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INEQUALITIES FOR THE RIEMANN-STIELTJES INTEGRAL OF
S-DOMINATED INTEGRATORS WITH APPLICATIONS (II)

S.S. DRAGOMIR 2

ABSTRACT. Assume that u,v : [a,b] — R are monotonic nondecreasing on
the interval [a,b]. We say that the complex-valued function h : [a,b] — C is
S-dominated by the pair (u,v) if

Ih(y) = (@) < [u(y) —u@)]vy) o @)
for any =,y € [a,b].
In this paper we show amongst other that

b 2 b b
/f(t)g(t)dh(t) s/ |f<t)|2du(t>/ g (B do (1),

for any continuous functions f, g : [a,b] — C.

Applications for the trapezoidal inequality are given. New inequalities for
some Cebysev and (CBS)-type functionals are presented. Natural applications
for continuous functions of selfadjoint and unitary operators on Hilbert spaces
are provided as well.

1. INTRODUCTION

One of the most important properties of the Riemann-Stieltjes integral f; ft)dg(t)
is the fact that this integral exists if one of the function is of bounded variation while
the other is continuous. The following sharp inequality holds

b
(1.1) < max I\ (9),

€la,

b
/ £ () dg (1)

provided that f : [a,b] — C is continuous on [a,b] and g : [a,b] — C is of bounded
b

variation on this interval. Here \/ (g9) denotes the total variation of g on [a,b] .

a
When g is Lipschitzian with the constant L > 0, i.e.,
lg(t) —g(s)| < L[t — s

for any ¢, s € [a,b], then we have

b b
(1.2) / f(tydg ()] <L / f (o)) dt

for any Riemann integrable function f : [a,b] — C.
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Moreover, if the integrator g is monotonic nondecreasing on the interval [a, ]
and the integrand f : [a, b] — C is continuous, then we have the modulus inequality

/\f )| dg (¢

In order to provide other inequalities of this type, we introduced in [29] the following
class of functions.

Assume that u,v : [a,b] — R are monotonic nondecreasing on the interval [a, b] .
We say that the complex-valued function h : [a,b] — C is S-dominated by the pair

(u,v) if
(S) B (y) = h(@)]* < [u(y) —u(@)][v(y) —o (@)
for any z,y € [a,b].

We observe that by the monotonicity of the functions v and v and by the sym-
metry of the inequality (S) over  and y we can assume that (S) is satisfied only
for y > x with z,y € [a,}].

We can give numerous examples of such functions.

For instance, if we take f,g € Ls[a,b] the Hilbert space of all complex-valued
functions that are square-Lebesgue integrable and denote

/f £ dt, u /\f 2 dt and v (z /|g 2 dt,

then we observe that v and v are monotonic nondecreasing on [a, b] and by Cauchy-
Bunyakovsky-Schwarz integral inequality we have for any y > x with z,y € [a, ]

that
g/y|f<t>|2dt/y 9 (B dt
—u@)] o (y) — v ().

Now, for p,q > 0 if we consider f (¢) := P and ¢ (t) := t? for ¢t > 0, then

z 1
hy,q(x ::/ Pt = ———
pq (2) ) Pratl

(1.3) t)dg (t

|k (y) — t)dt

gptatl

and

z 1 z 1
u, () == tPdt = ——— 2P+ g (x ::/ 29t = —— g2t
»(7) /0 2p+1 (@) 0 29 +1

Taking into account the above comments we observe that the function hy,, is S-
dominated by the pair (up,v,) on any subinterval of [0, 00) .
In the recent paper [29] we proved the following result:

Theorem 1. Assume that u,v : [a,b] — R are monotonic nondecreasing on the
interval [a,b]. If h : [a,b] — C is S-dominated by the pair (u,v) and f : [a,b] — C
is a continuous function on [a,b], then the Riemann-Stieltjes integral ff f@)dnr(t)

ezists and
[ roaa /|f (o [ @lav e

As some simple applications of this result, we have [29]:

(1.4)
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Corollary 1. Assume that u,v : [a,b] — R are monotonic nondecreasing on the
interval [a,b]. If h : [a,b] — C is S-dominated by the pair (u,v), then

(1.5) W(b—a)—/abh(t)dt2
< l;(b—a)[u@)—u(a)]—/:sgn(ﬁ a;_b)u(t)dt]
><[;(b—a)[v(b)—v(a)]—/absgn(t—“jb) (t)dt]
<L o— 0 ut) - @b - o (@)

and

(1.6) h<a—;b> (b—a) /abh(t)dtz

/bsgn( a+b>u(t)dt/absgn(t—;_b)v(t)dt
< 10— 0 ()~ u(@)] o () v (a)].

For related results to the trapezoid inequality, see [11]-[15], [17]-[20], [24]-[25],
[30]-[33], [35], [41], [42], [44]-[46] and [54]-[56].

For related results to the midpoint inequality, see [1]-[11], [16]-[17], [21], [23],
[25]-[27], [32], [36]-[40], [43], [47]-[53] and [57]-[60].

Motivated by the above results, we establish in this paper a bound for the quan-

tity
b
[ twg@ane

in the case when f and g are continuous while the function of bounded variation h
is S-dominated by a pair of monotonic functions. Applications for the trapezoidal
type inequalities are given. New inequalities for some Cebysev and (CBS)-type
functionals are presented. Natural applications for continuous functions of selfad-
joint and unitary operators on Hilbert spaces are provided as well.

2. INEQUALITIES FOR S-DOMINATED FUNCTIONS

We have the following Cauchy-Bunyakovsky-Schwarz type inequality for the
Riemann-Stieltjes integral.

Theorem 2. Let f,g: [a,b] — C be continuous on [a,b]. If h: [a,b] — C is an S-
dominated function by the pair (u,v) which are monotonic nondecreasing on [a,b],
then for any continuos nonnegative function p : [a,b] — [0,00) we have

b 2 b , b )
/pfgdh S/ plf dU/ plgl” dv.

(2.1)




4 S.S. DRAGOMIR!:2

Proof. Since the Riemann-Stieltjes integral ff pfgdh exists, then for any sequence
of partitions
I g = tg”) < t§") << t,EL”_)l <t =p

with the norm

n)\ ._ (") (n)
v (I’(l )> T ie{or,r.l.%—u ( i+1 b ) =0
as m — 00, and for any intermediate points 52") [t("), tfi)l] €{0,...,n—1} we
have:
b
@2 |/ proan

(gr;iﬂoz]o(ﬁ(”)f(é(") g (&) [ (82) = (6]

)
tim Zp(é‘")\f( Mo (&) I (#252) = (7))
)

I A

(i)

< () @)l (6)

1/2 1/2
o (2) = (7)o (1) = (7))
= 1.
Utilising the weighted Cauchy-Bunyakovsky-Schwarz discrete inequality

" n 2 o, 1/2
> prarby < <Zpka%> (Zm@)
k=1 k=1 k=1

where pg, ag, b > 0 for k € {1,...,n}, we have

A

(1) =0

b 1/2 b 1/2
(/ p|f2dU> (/ pg|2dv> .

Making use of the inequalities (2.2) and (2.3) we deduce the desired result (2.1). O

r= i S o) () )
» ( OF Zp () o () |0 (e2) -+ @“”)\”T o
(S b))
(s B te-e]



INEQUALITIES FOR THE RIEMANN-STIELTJES INTEGRAL 5

Remark 1. From (2.1) we also have the dual inequality

b 2 b b
(24) [ etgan] < [“plolau [ plrfan
which together with (2.1) provide
b 2
@5 |/ pradn

b b b b
<mm{/ p|f|2du/ p|g|2dv7/ p|g|2du/ pf|2dv}~
a a a a

In particular we have
’ ’ 2 ’ 2
< [ olfPau [ pisfa

2
b
(2.6) max{ / pfdh
We also have the inequality
b 2 b b b b

/ pfdh| < mm{/ pdu/ p|f|2dv,/ pdv/ p|f|2du}

and in particular
b

/ fdh
<m1n{ ) —u( /\f| dv, v (b) — v ( /|f| du}

3. APPLICATIONS FOR THE TRAPEZOID INEQUALITY

b
plfI*dn

Y

(2.7)

(2.8)

In this section we provide some inequalities of trapezoid type by utilizing the
above inequalities (2.8) and (2.1).

Theorem 3. If f : [a,b] — C is an S-dominated function by the pair (u,v) that
are monotonic nondecreasing on [a,b], then

(3.1) “);f /f ) dt

< min {7 (u,v), I (v,u)}

< 3 0= 0 [u )~ w(@)] o () v (@),
where
(32)  L(w0)=[u(b) - u (o)
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6
Proof. Integrating by parts in the Riemann-Stieltjes integral, we have that

(3.3) f(a);—f(b)(ba)/abf(t)dt—/ab<ta;b>df(t).

Utilizing the inequality (2.8) we have

[ (-5)oo]

(3.4)

Integrating by parts in the Riemann-Stieltjes integral we have for v

(3.5) /ab (t—a;bydv(t)
S RCRTACE YR
:1(b—a)2[v(b)—v(a)]—2/ab (t—“+b>v(t)dt,

4

and a similar equation for u.
Utilizing (3.4) we deduce the first inequality (3.1).
By the Cebysev inequality for monotonic nondecreasing functions F, G that

! /bF(t)G(t)dtz bia/bF(t)dt-b_la/bG(t)dt

b—a

states that

we also have

! /ab <t—a;b>v(t)dt

b—a
1 b a+b 1 b
/a<t 5 >dt.b_a/au(t)dto

“b—a

and a similar inequality for u.
This proves the last part of the inequality (3.1).

We also have:
Theorem 4. Let f : [a,b] — C be a differentiable function on (a,b) and u,v
[a,b] — R be differentiable and convex on (a,b). If f’ is S-dominated by the pair



INEQUALITIES FOR THE RIEMANN-STIELTJES INTEGRAL 7

(u',v") which are monotonic nondecreasing on (a,b) , then

a b
(3.6) |W(h—a)—/ £ (t)dt

2

b
< V u(t)dt(ba)u(b)+;(ba)2u’(b)]

b
X U v(t)dt—(b—a)v(a)—2(b—a)20'(a)] .

Proof. Observe that for f’ of bounded variation, the following Riemann-Stieltjes
integral exists and integrating by parts twice we have

(3.7) / (t—a)(b—t)df (1

- (t—a)(b—t)f’(t)|2+2/b (t—a;b> £ () dt

b b
2l<ta;b>f(t) f/f(t)dt

b
2[f(a);f(b)(b—a)—/a f(t)dt]

giving the identity

a b b
(3.8) M(b—a)—/ f(t)dt:%/ (t—a)(b—1)df (1).

Utilising the inequality (2.1) we have

2

b b
(3.9) < / (t — a)>dut (1) / (b—12dv (1)

[ t-ae-vao

Integrating by parts, we have

b b b
/ (t—a)2du (t) = (t— a)*u (1) a—z/ (t—a)u (1) dt

b
— (b a)u (b) —2 [(t—a)u(tﬂi—/ u(t)dt]

b
= 2/ w(t)dt —2(b—a)u(b) + (b—a)’u' (b)
giving that

b b
(3.10) %/ (t—a)zdu’(t):/ u(t)dt—(b—a)u(b)—k%(b—a)zu’(b).
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We also have

b b b
/ (b= 12 dv' (1) = (b—1)*0' (1) a+2/ (b— )0 (1) dt

b
(b— )v(t)|‘;+/ v(t)dt]

b
:2/ (@) dt—2(b—a)v(a) — (b—a)’ v (a)

= (- )V (a) +2

giving that

b b
(3.11) %/ (b—t)zdv’(t):/ v(t)dt—(b—a)v(a)—%(b—a)%'(a).

Making use of (3.8)-(3.11) we deduce the desired inequality (3.6). O

4. APPLICATIONS FOR CEBYSEV AND (CBS)-TYPE FUNCTIONALS

We can employ the inequality (2.1) to obtain some inequalities for Cebysev and
(CBS)-type functionals as follows:

Theorem 5. Let f, g : [a,b] — C be continuous [a,b]. If h : [a,b] — C is an S-
dominated function by the pair (u,v) which are monotonic nondecreasing on [a,b],

with u (a) < wu(b), v(a) <v(b) and h(a) # h(b), then

2 _ [u(d) —u(a)[v(b) —v(a)l
4. C(f,g;h,u,v)|” < 5 C(f;u)C(g;v
(4.1) C(f.g )< h(b) — (@) (f;u)C(g;v)

where

(42)  C(f,g;:h,u v)

/fga”l+ wor s
ﬁ/ o
s L, <>/agdh
and

1 b 1 ' 2
(4.3) C(f;U)I_u(b)_u(a)/a | f] dU‘u(b)_u(a)/a fdu

Proof. From the inequality (2.1) we have

/“ (f_()itt(a)/bfdu>< _M/abgdv>dh
S/abf /fdu du/ QMLde”

(4.4)

dv.
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Observe that

an [ (f i [ fdu) ( W [ gdu) "
/fdh+ ; Z(a/fdu /bgdv
v(b)—v(a)/agdv/ Jah = —u(@) /fd“/ gah
— ) —h [ / fodh
/fdu /gdv
1

1 b
_v<b) ()/gd” h(b)—h(a)fafdh

T ul / fdu /bgdh

——[h(b) ;9 h u v)

U

ao [t /:fdu?d

/|f| du —_()/abfdu
[ /If\ du |()/:fdu

= [u(b) —u(a)] C(f;u)

and, similarly,

1) /ab A TOETIO) /: gav

Making use of (4.4)-(4.7) we deduce the desired result (4.1). O

2

|

dv = v (b) = v(a)] C (g3 ).

Theorem 6. Let f,g : [a,b] — C be continuous on [a,b]. If h : [a,b] — C is an
S-dominated function by the pair (u,v), which are monotonic nondecreasing on
[a,b], then

(4.8) IL(f,g:h)]* <

where
L(f,g:h): / fodh — / fdh / gdh,

[B(f;u)B(f;u,v)B(g;u, v)B(g; v)]"/?

DO =
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(4.9) B(f;u):= ) —u( / |f| du — (>0)

/ fdu
and

b
(4.10) B(fru,0) = o (B) — v /\f| du + [u —u(a)]/ [ dv

—2Re (/ﬂ fdu/a fdv) (>0).

Proof. Utilising the inequality (2.1) we have

b
(4.11) / (f (=) = f(y) (g (x) — g (y)) dh (y)

(/ @)~ f )P duly ) (/ 9(2) — 9 () do >>1/2

for any z € [a,}].
We know that for any continuous function ¢ : [a,b] — C we have the inequality

(see 1.4)
/ﬁ )dh (x /|£ )| du (z /|€ )| dv (z

By this inequality we have

/ ( / (f (@) — f ) (9 () — g () dh <y>> dh ()

g/ ( )dum
b

x/ < )dv(m)
b b 1/2

g/ (/ |f<x>—f<y>|2du<y>>
, 1/2

x ( / 19(2) — g (v dv <y>> du (z)
b b 1/2

/ (/ |f<x>—f<y>|2du<y>>

1/2

b
x ( / l9() — g ()2 dv <y>> do (z)

= J,

(4.12)

2
(4.13)

/ (f (@) — ) (9 (@) — g (4)) dh (1)

b
[ G@- 1)@ -sw)dnw)

where for the last part we used (4.11).
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Further, by the Cauchy-Bunyakovsky-Schwarz inequality for the Riemann-Stieltjes
integral of monotonic nondecreasing integrators we have for u

/(/ | (@) = F () du (y ) (/ g (x) = g (y)|* do ( ))mdu(x)
V (/ |f (z y)|* du ( )) du(x)]m
U (/ lg (= y)|? dv ( ))du(m)]

and a similar inequality for v.
Then

(4.14) J < Vab

X
T
—
o
TN N TN/
o
o
o
S
S~—
\
Q
S
S~—
T
QU
4
—
s
~
QU
N
—
&
=
—
~
(V)

Since
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/(/ i du<>>dv<x> |

— o (b) — o /If\dU+ ) —u(@)] [ 1P dv

_ 3R (L fa [ fdv> a

= B(f;u,v)

and
b b
/ ( |g<x>g<y>|2dv<y>> o (2)
b b 2
—2|[0®) - v@] [ lodo-| [ gav
2B(g;v)
Moreover,
b [ b
/ ( [ 0@ =) ee-gw)a <y>> h (z)
b b b
=2 a))/ fgdh—/ fdh/ gdh]
=2L(f,g;h).
Making use of (4.13) and (4.14) we deduce the desired result (4.8). O

5. APPLICATIONS FOR SELFADJOINT OPERATORS

We denote by B (H) the Banach algebra of all bounded linear operators on
a complex Hilbert space (H;(-,-)). Let A € B(H) be selfadjoint and let ¢, be
defined for all A € R as follows
1, for —oo < s <A,
px(s) =
0, for A < s < 4o0.
Then for every A € R the operator

(5.1) Ey =95 (4)
is a projection which reduces A.

The properties of these projections are collected in the following fundamental
result concerning the spectral representation of bounded selfadjoint operators in
Hilbert spaces, see for instance [34, p. 256]:

Let A be a bonded selfadjoint operator on the Hilbert space H and let m =
min {\ |\ € Sp(A)} =: min Sp(A) and M = max{\ |\ € Sp(A)} =: maxSp(A).
Then there exists a family of projections {Ex}, g, called the spectral family of A,
with the following properties:

a) Ex < Ey for A < \;
b) En—0=0,Ey =1 and Ej\yg = E) for all A € R;
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We have the representation

(5.2) A:/M AdEy.

m—0
More generally, for every continuous complex-valued function ¢ defined on R
and for every ¢ > 0 there exists a ¢ > 0 such that

(5.3) 0 (A) =Y 0 (M) [Bx. — Bx_ ]| <
k=1
whenever
M<m=X A <..<_1 <A\, =M,
(54) )\k - )\k,1 S 6 for 1 S k S n,

e € M1, M) for 1<k <n
this means that
M
(5.5) o= [ sydEy,
m—0

where the integral is of Riemann-Stieltjes type.
With the above assumptions for A, 'y and ¢ we have the representations

M
(5.6) o(A)z = / o (N dExe forall z € H
m—0
and
M
(5.7) (p(A)z,y) = / © (AN d(Exz,y) forall x,y € H.
m—0
In particular,
M
(5.8) (p(A)x,z) = / e (AN d(Eyz,z) forall z € H.
m—0
Moreover, we have the equality
M
(5.9) o (A) z|* = / lo AV)? d || Exa|]® for all z € H.
-0

Utilising Theorem 2 we can prove easily the following Schwarz type inequality:

Proposition 1. Let A be a bonded selfadjoint operator on the Hilbert space H
and let m = min{A |\ € Sp(4)} =: minSp(A) and M = max{A|\ € Sp(A)}
=:maxSp(A). If f,g : R — C are continuous functions on [m, M|, then we have
the inequality

(5.10) (F g @yl < (If WP zz) (g (AP y.y)
for any x,y € H.

Proof. Let ¢ > 0 and for fixed x,y € H define the functions h,u,v : [m —e, M] — C
given by

h(t) := (Ewz,y), u(t) = (Bx,z) and v (t) := (Ey,y)
where {E)},p is the spectral family of the bounded selfadjoint operator A.
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For t,s € [m — e, M] with ¢t > s by utilizing the Schwarz inequality for nonneg-
ative operators P
2
[(Pz,y)|” < (Px,z) (Py,y),

we have
() =R ()" = [(B:—Eo)z,y)|* < (B — By)a,x) (B — Es) y,y)
= (u(®)—u(s)(wE)—v(s)),
which shows that h is S-dominated by the monotonic nondecreasing functions (u, v)
on [m—e, M].
Applying Theorem 2 for f, g, h, u and v on [m — &, M| we have

M 2

(5.11) fF®)g(t)d((Ee,y))

m—e

M M
< / F O d(Er, ) / 9 (O d (B, u))

m—e m—e

for any z,y € H.
Letting € — 0+ in (5.11) and utilizing the representation of continuous functions
of selfadjoint operators, we deduce the desired result (5.10). (]

Remark 2. The above inequality can be also proved by using the Schwarz inequality
[, 0)* < (u,u) (v, v)

foru= f(U)x andv = g (U)y and utilizing the properties of continuous functional
calculus. The details are omitted.

For the continuous functions f,g : R — C and the selfadjoint operator A define
the functionals

(5.12) C(fg42,9)
x Yy
I g () - LI (g
and
(5.13) C(f:a2) = (If (A)f ) - W)ﬁ”” 0,

where x,y € H and x,y # 0.

Proposition 2. Let A be a bonded selfadjoint operator on the Hilbert space H
and let m = min{\ |\ € Sp(A)} =: minSp(A) and M = max{A | € Sp(4)}
=: max Sp (A4). Assume that f,g: R — C are continuous on [m,M]. Then for any
x,y € H with x,y # 0, we have

(5.14) O (f,9: A2, y)|* < C(f: A,2) C (g5 Ay) .

The proof follows by Theorem 5 by a similar argument to the one from Propo-
sition 1 and we omit the details.
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Now we can define for the continuous functions f, g : [a,b] — C and the selfad-
joint operator A the following functionals as well:

(G.15)  L(f,9:4 z,y) = (x,y) (f (A) g (A) z,y) — {f (A) z,9) (g (A) z,9) ,

(5.16) B(f;@) i= lle* (1f ()P w,2) = [f (A) &, ) (> 0)
and
(517 B(fiwy) = Iyl (IF APz ) + el (If (P yy)

—2Re ((f (A) z,2) ([ (A) y,9)) (= 0),

for any z,y € H.
Utilising Theorem 5 we can state the following result as well:

Proposition 3. Let A be a bonded selfadjoint operator on the Hilbert space H
and let m = min{A |\ € Sp(4)} =: minSp(A) and M = max{A|\A € Sp(4)}
=: max Sp (4). Assume that f,g: R — C are continuous on [m,M]. Then for any
z,ye H

(5.18) \L(f,9: A,z,9)° < 5 [B(f;2)B(f;2,y)B(g; 2,y)B(g; y)] -

N | =

6. APPLICATIONS FOR UNITARY OPERATORS

Let (H,(-,-)) be a complex Hilbert space. We recall that the bounded linear
operator U : H — H on the Hilbert space H is unitary iff U* = U~ 1.

It is well known that (see for instance [34, p. 275-p. 276]), if U is a unitary
operator, then there exists a family of projections {E/\}Ae[ogrr]v called the spectral
family of U with the following properties:

a) Ex < E, for 0 < X< pu<2m
b) Ey =0 and Ea, = 1y (the identity operator on H);
¢) Exio=FE) for 0 <\ < 2m;
d) U= fo% e dFE) where the integral is of Riemann-Stieltjes type.

Moreover, if {F)\} Ae[0,27] is a family of projections satisfying the requirements
a)-d) above for the operator U, then F = Ej for all A € [0, 27].

Also, for every continuous complex-valued function f : C(0,1) — C on the
complex unit circle C (0,1), we have

27
(6.1) Fwy= [ reap,

where the integral is taken in the Riemann-Stieltjes sense.
In particular, we have the equalities

(6.2) fU)x= /0 i f (ei’\) dEyz,
(6.3) <ﬂmaw:4”fwww&am
and

2

(6.4) \vme=A 17 (N d | Ere]?,
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for any z,y € H.

Proposition 4. Let U be a unitary operator on the Hilbert space H. Then for every
continuous complex-valued functions f,g : C(0,1) — C on the complex unit circle
C(0,1), we have

(6.5) (F W) g @),y < (If W) a,2) (g ()P yy)
for any x,y € H.

Proof. Let {Ex}, c[0,2] De the spectral family of the unitary operator U. For fixed
x,y € H define the functions h,u, v : [0,27] — C given by

h(t) := (Ewz,y), u(t) = (Fwx,z) and v (t) := (Fy,y) .

For t,s € [0,2x] with ¢ > s by utilizing the Schwarz inequality for nonnegative

operators P
(Pz,y)|” < (Pz,x) (Py,y),
we have
() =h(s)F = (B = E)a,p)* < (B — By)w,x) (B — Eo) y,y)

(u(t) —u(s)) (v(t)—v(s)),
which shows that h is S-dominated by the monotonic nondecreasing functions (u, v)
on [0, 27] .

Applying Theorem 2 for f (ei') , h, uw and v on [0, 27| we have

2

27
/0 I (€ g () d (B, y))

27 ) 27 )
< / 1 ()] d (B, z)) / 19 ()2 d (B, v))

for any z,y € H.
Utilising the representation of continuous functions of unitary operators, we
deduce the desired result (6.5). O

Remark 3. The interested reader may state some inequalities for functions of
unitary operators that are similar to those incorporated in Proposition 2 and 3.
The details are however omitted.
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