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A GENERALIZED CEBYSEV FUNCTIONAL FOR THE
RIEMANN-STIELTJES INTEGRAL WITH APPLICATIONS FOR
SELFADJOINT AND UNITARY OPERATORS

S.S. DRAGOMIR1:2

ABSTRACT. Sharp bounds for a generalised Cebysev functional for the Riemann-
Stieltjes integral are given. Applications for continuous functions of selfadjoint
operators and unitary operators on Hilbert spaces are provided as well.

1. INTRODUCTION

For two Lebesgue integrable functions f,g : [a,b] — R, consider the Cebysev
functional:

1 b 1 b b
1) Clhg) =y [ fOg0it - —— [ i [ g0
b—a a (b - a) a a
In 1935, Griiss [25] showed that
1
(1.2) C(f.9)l < 7 (M —m) (N —n),
provided that there exists the real numbers m, M, n, N such that

(1.3) m<f@#) <M and n<g({t)<N forae tE€]ab.

The constant % is best possible in (1.1) in the sense that it cannot be replaced by
a smaller quantity.

Another, however less known result, even though it was obtained by Cebysev in
1882, [5], states that

(14) O 9] < 75 1 o Il (0~ )

provided that f’, g" exist and are continuous on [a, b] and || f'|| , = supse(q4 [f' ()]
The constant 1—12 cannot be improved in the general case.

The Cebysev inequality (1.4) also holds if f,g : [a,b] — R are assumed to be
absolutely continuous and f', g" € Lo [a,b] while || f'[| = esssup,ciq ) [f* ()] -

A mixture between Griiss’ result (1.2) and Cebysev’s one (1.4) is the following
inequality obtained by Ostrowski in 1970, [34]:

(15) CU9)l < 5 (b—a) (M —m) ...

provided that f is Lebesgue integrable and satisfies (1.3) while g is absolutely con-
tinuous and ¢’ € L [a,b]. The constant 3 is best possible in (1.5).
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The case of euclidean norms of the derivative was considered by A. Lupasg in [28]
in which he proved that

(16) O < 2119l (b~ a),

provided that f, g are absolutely continuous and f’, ¢’ € Ls [a,b]. The constant %
is the best possible.
Recently, P. Cerone and S.S. Dragomir [3] have proved the following results:

N
@,

1 b
e AL

=1Lp=1,g=o00o0r

b
10 - 5 [ 1G)ds

1 b
L7) e (f9)l < infllg—nll, 53— (/

Wherep>1and%—l—%zlorp:landq:oo,and

1
) < i — Al — -
(1.8) |C7(f,g)|_.;g£Hg 7l o585 sup f(t)

t€la,b]

i

provided that f € L,[a,b] and g € L, [a,b] (p > 1, %—i—

p=o00,q=1).
Notice that for ¢ = co,p =1 in (1.7) we obtain

1
q

b b
19 eIt lo=ale g [ 0= 52 [ £

1 b
<l 5

and if g satisfies (1.3), then

b
10 - [ 7 (s)asa

dt
a

n+ N 1 /b
g 2 w b—al,

1 1 b
Z(N—=-n) ——
2( n) bfa/a

The inequality between the first and the last term in (1.10) has been obtained by
Cheng and Sun in [6]. However, the sharpness of the constant %, a generalization
for the abstract Lebesgue integral and the discrete version of it have been obtained
in [4].

For other recent results on the Griiss inequality, see [26], [31] and [35] and the
references therein.

In [11], in order to extend the Griiss inequality to Riemann-Stieltjes integral,

S.S. Dragomir introduced the following Cebysev functional

b b
(L10) 1O < a5 [ (0525 [ Fas

dt

10 -5 [ )

IN

b
F(6) - ﬁ/ £ (s)ds| dt.

b
(L11) T () = s [ 1 @a 0 du)

b b
i | 00 s [,
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where f,g are continuous on [a,b] and u is of bounded variation on [a,b] with

u(b) #u(a). )
The following result that provides sharp bounds for the Cebysev functional de-
fined above was obtained in [11].

Theorem 1. Let f,g : [a,b] — R be continuous on [a,b] and u : [a,b] — R with
u(a) # u(b). Assume also that there exists the real constants v,T" such that
(1.12) vy< f({) <T foreacht € [a,b].

a) If u is of bounded variation on [a,b], then we have the inequality

(1.13) T (f,g:u)]

1 T-n
=2 ) —ula)

b

V().

co @

b
’g—u(b)fu(a)/ 9(s)du (s

where \/Z (u) denotes the total variation of u in [a,b]. The constant 5 is
sharp, in the sense that it cannot be replaced by a smaller quantity.

b) If u : [a,b] — R is monotonic nondecreasing on [a,b], then one has the
iequality:

(1.14) T (f,9;u)l

1 r— b
=2 W) - <>/a

The constant % 5 1s sharp.

c) Assume that f, g : [a,b] — R are Riemann integrable functions on [a,b] and
f satisfies the condition (1.12). If u : [a,b] — R is Lipschitzian with the
constant L, then we have the inequality

(1.15) IT(f,g;U)I

et ), 26
< Z.
T2 Iu a)l

The constant % is best possible in (1.15).

du (t).

1

MEETIO) dt.

/:g<s> du (s)

We observe that if u (t) = ¢, then from (1.13) we get

1 b
9= 57 a/a g(s)ds

while from (1.14) and (1.15) we recapture the inequality between the first and last
term in (1.10).
For some recent inequalities for Riemann-Stieltjes integral see [7]-[12] and [27].
Motivated by the above results we consider here a more general Cebysev func-
tional depending on four functions and defined as

(1.16) T(f,g,h'u)

= e /hdu = /f u(t)

M/a 0t st [ TG,

C(a)l <5 —7)

oo
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provided that all the Riemann-Stieltjes integrals incorporated in (1.16) exist and
u(b) # wu(a). That happens, for instance, when v : [a,b] — C is of bounded
variation and f, g, h : [a,b] — C are continuous on [a, b].

The functional T (f, g, h;u) can be written in a determinant form as

(L17)  T'(f,g,h;u)
b b
o o (1) du(2) e S 9 () du (t)
= det
b b
wraay da S O RO du(t) gty S (@9 (1) du(h)
We remark that if h(¢) = 1(¢t) = 1 for all ¢ € [a,b] then we get T (f,g,1;u) =
T(f,9;u). By (1.17) we then have the determinant form of T (f, g;u) as
(1.18)  T'(f,g;u)
b
1 m Jo 9(t)du(t)
= det
b b
u(b)iu(a) fa f () du(t) u(b)iu(u) fa f(t)g(t)du(t)
We also observe that if e denotes the identity mapping on [a,b], i.e. e(t) =t,t €
[a,b] then by choosing v = e in (1.18) we have T (f,g;e) = C(f,g).
In this paper we establish some sharp bounds for the magnitude of the functional
T (f,g,h;u) under various assumptions for the functions involved and apply them

to obtain new inequalities for continuous functions of selfadjoint operators as well
as of unitary operators on Hilbert spaces.

2. THE RESULTS

Now, for v,I' € C and [a,b] an interval of real numbers, define the sets of
complex-valued functions

Ua,p) (7,T) = {f : [a,0] — C|Re [(F - f(t) (W—v)} >0 for each t ¢ [a,b]}
and
Nw@f*=&%mmec|ﬂw—”f’

The following representation result may be stated.

1
< §|F—7| for each ¢ € [a,b]}.

Proposition 1. For any v,T' € C, v # I, we have that Uyap) (7,T) and Ajgp) (7,T)
are nonempty, convex and closed sets and

(21) U[a,b] (’yv F) = A[a,b] (77 F) .
Proof. We observe that for any z € C we have the equivalence
vy+T 1
R

if and only if

This follows by the equality

1
4w7fk
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that holds for any z € C.
The equality (2.1) is thus a simple consequence of this fact. O

On making use of the complex numbers field properties we can also state that:

Corollary 1. For any v,I" € C, v # I',we have that

(22) Uy (v.T) ={f:la,b] = C| (Rel' = Re f () (Re f (t) — Re?)
+(ImT —Im f (¢)) (Im f (¢) —Im~y) > 0 for each t € [a,b]}.

Now, if we assume that Re (I") > Re () and Im (I") > Im (vy) , then we can define
the following set of functions as well:

(23)  Suw (1) = {f [0l - C | Re(I) > Re f(8) > Re (9)
and Im (T") > Im f (¢) > Im () for each t € [a,b]}.

One can easily observe that S[a)b] (v,T) is closed, convex and

(2.4) 0 # Stap (1, T) € Upa) (1, 1)
The following result can be stated.

Theorem 2. Assume that u : [a,b] — C with u(b) # u(a) and f,g,h : [a,b] — C
are such that the Riemann-Stieltjes integrals in the definition of T (f, g, h;u) exist.
Assume also that there exists the complex numbers v, ',y # T', such that

(2.5) f €Uy (,1).

i) If u is of bounded variation on [a,b], then we have the inequality

b
(2:6) |T(f,g,h,u)|§%|F—7|\/(“) |u(b)—1u(a)|2
|: g (%) h(t)
X sup |det
telad [Pg(s)ydu(s)  [Ph(s)du(s)

X sup det
(t.5)*€la,b]? g(s) h(s)

The constant % 18 sharp in the first inequality.
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il) If u : [a,b] — R is monotonic nondecreasing on [a,b], then

(2.7)

-
[u(b) = u(a)]?
g(t) h(t) }

det {
[g(s)du(s) [ R(s)du(s)

1
T (.9, hiw)| < 51T~

b
X/
a

1/2

Flg®Pdu@ [ (g®R®)du)
L (g@n@)dutty L2 IREP du ()

The multiplicative constant % in the first inequality is best possible.

iii) If w is Lipschitzian with the constant L > 0, then we have the inequality

@8) Tkl < 0=l ot
g (t) h(t)
X /b det [ ] dt
a [Pg@duty  [Th(t)du(t)
< 1 r L
<3 M —wr
OO
X /b /b det ! dsdt
a Jo a(s)  h(s)
V2 L’
=2 T —er

R A IO A
L (g@rm)d [ Ih @) dt

The constant % in the first inequality is sharp.

Remark 1. We notice that the above Theorem 2 not only provides a generalization
of Theorem 2 but also an extension of that result to the complex valued functions.
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Perhaps simpler, however coarser bounds for the magnitude of T'(f, g, h;u) can
be provided if some connection between the other two functions g and h are known.

Corollary 2. Assume that u : [a,b] — C with u (b) # w(a) and f,g,h : [a,b] — C
are such that the Riemann-Stieltjes integrals in the definition of T (f, g, h;u) exist.
Assume also that there exists the complex numbers v,I' such that (2.5) holds true.

a) Let u : [a,b] — R be monotonic nondecreasing and g,h : [a,b] — C be
continuous on [a,b]. If there exists the complex constants ¢ and ® such
that either

(2.9) Re [(‘bh t)—g () (W — ¢h (t))] >0 for any t € [a, D]
or, equivalently,

_pt®

(2.10) 'ww :

(0] < 518~ el In O] for any 1 € et

holds, then we have

V2 1
211)  [T(f,9,hu)l < =T =9]]@ — ¢

2
[u (b) —u(a)]
aa) Let u : [a,b] — C be Lipschitzian with the constant L > 0 and g, h : [a,b] —

C be continuous on [a,b]. If there exists the complex constants ¢ and ®
such that either (2.9) or (2.10) hold true, then

b
/ b () du ().

V2 L? T
12 Tkl < T lle gl o [

Remark 2. The above Corollary 2 can be then used to provide simpler bounds for
the functional T (-, ;) as follows:

b) Let u : [a,b] — R be monotonic nondecreasing and g,h : [a,b] — C be
continuous on [a,b]. If there exists the complex constants A\ and A such
that either

(2.13) Re [(A —g(t) (m - X)} >0 for any t € [a, b]

or, equivalently,

(2.14) g(t) — )\;Ah(t)' < % |A = A| for any t € [a,b],
holds, then we have
V2T =7 [A =)
. ; < ——.

bb) Let w: [a,b] — C be Lipschitzian with the constant L > 0 and g : [a,b] — C
be continuous on [a,b]. If there exists the complex constants A and A such
that either (2.13) or (2.14) hold true, then

L?(b—a)

V2
. T(f,g;u)| < —— T =4 [A = A ————=.
(2.16) T (gl < S I0 =l =M o
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3. PROOFS

We observe that the following identity of interest holds:
(31)  [u(®) —u(@] T (f,g,h;u)

b b b b
=/ h(t)du(t)-/ f(t)g(t)du(t)—/ g(t)du(t)-/ £ () B (1) du (t)

b g(t) h(t
~ [Gw-mae| b du (1)
a fa g (s)du(s) fa h(s)du(s)
for each n € C.

i) It is well known that if the Riemann-Stieltjes integral f;p(t) dv (t) exists,
p : [a,b] — C is bounded and v : [a,b] — C is of bounded variation, then we have

the inequality [2]
b
[ pas

Taking the modulus in (3.1) and utilizing (3.2) we get
(3-3) Ju (b) = u(@)* [T (f. g, hsu)|

(3.2) < sup |p(t \\/

t€la,b]

b g() h(t)
[ v®-mae| b du (1)
a [, 9(s)du(s) I, b (s)du(s)
g() h(t)
< sup ((f(t) —n)det
t€la.b] [Pg(s)du(s)  [Ph(s)du(s)
g(t) h(t)
< sup |f(t) —n| sup \det | ,
t€[a,b] t€[a,b] fa g (s)du(s) fa h(s)du (s)
Since f € Upgp) (7,1, then
(3.4) ’f(t)— Ity < 1|I‘—'y| for each ¢ € [a,b].

2

Utilising (3.3) for n = % and (3.4) we deduce the first inequality in (2.6). The
rest is obvious.

We observe that for h(t) = 1,t € [a,b] and f a real function bounded below by
v and above by T, we recapture from the first part of (2.6) the inequality (1.13)
obtained in [11] whose multiplicative constant % is best possible. This fact implies
that the constant % in the first inequality is also best possible.

i) It is well known that if the Riemann-Stieltjes integrals f; p(t) f Ip (t)|dv (¢
exist and v : [a,b] — R is monotonic nondecreasing, then we have the 1nequahty

/p<t>dv ) g/ Ip ()] dv (1

For instance, when p is continuous and v is monotonic nondecreasing then (3.5)
holds true.

(3.5)
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Taking the modulus in (3.1) and utilizing (3.5) we get

(3.6) (u (b) — u(a))® |T(f, g, hiu)]
b [ g(t) h(t) 1
([ G -mae| b au (0
a L [, g9(s)du(s) L, h(s)du(s) |
b I g(t h(t) 1
< [ow-na| b du (1)
¢ L Jog(s)du(s) [ h(s)du(s) ]
b g(t) h(t)
A det[ b b ] ().
a fa g (s) du(s) fa h(s)du(s)

which, by (3.4), produces the first inequality in (2.7).

The sharpness of this inequality follows from (1.14) which is a particular case of
(2.7).

Further on, observe that

[ g9(t) h(t) ] ‘ b gt  h(t)
det = / det du (s)
fabg(s) du (s) ffh(s) du (s) a | 9(s) h(s) |
[ g(@t)  h(t) ]
< /b det ’ du (s),
“ L 9(s)  h(s) |

which, by integration on [a, b] over the monotonic nondecreasing integrator u, pro-
duces the second part of (2.7).

Now, on utilizing the Cauchy-Bunyakovsky-Schwarz’s double integral inequality
for the Riemann-Stieltjes integral with monotonic nondecreasing integrators,namely

(3.7 h(t,s)m (t,s)du(t) du(s)

//\hts|du t)du (s //|mts|du()du()

2 .
where h,m : [a,b]” — C are continuous, then we have

1 b [ o) ()
3.8 e —— de du (s) du
(3.8) [u (b) —u(a)]Z/a /a t (e hes) (s) du ()
L o - 9 1/2
w®) =@ e Jo || g(s) h(s)
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b b gt)  h(2)
AT
o Ja hes)

// OF 11 ()] + g () | ()]

~2Re [(9 (1) h (5)) (g (5) A (1)) } du (s) du (1)

Since

//|g V2 {1 ()2 ds ) s (¢ //|g )12 1 (8)2 da (5) da (1)
:/a 9 (0P du(t)/a I ()17 du (1)
and
b b
| [ Re[®n ) GER®)] du s du o
:/ab/abRe[(g(t)h(t)) ()5 )| du () du (1)
~ Re / b (9 @) du(t) / b (9(5) 7 () ) du <s>]
- /ab (97 ®)) du (1
then
b gt)  h@) 1
(3.9) de du (s) du (t)
A

b b
=2 [/ (O dute) [0 dutr) -

Flg@Pauy ) (g@)m) du (1
= 2det .
L (g@n@)duty — J7 RO dut

Making use of (3.8) and (3.9) we obtain the last part of (2.7).
iii) It is well known that if p : [a,b] — C is Riemann integrable and v : [a,b] —
C is L1psch1t21an with the constant L > 0, then the Riemann-Stieltjes integral

f p(t ) exists and we have the inequality

b
(3.10) / Pt dv ()| < L / Ip (1) dt.
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Taking the modulus in (3.1) and utilizing (3.10) we get

(3.11) u (b) — u(a)]* T (f,9,h; )|
b g9() h(t)
-/ (f(t)n)det[ b b ]du(t)
¢ Joa(s)du(s) [ h(s)du(s)
b g9(t) h(t)
SL/ (f(t)—n)det[ ] dt
a f; g (s) du (s) fab h(s)du(s

dt.

b g(t) h (t)
L [ 17 ®-nlldet | b
: Lo duts)  [Ih()du(s)

Utilising (3.4) and (3.11) we deduce the first inequality (2.8).

The second part follows from a similar argument to the one in the second part
of the statement ii) by choosing u (t) = ¢ and the details are omitted.

We observe that for h (t) = 1,t € [a, b] we recapture from the first inequality in
(2.8) the inequality (1.15) which is sharp.

Now, in order to prove the statements a) and aa) we need the following result
that is of interest in its turn.

Lemma 1. Letw : [a,b] — R be a function of bounded variation and g,h : [a,b] — C
be continuous on [a,b]. If there exists the complex constants ¢ and ® such that

1) [ w [rel@no -o@) (50 - D) @ =0
then we have

PPy [ (9@h®) du)
(3.13) det

L (g@nw)duey [ R @F du )

< Lo —gf? [/h |du]

Proof. Consider the quantities

K :Re{ @/abm(t)ﬁdu(t)—/ab (g(t)h(t))du(t)]

/: (9 ®) du —so/ab|h<t>2du<t>]}

,p

X

and

Ky = /ab b ()] du (t) /ab Re [(@h (1)~ g(8) (90— ph ()] du ().
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We have by simple calculation that

ARG ‘I’/ab(g(t)h(t)>dU(t)+s0/ab(g(t)h(t))dU(t)]

b L b 2
| (sr@) aute V 1 (0) du 1)

Re ()

and

= [morrele [ (swr <>)du<>+¢[lb(9<t>m)du<t>]
/|g|du /\h|du /|h\du

which produces the equality of interest

Re (99)

/ (s ®) dute)
[la@Pdu [ (9@R®) duo)
= det .
L (g@n)dutty L7 IREOP du(t

b b
(3.14) K, - Ky= / 9 (8) 2 du (1) / () du () -

Since, by (3.12), we have K3 > 0, then it follows from (3.14) that

J2 19 O du (1 f;’(gu)h(t))du(t)}

(3.15) det

L (g@h®)dutey [ B @) du ()

/\h ) du (1) /(g<> <>)du<>]

On utilizing the elementary inequality for complex numbers

1
Re (uv) < Z|U+U|Q’U7U€C
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we have
{( / 1 (8) du (¢ / (o) R D) du(t))
x(/ (o) 7)) /\h )2 du (¢ )
b 2
< 11e— gl [/ (1) du <t>]
which together with (3.15) produces the desired result (3.13). O

The following particular case is of interest since it provides a reverse inequality
for the Cauchy-Bunyakovsky-Schwarz’s integral inequality for the Riemann-Stieltjes
integral with monotonic nondecreasing integrators:

Corollary 3. Let u : [a,b] — R be monotonic nondecreasing and g, h : [a,b] — C be
continuous on [a,b]. If there exists the complex constants ¢ and ® such that either

(3.16) Re [(<I>h (t) — g (1) (m —oh (t))] > 0 for any t € [a, b]
or, equivalently,

p+o

@1 lom - 222 (t)' < 210~ gl [h (O] for any t € [a.1],

holds, then we have

Plg@Pauy [ (9@n(®)dult)
(3.18) 0 < det

Ji(s@h®)dutry [P du)

< 11e—gf [/m ) du (1 ]

4. APPLICATIONS FOR FUNCTIONS OF SELFADJOINT OPERATORS

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(.,.)).
The Gelfand map establishes a *-isometrically isomorphism ® between the set
C (Sp (A)) of all continuous functions defined on the spectrum of A, denoted Sp (A4),
an the C*-algebra C* (A) generated by A and the identity operator 1y on H as
follows (see for instance [24, p. 3]):

For any f,g € C (Sp(A)) and any «, 8 € C we have

() @ (af +Bg) —ad(f) + AP (g)

(i) @(fg) = (/)@ (g) and @ (f) = D ()"

(i) 19 (7)) = 7] = supresya 1F (1))

(iv) ®(fo) =1g and ® (f1) = A, where fo (t) = 1and f; (t) = ¢, fort € Sp(A).

With this notation we define

f(A) = (f) forall feC(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A.
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If A is a selfadjoint operator and f is a real valued continuous function on Sp (A4),
then f(t) > 0 for any ¢t € Sp(A) implies that f(A) > 0, i.e. f(A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp (A) then
the following important property holds:

(P) f(t)>g(t) for any t € Sp(A) implies that f (A4) > g (A)

in the operator order of B (H).

For a recent monograph devoted to various inequalities for functions of selfadjoint
operators, see [24] and the references therein.

For other results see [1], [16]-[20], [29], [32], [33] and [36].

We say that the functions f, ¢ : [a,b] — R are synchronous (asynchronous) on
the interval [a, b] if they satisfy the following condition:

(f () = F () (9 (t) = g (s)) = (<) 0 for each ¢, s € [a,b].

It is obvious that, if f, g are monotonic and have the same monotonicity on
the interval [a, ], then they are synchronous on [a,b] while if they have opposite
monotonicity, they are asynchronous.

For some extensions of the discrete Cebysev inequality for synchronous (asyn-
chronous) sequences of vectors in an inner product space, see [22] and [23].

For a selfadjoint operator A on the Hilbert space A with Sp(A) C [m, M] for
some real numbers m < M and for f, g : [m, M] — R that are continuous functions
on [m, M], we can define the following Cebysev functional

C(f,g:42) = (f(A) g (A)z,z) = (f (A) z,2) - (9 (A) 2, z)
where x € H with ||z|] = 1.

The following result provides an inequality of Cebysev type for functions of
selfadjoint operators, see [14]:

Theorem 3. Let A be a selfadjoint operator with Sp (A) C [m, M| for some real
numbers m < M. If f, g : [m, M] — R are continuous and synchronous (asynchro-
nous) on [m, M], then

(4.1) C(f,9:4;2) = (2)0,
for any x € H with ||z| = 1.
The following result of Griiss’ type can be stated as well, see [15]:

Theorem 4. Let A be a selfadjoint operator on the Hilbert space (H;(.,.)) and
assume that Sp (A) C [m, M] for some scalars m < M. If f and g are continuous
on [m, M] and 7 := mingepm,ar) f (t) and T' := max;epm,ar f () then

(12)  |C(fg A < 5 (0 =2)[Clg g As)] 2 (s HUSBOS 6)) ,

for each x € H with ||z|| = 1, where § := mingepm a1 g (t) and A := max;e[m v 9 (1) -

In order to provide some new vector Griiss’ type inequalities for continuous
functions of selfadjoint operators in Hilbert spaces, we need the following facts
concerning the spectral representation of such functions.

Let U be a selfadjoint operator on the complex Hilbert space (H, (.,.)) with the
spectrum Sp (U) included in the interval [m, M] for some real numbers m < M and
let {E)}, be its spectral family. Then for any continuous function f : [m, M] — C,
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it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral:

M
(4.3) roy= [ roae,
which in terms of vectors can be written as
M
(4.4 G = [ F0 B,

for any x,y € H. The function g, , () := (Exx,y) is of bounded variation on the
interval [m, M] and

9,y (m - O) =0 and Ja,y (M) = (x,y)

for any x,y € H. It is also well known that g, (\) := (E\z, ) is monotonic nonde-
creasing and right continuous on [m, M].

For three continuos functions f, g, h : [m, M] — C we define the general Cebysev
functional for two vectors x,y € H by

(4.5) C(f,g:h, A;z,y)
= (h(A)z,y) - (f(A) g(A)z,y) — (g (A) z,y) - (f (A) h(A) z,y)
. (h(A)z,y) (g(A)z,y) ]
= det .
(f(ARA)z,y)  (f(A)g(A)z,y)

We denote C (f, g; h, A;z,2) by C (f,g; h, A;x) for x € H.
In particular, if h (t) = 1,¢ € [m, M], then we get from (4.5) the functional
(46)  C(fig:Az,y) = (z,y) - (f(A)g(A)zy) —(g(A)z,y) - (f(A)zy)
(z,y) (9(A)z,y) ]

= det [
(fA)zy)  (f(A)g(A)z,y)

where z,y € H.
We denote C (f,g; A;z,z) by C(f,g; A;x) for x € H.

Theorem 5. Let A be a selfadjoint operator on the Hilbert space (H;(.,.)), the
spectrum of A, Sp(A) C [m,M] for some scalars m < M, {E\}, be its spectral
family and g,h : [m, M] — C continuous functions on [m,M]. If f : [m,M] — C
is continuous and there exists the complexr numbers ~v,I',y # T, such that f €
U[a)b] (7,T) then

(4.7) |C(f,g9:h, A;2,9)|

1 T \”; (E ) ; g(t) h(t) ]
<-|I'—7~ )%, Y max et

2 m—0 tElm.M] (g(A)z,y)  (h(A)z,y)

) M 2 g (1) h(t)
=3l Lyo (<E("x’y>)1 B PIPRYS

for any x,y € H.
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We also have the simpler inequalities

(4.8) |C (f,g;h, A; 2, y)|
. g h(t)
<30 =l llz] Iyl max |det
M (g zy)  (h(A) )
. o g(t)  h(b)
< SI0 Azl Iyl®  max |det
? e g(s) hs)

for any x,y € H.

Proof. Utilising the inequality (2.6) we can state that

(4.9)
Sl P g du(t) [0 F () h(t)du(t)
det
M g (t)du(t) IM Rt du(t)

. \J\; g(t) h (t)
< =T —9] (u) max |det

2 ! mee  tElm—eM] M g@ydut)y M R()du(t)

M 2 g(t)  h(t)

< % T — ] [ \/ (u)] max det

2 - 2
(t,s)*€[m—e,M] g(s) h(S)

for any function v : R — C that is of bounded variation on the compact interval
[m — e, M], where £ > 0.

Now, on applying (4.9) for the function u(t) = (Eiz,y),t € R which is of
bounded variation on [m — e, M] and x,y are fixed in H and utilizing the spectral
representation theorem (4.4), we deduce the desired inequality (4.7).

We also have the Total Variation Schwarz’s Inequality for the spectral family
{E\}, (see a detailed proof in [21, p. 11])

(Eoyz,y)) < =yl

T<x

any z,y € H.
These prove the inequalities (4.8). O

The following result also holds:

Theorem 6. Let A be a selfadjoint operator on the Hilbert space (H;{.,.)), the
spectrum of A, Sp(A) C [m, M] for some scalars m < M, {E\}, be its spectral
family and g,h : [m, M] — C continuous functions on [m,M]. If f: [m,M] — C
is continuous and there exists the complex numbers v,I',v # ', such that f €
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Ula,p) (7,T) then

1
(4.10) |C(f,g;h, Asx)| < 3 T — ]

M g(t) h(t)
X / det d(Eix, )
m=0 (9(A)z,z)  (h(A)z,2)
< % T~
M M g h()
X / det d{Esz,z)d (Ex, )
m—0 Jm—0 g (S) h (S)
< g T =1l
lo(@al®  (gA)ah(a)z) T\
X | det
(h(A)z,g(A)z) I (A) x|

for any x € H.

Proof. Follows by (2.8) on taking into account that

M M
g (A)z]? = / 19O d(Bin,a) I (4) el = / (O d (B, )

m—0
and
M [
W h)a) = [ gORD B
m—0
for any z € H.
These equalities follow by the spectral representation (4.4). |

The following particular case which provides a simpler, however a coarser in-
equality may be more useful for applications.

Corollary 4. Under the assumptions of Theorem 6 and, in addition, if there exists
the complex constants p and ® such that either

(4.11) Re [(cph (1) — g (1) (m —oh (t))] > 0 for any t € [a, b]
or, equivalently,

(1.12) ’g (t) - “"fh(t)’ < L@ — ol (B (O] for any t € [a.t].

holds, then we have

2

C (f,9;h, Asz)| < <=0 = 4][@ = | |1 (A) ||

“I%

for any x € H.
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5. APPLICATIONS FOR FUNCTIONS OF UNITARY OPERATORS

Let (H,{(-,-)) be a complex Hilbert space. We recall that the bounded linear
operator U : H — H on the Hilbert space H is unitary iff U* = U~1.

It is well known that (see for instance [?, p. 275-p. 276]), if U is a unitary
operator, then there exists a family of projections {E,\})\E[O’%], called the spectral
family of U with the following properties:

a) Ex < E, for 0 < X< p<2m;

b) Ey =0 and Es, = 1y (the identity operator on H);

¢) Exyo=FE) for 0 < X < 2m;

d) U= fozw e dE\ where the integral is of Riemann-Stieltjes type.

Moreover, if {F\} Ae[0,2n) 18 @ family of projections satisfying the requirements
a)-d) above for the operator U, then F\ = E) for all A € [0, 27].

Also, for every continuous complex valued function f : C(0,1) — C on the
complex unit circle C (0,1), we have

(5.1) Fw)= [ 1) aps

where the integral is taken in the Riemann-Stieltjes sense.
In particular, we have the equalities

27
(5.2) fO)z = /0 f (ei)‘) dE\x,
(5.3) UHU%W=AWfWUd@ww>
and
(5.4) \uwmwz/”u@ﬁfw&ﬂ%
0

for any z,y € H.
Now, for v,I' € C, define the sets of continuous complex valued functions f :
C(0,1) — C on the complex unit circle C (0, 1)

U(y,T)
_ {f:C(O,l) HC;Re[(F—f(eit)) (W_7>} >0 for each t € [O,QW]}

and

A(v,T)

= {f:C(O,l)H(C; ‘f(e”)fygr‘gilﬂ’y for each tE[a,b]}.

As above, we observe that U (y,T) = A (7,T).
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Now, by utilizing the inequality (2.6) for f € U (v,T) and two continuous func-
tions g,h : C(0,1) — C we can state that

0% f(e") g (") du(t) fo% f(e®) h(e') du(t)

(5.5) |det
OQW g (") du(t) fo% h (™) du (t)
o g (ei) h(eit)
< % T — ] \/ (u) max |det
o  telo2m g (et du(t) [T h(e) du(t)
o 2 g (e™) h(e')
< % T — | l\/ (u) max |det
0 (t,5)"€[0,27] g (eis) h (eis)

for any function v : R — C that is of bounded variation on the compact interval
[0, 27] .

Theorem 7. Let f,g,h:C (0,1) — C be three continuous functions and v,T' € C
such that f € U (v,T). If U : H— H is a unitary operator on the Hilbert space H
and {E)\}/\E[O o) 15 the spectral family of U then

(F)gQ)z,y)  (FU)R(U)z,y)

(5.6) det
(9 (U)z,y) (h(U)z,y)
1 27 g (eit) h (eit)
< —|T'—7| \/ ((E(yz,y)) max |det
2 0 telo2r] (9(0)z,9)  (h(U)z,y)
1 27 2 g (") h (e™)
<3t [V (@Eom)| | e e

for any x,y € H and the simpler inequality
(F)gW)z,y)  (fU) RU)z,y)

(5.7) det
(g(U)z,y) (h(U)z,y)
g (eit) h (eit)
< 5 0= ol max |det
@y @)
(") h

IN

1 2 112

3 T =zl Iyl o det } _
)S ) 2T g (ezs) h ezs)

for any x,y € H.

Proof. For given z,y € H, define the function u () := (Exz,y),\ € [0,27]. We
will show that w is of bounded variation and

27 27
(5.8) V @) =\ (Eoz,v) < eIyl -
0 0

It is well known that, if P is a nonnegative selfadjoint operator on H, i.e., (Pz,z) >
0 for any x € H, then the following inequality is a generalization of the Schwarz
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inequality in H
(5.9) (Pa,y)* < (Pz,z) (Py,y),

for any z,y € H.
Now, if d: 0 =1ty < t; < ... < th_1 < tp, = 27 is an arbitrary partition of

the interval [0, 27, then we have by Schwarz’s inequality for nonnegative operators
(5.9) that

2

(5100 \ ((Eyz,v))

0

= sgp {2 |<(Eti+1 - Eti) $>y>|}
< SSP {nil [<(Eti+1 - Eti) x,z>1/2 <(Eti+1 - Eti) y’y>1/2} } =1

i=0

By the Cauchy-Buniakovski-Schwarz inequality for sequences of real numbers we
also have that

n—1 1/2 rpq 1/2
61 r2pd S - m)nn| [ e R0
1=0 1=0
n—1 1/2 rpq 1/2
< Sl;p Z <(Eti+1 — Eti) x, l‘>] [ <(Eti+1 - Eti) Y, y>]
1=0 1=0
o 1/2 o 1/2
oy <<E<A>x,x>>] V (<E<.>y,y>>] ol Il
0 0

for any xz,y € H.
By making use of (5.10) and (5.11) we get (5.8).
The inequality (5.6) follows by (5.5) on choosing u (t) := (E:z,y) ,t € [0,27].
The inequality (5.7) follows by (5.6) and by (5.8). O

Remark 3. The interested reader may obtain other similar results by utilizing the
rest of the inequalities for the Riemann-Stieltjes integral established above. However,
the details are omitted.
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