said to preinver on the co-
ordinates if the partial mappings f, : K1 — R, f, (u) = f (uv,y) and f : Ko — R,
fo (v) = f(z,v) are preinver with respect to n1 and 1y respectively for all y € Ko
and x € K7.

Remark 1. If n; (z,u) = © — u and n2 (y,v) = y — v then f will be a convex
function on the coordinates.
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Remark 2. From the definition 5 it follows that if f is preinvex on the co-ordinates
on K1 x K5 then

f (u + tnl(xa u)) v+ 5772(y7 U))
< (=) (1= 5) f (wv) + (1— ) f (u,)
+ (1 =s)tf (z,0) +tsf (z,y).
Remark 3. Fvery convexr function on the co-ordinates is preinver on the co-
ordinates but the converse in not true. For example the function f(u,v) = — |u| |v]

is mot convex on the co-ordinates but it is a preinvex function with respect to the
mappings

u—2z, ©v>0,z>0andu<0,2<0
z —u, otherwise
and
v—w, v>0w>0andv<0,w<0
w — v, otherwise
The following Lemma is essential to establish our results:
Lemma 2. Let K; x Ky be an open invex subset of R% with respect to the mappings

K1 x Ky — R and ns : K2><K2—>R Supposef:leKgﬂRbeatwice

partzal differentiable mapping such that ata € L([a+tni(b,a)] x [c+ sn2(d, c)])
with m(b,a) # 0, n2(d,c) # 0, where a, b € K1 and ¢, d € Ka. Then the following
equality holds:

f(a,c)+f(a,c+772(d,c))—i—f(a—f—m (b ) )+f(a+771 (baa)»c+772(d»0))

1 a+tni(b,a) petsna(d c) ,
_ dydxr — A
ot ) / Fey)dude

nl(banzdc /1 !
0

(1—2t)(1—2s)

(=)

> an (a + t771(b7 a’)a ¢+ 5772<d7 C))

ETER dtds, (2.1)

where

a+n1(b,a)
7))/ [f (z,¢) + f (2, c+m2(d,c))] dx

[N}
—
3
[
S

S

d
»/ (@) dy + f(atm (b,a),9)]dy.

[\
—~
3
o
&~

)
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Proof. By integration by parts with respect to ¢, we have

1
nbando) [ —lettnlg i) _ ool

0 nl(bv CL) 0

1
N 2 / Of (a+tm(b,a),c+ sna2(d, c))dt ds
m(b,a) Os
1
_ ~n2(d, ) / (1—2s) Of (a+tm(b,a),c+ sna(d, C))ds
4 0 s
_m(do) / -2y Y lect it
d c / / a—l—tnl(b,g),c—i— sna(d, C))dsdt. (2.2)
s

Integrating each integral on right hand side of (2.2) by parts with respect to s and
using the substitution z = a + tn1(b,a) and y = ¢ + sna2(d, ¢), we get the desired
identity. This completes the proof of the lemma. ([l

Theorem 8. Let Ky x Ko be an open invex subset of R% with respect to the mappings

1: K1 xK; —» Randn : Ko x Ko — R. Suppose f: K1 x Ko — R be a twice
partial differentiable mapping such that gtaf € L(Jla+tm(b,a)] X [c+ sna(d,c)])
with n1(b,a) # 0, na(d, ¢) # 0, where a, b € Ky and ¢, d € K. If %‘ is preinvex
on the co-ordinates on K1 X Ks, then the following inequality holds:

f(a’ac)+f(aac+n2(dac))+f(a+n1 (b’a)vc)+f(a+771(bva’)vc+772(dac))

4
1 a+tnyi(b,a) petsnz(d,c) ,
+— x,y) dydx — A
el / Jley)dy
9 f(a.c) b,e) 92 f(b,d)
m (b,a)na (d, ) ) bios | T 8tas 8tae Dtds ’ (2.3)
- 16 4 ’ ’
where A’ is as defined in Lemma 2.
Proof. From Lemma 2 we have:
‘fac + fla,c+na(d,c)) + flatm(ba),c)+ flatm(ba),ctmn(dc))
4

1 a+tnyi(b,a) petsnz(d c) ,
- dydx — A
+ (ba)ng(dc/ / I (w.y) dyda

< Ul(baa)W(de) / |1_ a f(a+t771(bva),c+57l2(d70))

dtds
(2.4)
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on the co-ordinates on K; x Ky, we have

By preinvexity of ‘ 3103

‘f(a,c)—|—f(a,,c—|—772(d,c))—|—f(a+m (baa)vc)+f(a+771(b7a)’c+772(dac))
4

1 a+tni(b,a) petsnz(d,c) ,
' w@mw@/ / F)dyde =4

m (b, a)na(d, c) [

atas 1—2t\|1—25|(1—t)(1—s)dsdt

of (a,d)
‘ otos ‘/ / 1 —2t[ |1 — 2s| (1 — t) sdsdt

- 4

f (b, c)
1-2t||1 -2 1—
‘8758 //\ t]|1 —2s]¢ (1 — s) dsdt
af (b,d)
‘ d1ds ‘/ / |1 —2t| |1 — 2s|tsdsdt| . (2.5)
Since
1
/'1*%'1*” :/ (1*2t)(1*t)dt7/(1—2t)(1—t)dt
’ 3
_1
T4
and

/Il—QtItdt /(1—2t)tdt—[(1—2t)tdt:

2

Making use the above in (2.5), we get the inequality (2.3). This completes the proof
of the theorem. O

Theorem 9. Let Ky x Ko be an open invex subset of R% with respect to the mappings
1: K1 xK; — Randn : Ko x Ko — R. Suppose f: K1 x Ko — R be a twice
partial differentiable mapping such that Baté)fs € L(la+tm(b,a)] x [c+ sna2(d,c)])
with m1(bya) # 0, na(d,c) # 0, where a, b € Ky and ¢, d € K. If ’Btas !
preinvex on the co-ordinates on K1 X Ks, q € (1,00), then the following inequality
holds:

f(a7c)+f(aac+772(d’c))+f(a+771 baa‘)vc)+f(a+771(b7a)’c+772(d’c))

8

4
1 a+tni(b,a) petsna(d,e) ,
+—F x,y) dydr — A
o, c f (e dy
1
fa)|? | | f@d)|? | |2 fka) [T | 2710, E
< (b,a)n2 (d, ) ’ Dtds Dtds oo | | oos (2.6)
T o4ty 4

where A" is as defined in Lemma 2 and % + % =1.
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Proof. From Lemma 2 and Holder’s integral inequality, we have:

f(aac)+f(aac+772(d70))+f(a+771 (baa)vc)+f(a+n1(b7a)’c+n2(dﬁc))
4

1 a+tni(b,a) c+snz2(d,c) /
m (b, a) s (d, ¢) dydx — A
+?71 (b7 a’) 72 (d, C) /a /c f (.CC, y) yax

1
b d 1 01 P
SW(/ / |1—2t|p|1—2s|pdsdt)
0 0

" Lol 0?f (a+tni(b,a),c+ sna(d, c)) 1
0 8t88

dtdsy o

Since % ! is preinvex on the co-ordinates on K; x Ks, we have
Y102 f (a+tni(b,a),c+ sna(d, ) |* dids
8t38
_‘ 8t88 1-=1t)( s)dtds—l— 635 / (1 —1t) sdtds
825(‘35 s) tdtds + ‘ 8t88 / tsdtds
2 2 |92
T4 { . gtas 8t(gsd) * ‘8 gt(&; : g = ] - (28

Using (2.8) and

1 1 1
/ / I1—2t"[1-2s)" = ———=
0 Jo (r+1)

n (2.7) gives us the desired inequality (2.6). This completes the proof of the
theorem. (]

Theorem 10. Let K; x Ky be an open invexr subset of R? with respect to the map-
pingsn1 : Ky x K1 — R andny : Ko x Ko — R. Suppose f : K1 x Ko — R be a twice
partial differentiable mapping such that gtaj; € L(la+tm(b,a)] X [c+ sna(d, c)])
with 1 (b,a) # 0, na(d,c) # 0, where a, b € Ky and ¢, d € K. If ’dfda
preinvex on the co-ordinates on K1 X Ka, q € [1,00), then the following inequality
holds:

f(aac)+f(aac+n2(dvc))+f(a+n1 (baa)vc)+f(a+771(b7a)’c+772(dac))

8

4
1 a+tni(b,a) petsna(d,c) ,
T z,y) dydx — A
ormeet) / f @y dy
1
02 f(a,c) |9 f(a,d) % f(be) |4 22f(b,d) |9\ ¢«
m (b,a)na (d,c) ios | T atas ‘ 1 hws | T | "o
< Rt . . (29)

where A’ is as defined in Lemma 2.
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Proof. For ¢ = 1, the proof is similar to that of Theorem 8. Suppose now that
q > 1 then from Lemma 2 and the power-mean integral inequality, we have:

f(a'vc)+f(a7c+772(d7c))+f(a+771 (baa)vc)+f(a+771(b7a)’c+772(d7c))
4

1 a+tni(b,a) c+snz2(d,c) /
m (b, a) 12 (d, ) dydz — A
i (b,a)n2 (d, c)/a / f(z,y) dydz
1—1

1 1 a
< mba)ma(d,c) //|1—2t\|1—2s|dsdt
4 o Jo

1 1 2 q q

x (/ / 11— 21— 2s] |2 f(“H”l(l:?’t‘g’CHm(d’c))‘ dtds) (2.10)
o Jo s

82f q

Since m‘ is preinvex on the co-ordinates on K7 x K5, we have

2
//|1—2t||1—2‘8 (a4 tn(b,a),c+ sna(d,c))|*

dtds

Otds

(1—1¢)(1—s)|1—2¢|1 —2s|dtds

- ‘ 31585

(1- 1-2t|1-2
‘ 5tas t)s]| t| | s| dtds
(1- 1-2t|1-2
’ 5tas s)t] t]] s|dtds
1-2t|1-2
atas / / ts |1 — 26 |1 — 23| dids
L[| @a' |Pfad] 2100 [P,
T 16 Otos 6t83 Otds Otds B
Using (2.11) and
1ol
//|1—2t\|1—25|:f
o Jo
in (2.10) gives us the desired results. O

Remark 4. Since i < —L . <1, if p>1; the estimation given in Theorem 9 is

(1+p)»
better than the one given in Theorem 10.

Remark 5. Ifn(b,a) = b—a and n2(d, c) = d—c, then we get those results proved
in Theorem 5-Theorem 7 from [21]. This also reveals that our results are more
general than those proved in [21].
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