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ON INVARIANCE EQUATION FOR MEANS OF POWER
GROWTH

ALFRED WITKOWSKI

ABsTrACT. We discuss properties of the solutions of the invariance equation
M(N(z,y), K(z,y)) = M(z,y)

for homogeneous, symmetric means M, N, K of power growth.

By a mean we understand a function M : Ry x Ry — R satisfying for all
z,y € R4 the conditions

min(z,y) < M(z,y) < max(z,y).

A mean is symmetric if for all z,y holds M(x,y) = M(y,z) and homogeneous if
M (tz,ty) = tM(x,y) for all positive t. Given two means N, K, finding another
mean M satisfying for all x,y the equation

(1) M(N(l‘,y),K(l‘,y)) :M(xvy)

is called the invariance problem, and the equation (1) is called invariance equa-
tion. There is a vaste literature on the subject. The book "Pi and the AGM" ([3])
gives many examples and discusses probably the best known case of the arithmetic-
geometric mean, while the historical overview and information on recent develop-
ments can be found in [1] and in [2].

The solution to the invariance equation is known to exists in most cases, so it is
quite natural to ask whether the solution shares some properties of means N nad
K. Sometimes the answer is immediate: if both K and N are symmetric, then
obviously M is symmetric too. Sometimes it is not obvious and surprising: if K
and N are homogeneous, then M need not be homogeneous.

Adam Besenyei proved in [1] that in the class of Heinz means

Pyl =P 4 glmPyP 1
@ Hy(,y) = RS
the invariance equation
(3) Hy(Hy(x,y), Hy(x,y)) = Hp(z,y)

has only trivial solutions p = ¢ = r. The aim of this note is to extend this result to
a much broader class of means.

Definition 1. We say that a homogeneous, symmetric mean M is of power growth
if there exist a real number ord(M) and a positive number Cjs such that

Mz, 1

lim (z,1)

———= =C).
z—0 gord(M) M
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We shall call ord(M) the order of M.

Observe that for 0 < z < 1 the inequality + < M(x,1) < 1 yields z17™ <

% < z7™. For m < 0 the right-hand side tends to 0 and for m > 1 the
left-hand side tends to infinity. Thus we conclude that 0 < ord(M) < 1.

Theorem 1. Let M, N, K be symmetric, homogeneous means on Ri of power
growth. Assume additionally ord(N) > ord(K) and

(4) oMl 1 op ord(M)(1 — ord(N) + ord(K)) # ord(K).
If
M(N(Iv y)a K(xv y)) = M(J}, y)v
then ord(M) = ord(N) = ord(K).

Proof. Denote the orders of M, N, K by m, n, k respectively.
Suppose first that n > k. We have

M(z,1) _ M(N(z,1),K(x,1)) K ( 1)M<N(Jc,1) >
xm xm ’ K(z,1)’

m N(z,1)
N(z,1) M (K(g;,l) ) 1)
K(z,1) (N(a:71))m
K(z,1)
- N(z,1) )
_ x—m—‘—mn—i—(l—m)k N(JJ, 1) " K(JJ, 1) m M (K(w’l) 1
xrn zk (N(Ll))m
K(z,1)
N(z

Since K(I’B tends to 0 as z tends to 0, we obtain a contradiction: the limit of the

o)

left-hand side equals Cj; while the right-hand side tends to 0 or infinity (in case
ord(M)(1 — ord(N) + ord(K)) # ord(K)), or to CRCy ™ Cur # Ca.
Therefore we conclude that n = k. But this implies

M <N(9c,1) K(:r,l)) _ MN(x,1), K(x,1))  M(x,1)

n ’ xn n = xn
and since the left-hand side remains bounded and separated from 0 for small x we
conclude that n = m.

O

It is worth observing that the Heinz means are linked to the arithmetic mean
by the formula H,(x,y) = A(z%y'~, 2!=%y*). Clearly, we can apply the same
method to an arbitary homogeneous, symmetric mean M thus obtaining a one-
parameter family of means interpolating between M and the geometric mean. The
following theorem deals with one-parameter families created this way.

Theorem 2. Let M be a symmetric, homogeneous mean of order ord(M) # % with
Cy # 1 and let

Me(z,y) = M(a*y' =, 2" %y®) for 0 < a <

N | =

Then the invariance equation
(5) Ma(Mﬁ(zvy)vM’Y(xvy)) = M(,(:z:,y)

admits only trivial solutions o = 3 = ~.
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Proof. The identity

1—2a)

- B . _ M@,z
M (z,1) = M(Sca,l'l @) = ajaM(l,xl 20) — potord(M)(1 2oc)m7

implies that

_ 1
1 06—5,

1
Cu, = {CM @< and ord(M,) = a+ ord(M)(1 — 2a)
thus the means in the family are of different order and the result would follow from
Theorem 1 once we verify the condition (4). To this end assume § < .
Consider two cases:
Case 1: ord(M) < &
The function § — ord(M;) increases from ord(M) to 1, so ord(Mp) < ord(M,) and

C’Al/[;md(M“)CX;f(M‘l) = 1 is possible only if Cys, = Cpr, = 1 (which is equivalent to

B=~=3)or Cy, =1and 1—ord(M,) = 0. The first case gives immediately
a= %, while the second case is impossible, as 1 — ord(M,,) > %

Case 2: ord(M) > 1

Now ord(Mj) decreases from ord(M) to 3, so ord(Mg) > ord(M,) and the equality

Ot oy = 1 can hold only if Cpy, = Car, = 1 or Cay, = 1 and
ord(M,) = 0. Again, the first case leads to o = %, while the second case is
impossible, as ord(M,) > 1. O

Applying Theorem 2 to the arithmetic mean we obtain the result of Besenyei.

Corollary 1 ([1], Theorem 4). In the class of Heinz means (2) the identity (3)
holds if and only if p=q=r.

As an application of Theorem 1 consider the following families of means:

(6) Qsle.y) = G* (z,9) B (s — L Liz,y)

and

(7) Hi(r,y) = G*(a,9) BT (1= 1/s.1/5:2.y),

where G is the geometric mean, E(p,q;x,y) = (%i::g:)l/(piq) is the Stolarsky

mean and s > 2. Note that

n=ly 4ogpn=292 4o gyl 1/n
n—1

Qn(z,y) = (m

and
n—1

n—1 1 1
xTr n yn —|—~-~—|—xny n
n—1

H)(z,y) =

We see that ord(Q,) = ord(H}) = 1-1/s, Cq, = (s—1)"/* and Cpy1 = (s—1)7".
By Theorem 1 the invariance equations admit only trivial solutions in the two
families. (The assumption (4) does not hold if N = K = Q2 or N = K = H}, but
in this case triviality of the solution of the invariance equation follows immediately).
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