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INEQUALITIES FOR THE RIEMANN-STIELTJES INTEGRAL OF
UNDER THE CHORD FUNCTIONS WITH APPLICATIONS

S.S. DRAGOMIR!:2

ABSTRACT. We say that the function f : [a,b] — R is under the chord if

ORI EFIURN

for any ¢t € [a,b].
In this paper we proved amongst other that

b _ a b
/{Lu(t)df(t)z%/a u (t) dt

provided that w : [a,b] — R is monotonic nondecreasing and f : [a,b] — R is
continuous and under the chord.

Some particular cases for the weighted integrals in connection with the Fejér
inequalities are provided. Applications for continuous functions of selfadjoint
operators on Hilbert spaces are also given.

1. INTRODUCTION

The following inequality holds for any convex function f defined on R

(1.1) (b—a)f (a+b> /f Yz < ( )f()—;f()’

a,b € R, a < b. It was firstly discovered by Ch. Hermite in 1881 in the journal
Mathesis (see [21]). But this result was nowhere mentioned in the mathematical
literature and was not widely known as Hermite’s result [24].

E. F. Beckenbach, a leading expert on the history and the theory of convex
functions, wrote that this inequality was proven by J. Hadamard in 1893 [2]. In
1974, D. S. Mitrinovi¢ found Hermite’s note in Mathesis [21]. Since (1.1) was
known as Hadamard’s inequality, the inequality is now commonly referred as the
Hermite-Hadamard inequality [24].

For related results, see for instance the research papers [1], [3]-[14], [16], [18],
[19], [23], [22], [25], [26], [27], the monograph online [13] and the references therein.

In 1906, Fejér, while studying trigonometric polynomials, obtained inequalities
which generalize that of Hermite & Hadamard:

Theorem 1. Consider the integral fab h(x)w (x) dz, where h is a convex function
in the interval (a,b) and w is a positive function in the same interval such that

wla+t)=wbd-t), 0<t< - (bfa)
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2 S.S. DRAGOMIR!*?
i.e., y =w(x) is a symmetric curve with respect to the straight line which contains

the point (% (a+ b),O) and is normal to the x—azis. Under those conditions the
following inequalities are valid:

(1.2) h(“;rb> /abw(m)dx</abh(ac)w(x)dx<h(a)_;h(b)/abw(x)dx.

If h is concave on (a,b), then the inequalities reverse in (1.2).

Clearly, for w (z) =1 on [a, b] we get 1.1.
Motivated by these classical results and their impact in the literature, it is natural
to ask when inequalities for the Riemann-Stieltjes integral of the following types

(13) () b - ulw) S/abf(t)dU(t)

and

b a
(1.4) / F () du(t) < [u(b) — u(a)] w
hold.

In order to address this question, we have introduced in this paper the concept
of under the chord function on a closed interval [a, b] , which generalizes the concept
of convex function on [a,b] and established some fundamental inequalities for the
Riemann-Stieltjes integral for various classes of integrands and integrators. Some
particular cases for the weighted integrals in connection with the Fejér inequalities
are provided. Applications for continuous functions of selfadjoint operators on
Hilbert spaces are also given.

2. SOME CLASSES OF REAL FUNCTIONS

We can introduce the following concept generalizing the notion of convex func-
tion.

Definition 1. We say that the function f : [a,b] — R is under the chord if

(2.1) (b—t)f (agj ((zt —a) f(b)

for any t € [a,b]. For simplicity, we denote this by f € Ucp [a,b].

> f(t)

It is easy to see that if f,g € Ucp [a,b] and «, 8 > 0 then also af + fg €
Uch [a,b] which shows that Ucp, [a,b] is a convex cone in the linear space of all
real-valued functions defined on [a,b]. Also, if f, — f uniformly on [a,b] and
fn € Uch [a,b] then also f € Ucy, [a, b] showing that Uey, [a, b] is also closed in the
uniform convergence topology.

Definition 2. We say that the Lebesgue integrable function f : [a,b] — R is sub-
trapezoidal if

(2.2) M(b—a)z / Ft)dt.

We denote this by f € Tou [a,b].



INEQUALITIES FOR THE RIEMANN-STIELTJES INTEGRAL 3

As above, we observe that Tgup [a,b] is a closed convex cone in the uniform
convergence topology of the space of all Lebesgue integrable functions defined on
[a,b] denoted, as usual, by L [a,b].

As in the case of convex-concave functions, we can say that f is above the chord
if —f € Uep [a,b], and f is super-trapezoidal if —f € Tgyp [a,b] . Moreover, we say
that f is trapezoidal if f and —f € Tgyp [a,b], i

23 £+ 0), /f

We denote this by f € 7 [a,b]. We observe that 7 [a,b] is a closed linear subspace
of L [a,b] with the uniform convergence topology.

If we denote by C, [a, b] the closed convex cone of all convex functions defined on
[a,b], then we can state the following result:

Proposition 1. We have the strict inclusions

(2.4) Cyla,b] S Ucn [a,0) N L]a,b] G Tsuy [a, D] -

Proof. If f is convex on [a,b] then for any A € [0,1] and x,y € [a,b] we have
(2.5) M @)+ (=N 1) > Qe+ (1-Ny).

2=t 'z = a and y = b then by (2.5) we have

b—
(b t)f(aztc(lt—a)f()_f< —t +z:3.b>:f(t>

for any t € [a,b], which shows that f € Ucy, [a,b]. The fact that f is integrable on
[a, b] is well known.
Now, if we take

If we chose \ =

f() : [0,27’(] — R, f() (t) = COSt,

then we observe that fo € Ucy [0,27] N L[a,b] but fy is not convex on the whole
interval [0, 27] .
Now, if f € Ucn [a,b] N L [a, b], then by integrating (2.1) we have

/ab(bt)f(a[zjita dt>/f

and since

b — a —a a
[l eal®), J@rio,

we get that f € Tgup [a,b].
Consider the function

f1:]0,27] = R, f1 (t) =sint

then we observe that f1 € 7 [0, 27| and a fortiori fi1 € Tgu[0,27], but it is easy
to see that f; is not under the chord on the interval [0, 27]. O

Proposition 2. For a function f : [a,b] — R, the following statements are equiv-
alent:

(i) f € Ucn [a, b} ;
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(ii) We have the inequality

FO) - f@) , ft) = f(a)

(2:6) b—t t—a

for any t € (a,b).
Proof. We observe that, for t € (a,b) we have
(

(b-t)fla)+(t—a)f(b) _

b—a
_=)[f(a) = F®]+(E—a)[f ()~ f @)
b—a
_(b-t)(t—a) {f(b)—f(t) B f(t)—f(a)]
b—a b—t t—a ’
which proves the desired result. O

Corollary 1. Let w : [a,b] — R be a Lebesgue integrable function. Define f :
[a,0] = R by f(t) = f;w (s)ds. Then f € Uch [a,b] if and only if

(2.7) bl_t/tbw@)dsz tfa/atms)ds

for any t € (a,b).

Definition 3. We say that the function f : [a,b] — R is symmetric (or anti-
symmetric) on the interval [a, b] if

f&)=fla+b—t)(or—f(a+b—1))
for any t € [a,b]. We denote this by f € Sy[a,b] (or f € As[a,b]).
The following result holds:
Proposition 3. We have the strict inclusion:
(2.8) Asla,b]N La,b] G T [a,b].

Proof. If f € Asla,b] N L]a,b] then obviously f(a) = —f (b) and f it
and the equality (2.3) is trivially satisfied.
Now, if we consider the function fy : [-27, 27] — R defined by

{ 0 ifte[-2m0)

sint if ¢t € (0,27,

fot) =

then we observe that fo € 7 [—27,2x] but fy is not anti-symmetric on [—27, 27].
(]

Proposition 4. Let w : [a,b] — R be a Lebesgue integrable function. Define
filab >R by

(2.9) f@—/:w(s)ds;/abw@)ds—;(/:w(s)ds/tbw@)ds).

Ifwe Sy la,b] then f € Ala,b)].
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Proof. Let t € [a,b]. We have by the definition of f that
(L+b—t 1 b
(2.10) f(a—l—b—t)z/ w(s)ds—§/ w(s)ds.
a a
If we make the change of variable u = a + b — s, then we have
a+b—t t b
(2.11) / w(s)ds:—/w(a+b—u)du:/w(a—l—b—u)du.
a b t
Since w € Sy [a, b] then
b b
(2.12) /w(a—l—b—u)du:/w(u)du
t t

for any ¢ € [a,b].
On making use of (2.10)-(2.12) we have

f(a+bt)/tbw(u)du;/abw(s)ds

b t
_;</t w(s)ds/aw(s)d5>—f(t)
for any t € [a,b].

The proof is complete. O
The following result also holds:
Proposition 5. Let w : [a,b] — R be a Lebesgue integrable function. Define
fila,b] = R by

t
(2.13) f@)= / w(s)ds.
The following statements are equivalent:

(i) f(or —f) € Tsup [a,0];
(ii) We have the inequality:

b b
b
(2.14) / tw () dt > (or g)%/ w (¢) dt.
Proof. Utilising the integration by parts for the Riemann integral we have:
S () + f(a) /
t)d
: 7
:§(b—a/ /(/w )dt

[ /tw —/abtw(t)dt]
:%(b—a) K/bw ) /abtw(t)dtl
:/abtw(t)dt—a;rb/a w (t) dt,

which proves the desired statement. (I
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Remark 1. We observe that by Proposition 5 we have f € T [a,b], where [ is
defined by (2.13), if and only if

(2.15) /btw (t)dt = “;b/bw(t) dt.

We denote in the following the closed convex cone of monotonic nondecreasing
functions defined on [a,b] by M~ [a,b] and by C [a,b] the Banach space of contin-
uous functions on the interval [a, b] .

We have the following result:

Corollary 2. Ifw (or —w) € M~ [a,b], then the function f (—f) defined by (2.13)
belongs to Tgup [a, b).

Proof. We use the Cebysev inequality that state that
1 b 1 b 1 b
FOG@)dt > (<) —— F(t)dt G (t)dt
= [ Foctas = [ Foa— [cw
provided F' and G have the same (opposite) monotonicity on [a, b] .
Writing this inequality for F'(t) = ¢t and G (¢t) = w (t) we obtain the desired
result. (]

Definition 4. We say that the Lebesgue integrable function f : [a,b] — R is of
sub(supper)-midpoint type if

(2.16) /ff(t)dtz(s)f(“;b) (b—a).

We denote this by f € Mgub(sup) [a,b] -
Moreover, we say that f is of midpoint type if f € Mgyp [a,b] N Mgyp [a,b], ie.

(2.17) /abf(t)dt:f<a;rb> (b—a).

We denote this by f € M [a,b]. We observe that if f € A [a,b] then obviously
f € Mila,b] and there are functions which are of midpoint type but not anti-
symmetric. Indeed, if we consider the function fy : [—27,27] — R defined by

0 ifte[-2m 0]

fo(t) =
sint if ¢ € (0, 27],

then we observe that fo € M [—2m,27] but fy is not anti-symmetric on [—2m, 27].
It is obvious that Mgy [a,b] is a closed convex cone and it contains strictly the
convex cone of convex functions defined on [a, b], i.e.

Cy [a,b] & Mgup [a,b].

Proposition 6. Let w : [a,b] — R be a Lebesgue integrable function. Define
fila, 0] = R by

t
f@= / w(s)ds.
The following statements are equivalent:

(i) flor —f) € Msup[a,b];
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(ii) We have the inequality:

a+b

(2.18) /abtw (£)dt < (or Z)a/ " w(s) ds—i—b/ibw(s) ds.

a

Proof. Utilising the integration by parts for the Riemann integral we have:

rwd-7(*57)0-a)

b

s~

a—/abtw(t)dlt] —(b—a)/a ’ w (t) dt

a+b

/abw(s)ds>b—/abtw(t)dt—(b—a)/a () dt

a;—b b b a-zf—b
:b/ w(s)ds—i—b/ w(s)ds—/tw(t)dt—(b—a)/ w(t) dt
a a;rb a a
a;—b b b
:a/ w(s)ds—i—b[jﬂw(s)ds—/tw(t)dt,
a T a
which proves the desired result. O

3. TRAPEZOIDAL INEQUALITIES FOR THE RIEMANN-STIELTJES INTEGRAL

We have the following result for the Riemann-Stieltjes integral.

Theorem 2. Let f € Cla,b] NUcy [a,b] and u € M~ [a,b]. Then we have the
inequality

31 ) [u (b) - % w(t) dt

a

+f(a) lbla/ u(t)dt—u(a)]

a
or, equivalently, the inequality

b ~ () [P
(3.2) / u(t)df(t)zw / u(t) dt.

Proof. Since f € Cla,b] and u € M~ [a,b], then the Riemann-Stieltjes integral

f; f(t) du (t) exists and integrating (2.1) over the monotonic nondecreasing inte-
grator u we have

b _ a —a b
(33) e U dorns
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Integrating by parts in the Riemann-Stieltjes integral we have

b — a —a
g [LEI@E0I0),,

— a —Qa — a b
Y U LCES (0 e
= 0t - f @@ - L0 g

b
— F ) [u(b)—b_la/ w(t) dt

b
+f(a) lb_la/ u(t)dt—u(a)} .

Utilising the inequality (3.3) and the last equality in (3.4) we deduce (3.1).
Integrating by parts in the Riemann-Stieltjes integral we also have

b

b
(3-5) /f(t)dU(t)=f(b)U(b)—f(a)U(a)—/ u (t)df (t).

a

Making use of the inequality (3.3), the second equality in (3.4) and the equality
(3.5) we deduce the desired result (3.2). O

In the particular case when f is continuous convex on the interval [a, b] we have:

Corollary 3. Let f € Cla,b] N Cyla,b] and u € M~ [a,b]. Then we have the
inequality (3.1) and the inequality (3.2).

Remark 2. The inequality (3.1) for differentiable convex functions was proved
in a different way by P. R. Mercer in 2008, see [20]. Without differentiability
assumption for the convex function f the inequality (3.1) was also proved in [14].
We have shown in here that the inequality (3.1) can be naturally extended to the
class of under the chord continuous functions, which is a lot larger than the class
of convex functions on a given interval [a, b].

We also observe that the inequality (3.2) for the case of continuous convex func-
tions was first obtained in 2004 by the author [8] (see also [10]).

The case when the function u is of trapezoidal type provides the following result:

Corollary 4. Let f € C[a,b]NUcy, [a,b] and uw € M7 [a,b]NT [a,b] . Then we have
the inequality

b
(36) LOZLD ) - il > [ s 0w

or, equivalently, the inequality

b
U
(37) [ewaro =" ) - s,
The proof is obvious by Theorem 2 on using the equality

u(a);u(b)(ba)_/abu(t)dt.
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Remark 3. We observe that the inequalities (3.6) and (3.7) hold for continuous
convex functions f provided u € M~ [a,b)NT [a,b], which produce a generalization
of the Hermite-Hadamard inequality for convez function, namely

f )+ f(a)
: / L
that is obtained from (3.6) when we take u (t) =

The weighted case is as follows:

Corollary 5. Let f € Cla,b]NUch [a,b], w € Sy [a,b]N L [a,b] and w > 0 on [a,b].
Then we have the extension of Fejér inequality

. IOL1@ [y [ 5

Proof. Consider the function u : [a,b] — R defined by

u(t) :—/:w<s>ds—;/abw<s>ds.

We observe that u € M~ [a,b] and since w € S, [a,b], then by Proposition 4 we
deduce that v € A [a, b].

Applying the inequality (3.6) of Corollary 4 we deduce the desired result (3.8).

(]

Remark 4. We observe that for the particular case of f convex function we recap-
ture from (3.8) the classical Féjer inequality [15] (see also [13]).

We observe that, by (3.1) for u = v, we can state the following equivalent in-
equality that is of interest for trapezoid type results:

Proposition 7. Let f € C[a,b] NUch [a,b] and v € M~ [a,b]. Then we have the
inequality

(3.9) F®)+£( '

Remark 5. We observe that in the case when v € M~ [a,b]NT [a,b] or if f (b) =
f(a), then (8.9) reduces to (3.6). However, the inequality (3.9) can be also used to
provide other sufficient conditions for the inequality (3.6) to hold, as follows.

Corollary 6. Let f € Cla,b] NUch [a,b] and v € M~ [a,b]. If either
(i) f(b)> f(a) and —v € Tgyp|a, b

(i) f(b) < f(a) and v € Tgyup [a,b],
then

a b
(3.10) LOIO ) - v @) [ rwav

The inequality (3.10) obviously holds if f is convex and v is as in Corollary 6.
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Remark 6. Let f € Cla,b]NUch [a,b] and w : [a,b] — R be a Lebesgue integrable
function on [a,b]. If either

(i) f(b) > f(a) and

b a b
(3.11) /utw(t)dtg ;rb/ w(t) dt:
(i) J(8) < f (@) and
b a b
(3.12) / tw (t) dt > ;Lb / w () dt:
then
(3.13) W/bw(t)dtz/bw(t)f(t)dt.

We observe that (8.11) holds if the function w € M [a,b], the closed convex
cone of monotonic nonincreasing functions on [a,b]. Also, the condition (3.12) is
valid if w € M~ [a,b].

The following dual result also holds:

Theorem 3. Let v € Cla,b] NUc [a,b] and g € M [a,b]. Then we have the
inequality

a b
(3.14) PO ) - oo - [ o0an
—v(a a b
, 20 -vle) g @ +s®) (ZHL)*/ g@)dt] |
The proof is obvious from (3.2) on choosing © = —g and f = v, namely
b —o(a) [P
/a g(t)dv(t)éiv(b;_a( )/a g (t)dt.

The inequality (3.14) can be however used to obtain other sufficient conditions
for the inequality (3.10) to hold.

Corollary 7. Let v € C[a,b] NUcy [a,b] and g € M [a,b]. If either
(i) g €7 la,b] orv(b)=v(a),

(i) v (b) >wv(a) and g € Tguy [a,b],
(i1i) v (b) < v (a) and —g € Tgup [a, D]
then
b
(3.15) T ) - o) 2 [Cg@avto).

The following connection with the Féjer inequality can be established.
Remark 7. Let w : [a,b] — R be a Lebesgue integrable function on [a,b] and such
that

b t
(3.16) %/t w(s)dszt_la/ w(s)ds
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for any t € (a,b). If f;w (s)ds >0 and g € M [a,b] N Tgup [a,b] , then

b b
(3.17) M / w(t)dt > / w(t) g (t) dt.

4. MIDPOINT INEQUALITIES FOR THE RIEMANN-STIELTJES INTEGRAL

The following result holds:

Theorem 4. Let f € C[a,b|NUch, [a, “7%] NUcH [%H’, a] and w € M~ [a,b]. Then
we have the inequality

(4.1) /abf(t) du (t) — [u(b) —u(a)] f (a§b>

<|f(57) - @) [u(co—bfa/a
+ [f(b)_f(a—;bﬂ [u(b)_ bQG/;u@)dt].

Proof. Utilising the integration by parts on the Riemann-Stieltjes integral we have

a+b
2

u (t) dt]

atb
3 b

(12) [ e@-u@a o+ [ o -ueldo

a+
a 2

_ [u (“;b) u(a)} f<“;b> /aaQbf(t)du(t)

+ {u(b)—u(a;b)]f(a;b) - a;f(t)du(t)

— o -v@is (50) - [ romo.
Consider the function g : [a,b] — R defined by

{ u(t)—ula), te€a, ]

u(t)—u(®d), te(a,4].

g(t) =

Then (4.2) can be written as

4w - () - [ romo= [ soao.
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Since f € Cla,b)NUcy [a, L] NUch [“52,a] and u € M7 [a, “E2]NM7 [452 b]
then we have from (3.2) that

(1.4) [ wo-u@d
at+b\ _ a aTer

zW/ [u(t) — u(a)] dt

_ {f (a—2|—b> _f(a)] lbfa/GQU(t)dt—u(a)]
and

b
(4.5 [ o -uwiare
_ a+b b
> TOZTCE) [ )~ wwa

[ (2] [s22 [ oo

Adding (4.4) and (4.5) and utilizing (4.3) we deduce the desired inequality (4.1). O

Corollary 8. Let f € Ca,b] NUch, [a, ‘ZTH’] NUcH [a;b,a} and w : [a,b] — R be a

nonnegative Lebesque integrable function on [a,b]. Then we have the inequality

(16) /fmww—f(“;b)/jww
) el o234
+ [f(b)—f(a;bﬂ lbfa/; <t—a;b>w(t)dt].

Proof. 1t follows by (4.1) for u (t) := f(j w (s) ds and observing that

a+b
2

u(a)fbfa/ u (t) dt

a+b

it ()
szfa ((/(ltw(s)d5>tf/aa;bw(t)tdt)
:_bfa ((/acﬁbw(s)ds> “;b—/aa;bw(t)tda

atb

:bfa/aTwa) (t—a;b)dt
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and
u(b)bfa/:b (1) dt
[t [ ([ wow)
= [won- 2, (([w@ds)f; —/a;tw@)dt)
B S
([ (7 )
However -
(/:wcs)ds)b— (/w< >ds> a;b-@tw<t>dt
(oo
- (/fbms)ds) a;b-k’;m@dt
-be (Aa;bw<s>ds> +/ (b—t)w(t)dt
and then

2 b a+b
= - t
b—a/a;b <t 5 >w()dt,

which proves the desired inequality (4.6). |
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Proposition 8. Let u € C[a,b] NUcy [a,b] and f € M~ [a,b]. Then we have the
inequality

(@7) [ 10w -7 (“50) wo) v

> v ule) Uabf@)dt—f(“;b) (b—a)].

The proof is obvious from (3.2) and the details are omitted.

Corollary 9. Let u € C[a,b] NUcy [a,b] and f € M7 [a,b]. If either
(i) feMla,b] oru(d) =u(a),

(i) w(b) >wu(a) and f € Mgyp[a,b],
(111) uw (b) < u(a) and f € Mgy [a,b]
then
b a
(1.8 [ 1@ = (“50 ) o - ).

Remark 8. Let w : [a,b] — R be a Lebesgue integrable function on [a,b] and such
that

b t
1 w(s)ds > 1 /w(s)ds

b—1t J, t—a
for any t € (a,b) and f € M~ [a,b]. If either
(i) f€ Mla,b orf(fw(s)ds:o,

or
(i1) f;w (s)ds >0 and f € Mgy [a,b],

or
(iii) f;w (s)ds <0 and f € Mgy |a,b]
then

(49) /abfu)w(t)dtzf(“;b) /:w<t>dt.

5. APPLICATIONS FOR FUNCTIONS OF SELFADJOINT OPERATORS

We denote by B(H) the Banach algebra of all bounded linear operators on
a complex Hilbert space (H;(-,-)). Let A € B(H) be selfadjoint and let ¢, be
defined for all A € R as follows
1, for —oo < s <A,
px(s) =
0, for A < s < 4o0.

Then for every A € R the operator
(5.1) Ey =, (4)
is a projection which reduces A.
The properties of these projections are collected in the following fundamental

result concerning the spectral representation of bounded selfadjoint operators in
Hilbert spaces, see for instance [17, p. 256]:



INEQUALITIES FOR THE RIEMANN-STIELTJES INTEGRAL 15

Theorem 5 (Spectral Representation Theorem). Let A be a bounded selfadjoint
operator on the Hilbert space H and let m = min {\ |\ € Sp(A)} =: min Sp (A) and
M =max{\ |\ € Sp(A)} =: max Sp(A). Then there exists a family of projections
{Ex} e, called the spectral family of A, with the following properties

a) Ex < Ey for A< )\

b) En—0=0,Ey =1 and Exio = E\ for all A € R;

c) We have the representation

M
A :/ AdE).

m—0
More generally, for every continuous complex-valued function ¢ defined on R
and for every € > 0 there exists a § > 0 such that

® (A) - Z ¥ ()‘;c) I:E>\k - EAR*I}

k=1

<e

whenever
<m=X A <..<_1 <A\, =M,

Ak = Ap—1 <0 for 1 <k <n,

Ne € M1, M) for1<k<n
this means that

M
(52) e = [ p(yap,
where the integral is of Riemann-Stieltjes type.

Corollary 10. With the assumptions of Theorem &5 for A, Ey and ¢ we have the
representations

M
@(A)x:/ (N dE\x for allz € H

m—0
and
M
e = [ pMaBey) foraiayen
In particular,
M
<<p(A)x,x>:/ © (AN d(Exz,z) forallx € H.
m—0

Moreover, we have the equality
M
l (A) z|* = / e WP d|[Exal® for allx € H.
-0

The following result holds:

Theorem 6. Let A be a bounded selfadjoint operator on the Hilbert space H
and let m = min{A |\ € Sp(4)} =: minSp(A) and M = max{A|A € Sp(A)}
=:max Sp (4). If f € C[m, M| NUcy [m, M], then
f(m) + (M) f(M)—f(m) (M+m
. a7 LT > _
(5.3) 5 I—-f(A4)> M —m 5 I1—A
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in the operator order of B(H).

Proof. Let {E)}, g be the spectral family of the bounded selfadjoint operator A.
Making use of the inequality (3.9) for v () := (Ehz, ), with € H we have

M
(5.4) fmw;fMGﬂxf—/‘oﬂMd@A%@
—f(m M z|?
Zf%QJQ)Lawﬁwwwka(M—mﬂa
for any = € H.

Integrating by parts we have

M M
/ (Exaya) dh = (Exa,a) AP — / A (Ex, 7)

m—0 m—0

M
— M|’ —/ A (Exz, 7)

m—0

and by (5.4) we get

M
63 LEIED e [T i)
— fim M 2lI2
Zf%QJg)[MWf—LHﬁW%%@—”J(M—mﬂ
FOD ) [Mam o
iy — 5 [|l]] /mo)\d<E>\x,m>1

for any z € H.
Utilising the spectral representation of functions of selfadjoint operators (5.2) we
have from (5.5)

P+ M) 2 (4) 2, 2)
£ (m) [M +m

- 2
I 2 ) — (As, )

for any x € H, which is equivalent with (5.3). O

We also have:

Theorem 7. Let A be a bounded selfadjoint operator on the Hilbert space H
and let m = min{A |\ € Sp(A)} =: minSp(A4) and M = max{A|\ € Sp(A)}

=:max Sp (A). If f € C[m, M]NUcy [m, 52| NUcy |25, M] and let {Ex} e
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be the spectral family of the bounded selfadjoint operator A. Then we have the in-
equality

m+ M
68 G@a -7 ("E) ol

M
<|ron-1 (") |5

(I = E)\)z,z)d\

m

+ {f(m)—f(m;M)} Mim/miM (Bxz,x)d\|,

for any x € H.

The proof follows by (4.7) by a similar argument to the one from the proof of
Theorem 6 and the details are omitted.

Remark 9. If we take in (5.6) f : R — R, f(t) := [t — 2FM P p>1, then we
have from (5.6) the following inequality

M [P
(5.7) <'A—m_;l x,x>
m—+ M
2

< (M;myﬂ /M ((I—E,\)m,x>d)\+/ (Exz,z) dA

m+ M m—0

2

for any x € H.
The interested reader may state other similar inequalities by choosing various
examples of convex functions of interest. The details are omitted.
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