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REFINEMENTS OF THE GENERALIZED TRAPEZOID
INEQUALITY IN TERMS OF THE CUMULATIVE VARIATION
AND APPLICATIONS

S.S. DRAGOMIR1:2

ABSTRACT. Refinements of the generalized trapezoid inequality for functions
of bounded variation in terms of the cumulative variation function are given.
Applications for selfadjoint operators on complex Hilbert spaces are also pro-
vided.

1. INTRODUCTION

The following generalized trapezoidal inequality was obtained in 1999 by the
author [11, Proposition 1]

(1) [t @-af@-b-250)

x—“;bH\b/(f),

a

s[;(b—aH

where x € [a,b] . The constant % cannot be replaced by a smaller quantity. See also
[9] for a different proof and other details.
The best inequality one can derive from (1.1) is the trapezoid inequality

b
/ f(t)dt—w(b—a)

b

< -0\ ).

a

(1.2)

Here the constant % is also best possible.

For related results, see [1]-[4], [6]-[8], [10], [14], [15], [17], [18], [20], [22]-[27] and
[29]-[32].

The main aim of the present paper is to provide some refinements of the inequal-
ities (1.1) and (1.2) in terms of the cumulative variation function. Applications for
selfadjoint operators on complex Hilbert spaces are also given.

2. REFINEMENTS OF THE GENERALIZED TRAPEZOID INEQUALITY

For a function of bounded variation v : [a,b] — C we define the Cumulative
Variation Function (CVF) V : [a,b] — [0,00) by

V(t):=\(v)

a
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the total variation of v on the interval [a,t] with ¢ € [a, b].

It is know that the CVF is monotonic nondecreasing on [a,b] and is continuous
in a point ¢ € [a,b] if and only if the generating function v is continuing in that
point. If v is Lipschitzian with the constant L > 0, i.e.

|v(t) —v(s)] < L|t—s| for any t,s € [a,b]

then V is also Lipschitzian with the same constant.
The following lemma is of interest in itself as well, see also [16]. For the sake of
completeness, we give here a simple proof.

Lemma 1. Let fiu :[a,b) — C. If f is continuous on [a,b] and u is of bounded

variation on [a,b], then
b
)< [ 1 |d< ()) s 501V @

/f t) du (t

Proof. Since the Riemann-Stieltjes integral fa f(t) du (t) exists, then for any divi-
sion

(2.1)

Ip:a=tg<t1 < - <th_1<t,=0>

with the norm

In = ti —ti 0
v (In) ie{or,r.l.‘?‘,if_l}( +1—ti) —
and for any intermediate points &; € [¢;, ti+1] i €{0,...,n— 1} we have:
b
(2.2) [ rwdu)| - pLo» Z £ (€ [ (tis1) — ()]
SU(}ELY)H 02|f D (ti1) —u ()]
However,
tit1 tit1 t;
u(tivr) —ut) < \/ (w) =\ (w)—\/(u
ti a a

for any ¢ € {0,...,n — 1}, and by (2.2) we have
Dau(t) < lim Z G [\/ (u) \7<u>]

a

=/a If(t)d<\a/(u)>7

and the last Riemann-Stieltjes integral exists since |f| is continuous and \/ is
monotonic nondecreasing on [a, b] .
The last part follows from :

b
/ g(tydv (1)] <

holding for any function g continuous on [a, ] and v monotonic nondecreasing on
[a,b] .
The details are omitted. ]

< max |g (8)] [v (b) — v (a)],

t€la,b]
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The following result may be stated.
Theorem 1. Let f : [a,b] — C be a function of bounded variation on [a,b]. Then

(2.3)

/f By di— [f (a) (z — a) + £ (b) (b — o)

for any x € [a,b].
Proof. We use the identity obtained in

(2.4) fa)(z—a)+ f(b)(b—z) /f t)dt = /t—m)df(t),

which holds for any Riemann integrable function f : [a,b] — R. This can be easily
proved integrating by parts in the second integral.
Now, if f is of bounded variation on [a, b], then on applying the first inequality

in (2.1) we deduce that:
b t
(25) < [ 1t-sla (\/ (f))

b
/ (t— ) df (1)

a

t

:/ (xt)d<\/(f)>+/ (tz)d<\/(f)>
for any z € [a,}].

Integrating by parts in the Riemann-Stieltjes integral we have

(2.6 [(x—wd(\tﬂf)):(w—t) (\7(f>> <[ (\7<f>>dt

a a a

x

a
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for any x € [a,b].

Making use of (2.5)-(2.7) we get the first inequality in (2.3).

Since \/;, is monotonic nondecreasing on [a, b] while \/* is nonincreasing in the
same interval, we have

t b

x x b b
/ (\/(f))dt< (z—a)\/(f) and/ (\/(f))dtg(b—x)\/(f)

a t

for any x € [a, b], which gives the second inequality in (2.3).
Using the properties of the maximum, we have

AR IV EVAGI
for any x € [a, b], and the proof is complete. O

An important particular case is where x = “T“’, giving:

Corollary 1. Let f : [a,b] — C be a function of bounded variation on [a,b]. Then

)+f()

(2.8) £) dt — (b - a)

axb [/t b b b
g/a (\/(f))dt—i—/m(\/(f))dt<;(b—a)\a/(f)

a 2 t

The first inequality in (2.8) is sharp. The constant % in the second inequality is
best possible.

Proof. We must prove only the sharpness of the first inequality in (2.8) and the
best constant.
Consider the function f : [a,b] — R given by

1, t=a
F@)={ 0, te(ab)
1, t=b.

We observe that f is of bounded variation and the CVF is given by

t 0, t=a
\/(f): 1, tE(a,b)
a 2, t=0.

If we replace this function in (2.8) and perform the calculation, we get the same
quantity b — a in all three terms. O
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Corollary 2. Let f : [a,b] — C be a function of bounded variation on [a,b]. If

p € (a,b) is a median point in variation, namely \/* (f) = \/2 (f), then we have
the inequality

(2.9) t)dt —[f (a) (p —a) + f (b) (b —p)]

p [t b /b b
g/a (\/(f))dt+/p (\/(f))dt<;(b—a)\/(f)

a t a

The first inequality in (2.3) is useful when some properties for the CVF are
available, like for instance below:

Corollary 3. Let f : [a,b] — C be a function of bounded variation on [a,b]. If
there exists the constants Ly, Ly > 0 and o, 8 > —1 so that
t

(2.10) \/ (/) < Lo (t —a)* for any t € (a,0]
and '

(2.11) \b/(f) < Ly(b—1t)" for anyt € [a,b),
then t

(2.12) t)dt — [ (a) (z — a) + f (b) (b — )]

— Loz —a)* +

L (b— B+1
a—i—l A 2

ﬁ +1
for any x € [a,b).

The inequality (2.12) follows by integrating the inequalities (2.10) and (2.12) via
(2.3).

Corollary 4. Let f : [a,b] — C be a function of bounded variation on [a,b]. If
there exists the constant L > 0 so that
t b

(2.13) \/(f) <L(t—a) and \/(f) < L(b—t) foranyt € [a,b]

a

then

(2.14) t)ydt —[f (a) (x —a) + f (b) (b — 2)]

b
(
1 (oo
< |z
- 4+ b—a

for any x € [a,b]. The constant i 18 best possible.
In particular, we have

/f pa LOHI0

The constant i 1s best possible.

L(b—a)?

(2.15)
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Proof. First, we notice that if h : [a,b] — C is of bounded variation, then |h| :
[a,b] — [0,00) is of bounded variation and

b b
(2.16) \/ (k) < \/ (h).

Indeed, by the continuity property of the modulus, we have that
n—1 n—1
DR )l = DI <D I (Ea1) = k()]
=0 =0

for any division a =ty < t; < ... < t,—1 < t, = b, which, by taking the supremum
over all divisions of [a, b], produces the desired inequality (2.16).

If we consider the function fo : [a,b] — R, fo (s) := |s — %$2| then, by denoting
with e the identity function on [a,b], i.e. e(t) =t,t € [a,b], we have

e_“;bD g\:/(e_“;b> :\:/(e):t—a

t

v

a

for any ¢ € [a,b].
Similarly,

V(

t

a+b
— < bph—-
e 5 D_b t

for any ¢ € [a,b], showing that f; satisfies the condition (2.13) with L = 1.
Since

a b
M:b_% /a fo(t)dt:i(b—a)za

then we get in both sides of (2.15) the same quantity % (b — a)®. This proves the
sharpness of the constant i in (2.15) and therefore in (2.14). O

Remark 1. The inequalities (2.14) and (2.15) are known in the case of Lipschitzian
functions with the constant L > 0. We obtained them here under weaker conditions
for the function f. This show that the refinement in terms of the CVFE for the
trapezoid inequality (2.8) is also useful to extend known results to larger classes of
functions.

The following similar result also holds:
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Theorem 2. Let f: [a,b] — C be a function of bounded variation on [a,b]. Then

b
(2.17) / f@)dt —[f (a) (z —a) + f (b) (b — z)]

t

z b /b
g/‘<VUf—fmm>ﬁ+/”(vﬂf@—¢w>ﬁ

a

for any x € [a,b].

Proof. We observe that

(2.18)

b
l/f@ﬁthMfo@+fwafM}

b
/(ﬂ@—ﬂmﬁ+/(ﬂw—ﬂmﬁ

a

x b
S/Ifwraﬂﬂmﬁﬁ/Lﬂw—fGHﬁ

for any z € [a, b].
For a given x € (a,b), define the function g : [a,b] — [0,00) given by

If (@)= f(a)l, t€la 2]
g(t):=
lf @)= f@)I, te(z0]

We observe that g is of bounded variation on the intervals [a, z] and [z,b], g (a) =
g (b) = 0. Moreover,

b x b
l/g@ﬁ:/lﬂ@fﬂmﬁ+/fﬂ®fﬂmﬁ,

for any x € (a,b).
Since g is nonnegative, observe also that

L[gwmz

for any x € (a,b) .
Now, if we apply Theorem 1 for the function g (we should notice that the Theo-
rem 1 also holds if we assume the involved function is of bounded variation on the

/guwu—w—mg@wwx—@gw>
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portions [a, z] and [z, ]), then we get

(2.19) / g(t)dt—(b—2)g(b) — (z — a) g (a)
s/m (\/@) ar+ [ (\/@)) dt
<@-a\(9)+0-2\(©

Since

x t b b
/ \/(g)> dt+/ (\/(9)) dt
:va t t b b
=/ (\/(If—f(a)l)>dt+/ (\/(If() fl))
and

T b
=@—a)\/(f=F@)+0—2)\/(f©®) - f])

then we get from (2.18) and (2.19) the first two inequalities in (2.17).
For the last part, we observe that

Vir=r@h <V =\

and
b

b b
VAF®) =<\ Eo-n=\

for any x € (a,b).
The proof is complete. O

Corollary 5. Let f : [a,b] — C be a function of bounded variation on [a,b]. Then

fla)+f(b)
(2.20) di — =

(b—a)|

afb /¢ b b
</ (\/(Iff(a)l)> i | <\/(|f(b)f)> at

2

g;(ba)[\Q/ (1f - f(a +\/ (I (v ]
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The inequalities in (2.20) are sharp.

Proof. We must prove only the sharpness of the inequalities.
Consider the function of bounded variation f : [a,b] — R given by

1, t=a
f@):=< 0, te(ab)
1, t=0b.
Observe that
0, t=a
f@&) = f@l=1fb)-fE)=q L te(ad)
0, t¢t=hb.
Then
V- @ =1 te fa 5]
and

b
a+b
Varm-m=tre |*5.
t
Replacing these values in (2.20) and performing the calculations we obtain the same
quantity b—a in all terms. This proves the sharpness of all inequalities in (2.20). O

3. APPLICATIONS FOR SELFADJOINT OPERATORS

We denote by B(H) the Banach algebra of all bounded linear operators on
a complex Hilbert space (H;(-,-)). Let A € B(H) be selfadjoint and let ¢, be
defined for all A € R as follows
1, for —oc0<s <A,
Py (s) =
0, for A < s < +00.

Then for every A € R the operator
(3.1) Ex =95 (4)

is a projection which reduces A.

The properties of these projections are collected in the following fundamental
result concerning the spectral representation of bounded selfadjoint operators in
Hilbert spaces, see for instance [21, p. 256]:

Theorem 3 (Spectral Representation Theorem). Let A be a bounded selfadjoint
operator on the Hilbert space H and let m = min {\ |\ € Sp(A)} =: min Sp (A) and
M =max{A |\ € Sp(A)} =: max Sp(A). Then there exists a family of projections
{Ex} e, called the spectral family of A, with the following properties

a) Ex < Ey for A< \;

b) Epno0=0,FEy=1 and E)\J’_O = FE) fO?” all \ € R;

c) We have the representation

M
A= AdE)y.

m—0
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More generally, for every continuous complex-valued function ¢ defined on R
and for every € > 0 there exists a § > 0 such that

P(A) = > e (N) [Bx — Bx ]| <

k=1

whenever
M<m=X A <..<_1 <A\, =M,

Ak = Ap—1 <0 for 1 <k < n,

Ne € M1, M) for1<k<n
this means that

M
(3.2) o (A) = / o (\) dEh,

m—0

where the integral is of Riemann-Stieltjes type.

Corollary 6. With the assumptions of Theorem 8 for A, Ey) and ¢ we have the
representations

M
gp(A)x:/ (N dE\x for allz € H

m—0
and

M
(3.3) (p(A)z,y) = / . o (AN d{(Exz,y) forallx,ye€ H.
In particular,

M

(p(A)z,z) = © (AN d(Exz,z) forallxz € H.
m—0

Moreover, we have the equality
M
le@al* = [ le (P d|Esel? for allz € B,
-0

We need the following result that provides an upper bound for the total variation
of the function R 3 X\ — (E)z,y) € C on an interval [«, 8], see [16]. For the sake
of completeness, we give here a short proof.

Lemma 2. Let {Ex\},cg be the spectral family of the bounded selfadjoint operator
A. Then for any x,y € H and o < 3 we have the inequality

3 2

V (Bom )| < (85— B2 (8- By,

[e3%

(3.4)

B
where \/ (<E(_)x, y>) denotes the total variation of the function <E(_)33, y> on [, 5]

Proof. If P is a positive selfadjoint operator on H, i.e., (Pz,z) > 0 for any « € H,
then the following inequality is a generalization of the Schwarz inequality in H

(3.5) [(Pz,y)|* < (Pz,z) (Py.y),
for any z,y € H.
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Now, ifd:a =ty <t <..<tyh_1 <t, =/ is an arbitrary partition of the
interval [, 8], then we have by Schwarz’s inequality for positive operators (3.5)
that

B
(3.6) \ (Eoyz.y))
~ap{ e - 52
< Sl;p {HZ {< (Eti+1 - Eti) 337x>1/2 <(Eti+1 - Eti) y,y>1/2} } = B.

i=0
By the Cauchy-Bunyakovsky-Schwarz inequality for sequences of real numbers we
also have that

n—1

(3'7) ‘ |:<(Eti+1 - Eti) z, x>1/2 <(Eti+1 - Etz‘) Y, y>1/2]

1/2

n—1 1/2
[Z tig1 Eti) T, x> Zo tiv1 = ) yvy>‘|

= [((Bs — Bo) z,2)]"* [((Es — Eo)y, y)]"/*

for any x,y € H. Taking the supremum over d in (3.7) we get
B < [(Bs — o) z,)]'/* [((Bs — Ea) y.9)]'*

for any x,y € H which together with (3.6) produce the desired result (3.4). g

Remark 2. For a =m—¢c withe > 0 and 8 = M we get from (3.4) the inequality

M
(3.8) \ (Boz.) < (U = Bz, 2)"* (I = Ee) y,p)'/?

m—e&

for any x,y € H.
This implies, for any x,y € H, that

M

(3.9) V (Bozy) < lzlllyl,

m—0

m—0 m—e

M M
where \/ (<E(.)x,y>) denotes the limit limg_, o4 l\/ (<E(_)x,y>)] .

The following result holds:

Theorem 4. Let A be a bounded selfadjoint operator on the Hilbert space H
and let m = min{A |\ € Sp(4)} =: minSp(A) and M = max{A|A € Sp(A)}
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=:max Sp (A). If {Ex} cp is the spectral family of the bounded selfadjoint opera-
tor A, then for any v € [m, M| we have

(3.10) (A =vl)z,y)

< / (Eyz, 2)" (Eyy,y) "/ dt

m—0

M
+ / (T — B w,2)? (1 - ) y,w) 2 dt

< (v—m) (Byz,x)"? (Byy.y)"/*
+ (M =) (I = By a,2)" (I - E,)y,y)"*

N "
_§(M—m)—|— v—a;—

X |(Buw,a) P (Buy ) 4+ (1= By a,2) P (1 = Bu)y,y)' )

IN

1 a+bl]
SO0 —m)+ o~ 222\ a ]

IN

for any x,y € H.
In particular, we have

(3.11) ‘<(A m+M )my>‘

/ B, 2) 2 (B )2

m—0
M

(I = B)w,x)'? (I - E)y,y)'/ dt

+
\

m+M
2

1/2
(M m) |:<E'm.12»1w x,:c> <E'm.«gM y,y>

1
=3
()« (o

(M —m) [l |yl

1/2

+

l\D\»—t

for any x,y € H.

Proof. Utilising the representation in (3.3) we have

M
(A = oI) 2, )| = / (t —v)d (Erz,y)

m—0

for any v € [m, M] and for any z,y € H.
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For € > 0, by utilizing an argument similar to the one in Theorem 1 we have

M
/ (t— ) d{Byz.y)

m—e

[ it (\/ <Etx,y>>

a

<

v t M /M
< / ) (\/ <Etm7y)> dt+/ (\/ <Etac7y>> dt

for any v € [m, M| and for any z,y € H.
From Lemma 2 we have
t

/7:_6 (\/ (Eta?,y>> dt

S / <(Et - Emfe) z, $>1/2 <(Et - Emfa) Y, y>1/2 dt
m—e
and
M

/UM (\/ <Etm,y>> dt

t

M
< / (Ext — By, o) (Bar — By )2 dt

M
- / (I = Bz, (I - ) y,w) "2 dt

for any v € [m, M] and for any z,y € H.
Therefore,

(3.12) / (t—v)d(Ewx,y)

m—e
v

< (By = Bm_o)2,2)* (By — Bpp_2) y, )/ dt

m—eg

+f By (0 By

for any ¢ > 0, for any v € [m, M| and for any z,y € H.
Taking the limit over ¢ — 0+ and since F,,_g = 0, we get

M
(3.13) / (t —v)d{(Fz,y)

m—0

< / (Evz, 2)"2 (Eyy, )2 dt

m—0

M
+ / (T = By, 2y (T - B y,y) 2 dt

for any v € [m, M| and for any =,y € H, which proves the first inequality in (3.13).
The rest is easy to see and we omit the details. (Il
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