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INEQUALITIES FOR THE RIEMANN-STIELTJES INTEGRAL OF
PRODUCT INTEGRATORS WITH APPLICATIONS

S.S. DRAGOMIR!:2

ABSTRACT. We show amongst other that if f, g : [a,b] — C are two functions of
bounded variation and such that the Riemann-Stieltjes integral f: f(t)dg (¢)
exists, then for any continuous functions b : [a,b] — C , the Riemann-Stieltjes
integral ff h(t)d(f (t)g(t)) exists and

b b b
[ rwacoew = [ nswdew+ [ hoowam).

a a

Using this identity we then provide sharp upper bounds for the quantity

/abh(wd(f(t)g(t))'

and apply them for trapezoid and Ostrowski type inequalities. Some appli-
cations for continuous functions of selfadjoint operators on complex Hilbert

spaces are given as well.

1. INTRODUCTION

One of the most important properties of the Riemann-Stieltjes integral f; f(t)dg(t)
is the fact that this integral exists if one of the function is of bounded variation while
the other is continuous. The following sharp inequality holds

b
(L1) /fumww

t€la,b]

b
< max |f (1) \/ (9),

provided that f : [a,b] — C is continuous on [a,b] and g : [a,b] — C is of bounded
b

variation on this interval. Here \/ (g) denotes the total variation of g on [a,b].
a
When g is Lipschitzian with the constant L > 0, i.e.,
g (t) —g(s)] < L[t — s

for any ¢, s € [a,b], then we have

b b
(1) [ rwag) <z [ i@l

for any Riemann integrable function f : [a,b] — C.
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Moreover, if the integrator g is monotonic nondecreasing on the interval [a, ]
and f : [a,b] — C is continuous, then we have the modulus inequality

/f )dg (¢ /\f )| dg (¢

The above inequalities have been used by many authors to derive various integral
inequalities. We provide here some simple examples.

The following generalized trapezoidal inequality for the function of bounded vari-
ation f : [a,b] — C was obtained in 1999 by the author [21, Proposition 1]

(1.3)

b
(1.4) / f(t)dt— (z—a) f(a) — (b—2) f ()

< [;(b—a)—k‘x—a;bu\b/(f),

a

where z € [a, b] . The constant % cannot be replaced by a smaller quantity. See also
[19] for a different proof and other details.
The best inequality one can derive from (1.4) is the trapezoid inequality

(15) /f @70 o) <

2

Here the constant % is also best possible.

For related results, see [11]-[15], [17]-[20], [24]-[25], [29]-[32], [34], [40], [41], [43]-
[45] and [53]-[55].

In order to extend the classical Ostrowski’s inequality for differentiable functions
with bounded derivatives to the larger class of functions of bounded variation,
the author obtained in 1999 (see [21] or the RGMIA preprint version of [23]) the
following result

b
(1.6) / () dt— f () (b—a)

<[Lo-wsl- v,

a

for any « € [a,b] and f : [a,b] — C a function of bounded variation on [a,b] . Here
\/° (f) denotes the total variation of f on |a,b] and the constant 3 is best possible

a

n (1.6). The best inequality one can obtain from (1.6) is the midpoint inequality,

namely
[roa-r(“)o-

for which the constant % is also sharp.

For related results, see [1]-[11], [16])-[17], [21], [23], [25]-[27], [31], [35]-[39], [42],
[46]-[52] and [56]-[59].

Motivated by the above results, we establish in this paper bounds for the quantity

b
/ h(t)d(f (t)g (1))

in the case when the integrand h is continuous while the functions f and g are
of bounded variation. Applications for the trapezoidal and midpoint inequalities

b

b—a)\/(f)

a

(1.7)

DN | =
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are given. Some applications for continuous functions of selfadjoint operators on
complex Hilbert spaces are provided as well.

2. THE MAIN RESULTS
The following identity is of interest in itself:

Lemma 1. Let f, g : [a,b] — C be two functions of bounded variation and such that
the Riemann-Stieltjes integral f; f(®)dg(t) exists. If h: [a,b] — C is continuous,
then the Riemann-Stieltjes integral f: h(t)d(f(t)g(t)) exists and

b b b
ey [ h@dr@e@ = [ hOFOdew)+ [ hoa@ai ).

Proof. Since f,g : [a,b] — C are of bounded variation, then fg is of bounded
variation and since h : [a, b] — C is continuous, it follows that the Riemann-Stieltjes

integral f(f h(t)d(f(t)g(t)) exists.

Observe that since the integral f; f(t)dg (t) exists, then for any s € [a,b] the
integral £ (s f ft ) exists and the function ¢ is of bounded variation on
[a,b] .

Indeed, let

a=80<585<..<S8,_1<8,=0b

a division of the interval [a,b]. Then we have

n—1 n—1 SiJrl
Z\E(Siﬂ)—f(siﬂzz / / ft)dg(t ‘
=0 i=0
Sz+1 Sit1
(t)‘ < Z ( sup £ (0)]'\/ (9))
i—0 \t€lsi,sit1] 5
Sit1 b
< s1[1p]|f IZ <\/ )Z Sl[lg]lf(t)l\/(g)<oo,
a S5 tela,b a
which shows that ¢ is of bounded variation on [a, b] and
b b
VO <ifle V),

where || f|l. := supsefa ) | f ()]
Now, by the integration by parts theorem, since f; f(t)dg(t) exists for any
s € [a,b], then [ g (t)df (t) also exists and we have the equality

(2.2) ﬂ@ﬂ@zfmm«w+/UuMMw+/EGMHw

for any s € [a,b].
Since the functions [, f (t) dg (t) and [, g () df (t) are of bounded variation, then
the Riemann-Stieltjes integrals

anﬁd(liﬂwmuw)amllzmﬁd(Limw#@Q
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exist and

(23) /abh<s>d(/:f<t>dg<t>) =/abh<s>f<s>dg<sx
and

24) [roa([s0aw)= [ resoae.

Now, on utilizing (2.2), (2.3) and (2.4) we have
b b
[ h©d¢©06) = [ b @)

w[rea([10aw)+ 1o ([ soao)
:/abh(s)f(s)dg(s)+/abh(3)9(5)df(5)
and the equality (2.1) is proved. O

Remark 1. The dual case also holds, namely, when the functions f,g : [a,b] — C

are continuous and such that the Riemann-Stieltjes integral f;f(t) dg (t) exists,
then for any function h : [a,b] — C of bounded variation the Riemann-Stieltjes

integral f; h(t)d(f(t)g(t)) exists and the equality (2.1) is satisfied.

Corollary 1. Let f : [a,b] — C be a functions of bounded variation and such that
the Riemann-Stieltjes integral f:f (t)df (t) exists. If h : [a,b] — C is continuous,
then the Riemann-Stieltjes integral fab h(t)d(f?(t)) exists and

b b
(2.5) / Wt d (£ (1) =2 / Wt F (B d(f (2)).

If f:f(t) df (t) exists, then for any continuous function h : [a,b] — C, the
Riemann-Stieltjes integral ff h(t)d (|f (t)|2> exists and

CON “nwa(If0F) - / i F @ a(70) + / b T@a ).
In particular, if h : [a,b] — R, then

(27) [ rwa(iror) =2 ( [ roT@ag <t>>) .

The first bound for the Riemann-Stieltjes integral of product integrators is as
follows:
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Theorem 1. Let f,g : [a,b] — C be two functions of bounded variation and such
that the Riemann-Stieltjes integral fab f(t)dg(t) exists. If h: [a,b] — C is contin-
uous, then

b b

b
(2.8) / h()d(f (1) g@)] < Ihflloe \ (9) + Ihgll e \/ (F)
b b
< hlloe [Ilflloo\/(g) + gl \V (f)

Both inequalities in (2.8) are sharp.

Proof. We know that if p : [a,b] — C is bounded, v : [a,b] — C is of bounded
variation and the Riemann-Stieltjes integral f;p (s) dv (s) exists, then we have the
inequality

b

< ol V (),

a

b
(2:9) [ paee

where [|p||,, = sup;e(q,p) I ()] < oc.
Taking the modulus in (2.1) and using the property (2.9) we have

b
< 4 / ht) g (H)d(f (1)

b
/ h(t) £ (£)d (g (1))

b
/ B () d(f () g (1))

b b

< |hfllo V(@) + l1hgll e \ (f)

a a
b b

< Pl 110 V (9) + 12l llglle \/ (F)

a a

b b
= |17l [Ilflloo V@) + gl V (f)}

a a
and the inequality (2.8) is proved.

Now, to prove the sharpness of the inequalities (2.8) we consider the functions
fyg:]a,b] — R given by

0 ift=a 1 iftea,b)
f(t) = g(t):=
1 ifte (ab], 0 ift=b.
b b
The functions f and g are of bounded variation, \/ (f) =\ (g)=1and |f|, =
llgll.. = 1. We have '
0 ift=a
f@®git):=< 1 ifte(a,b)

0 ift=ha.
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The function fg is of bounded variation and for a continuous function & : [a,b] — C

the Riemann-Stieltjes integral f: h(t)d(f (t)g(t)) exists and integrating by parts
we have

b
(2.10) / h(t)d(f () g (1))

/f (h ().

Consider the following sequence of divisions and intermediate points
— x(’ﬂ) < f(()n) < mgn) <. n 1 < gn L < x(n) =}

such that the norm of the division A, := max;c(o,... n—1} (chi)l — xgn)> — 0 as

n — 00. By the definition of the Riemann-Stieltjes integral we have

[ s0ma - m 3 (6o (€) (02 1)
“ =0
= Jim Zl (h (3?5?1) —h (wﬁ-"))) =h(b) - h(a),

and then, by (2.10) we have

b
/h(t)d(f(t)g(t)):fh(b)+h(a)-

We also have
0 ift=a h(t) ift € la,b)
h(t) f(t) == h(t)g(t) =
h(t) ift € (a,b], 0 ift=2,
which implies that
17 lloe = 1Pl e = lIll o
Therefore the inequality (2.8) reduces to
(2.11) |h (b) = h(a)] < 2||hll < 2|l
We observe that, this inequality is sharp since for continuous functions h : [a,b] — R
for which
0<h(b)=—h(a)= sup h(t),

t€la,b]
we get equality in (2.11).
For instance, if we take
b
ht)=t— “‘; e fab],
then
b—a

7 (b) = h(a)] =b—a, [l =
and the equality in (2.11) is realized. O
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Remark 2. We observe that if one of the functions f or g is constant, then (2.8)
reduces to (1.1).

We say that the function f : [a,b] — C is Lipschitzian with the constant L > 0
if
|f () = F(s)| < Lt — s
for any ¢, s € [a,b].
Theorem 2. Assume that the function f : [a,b] — C is Lipschitzian with the

constant L > 0, g : [a,b] — C is Lipschitzian with the constant K > 0 and h :
[a,b] — C a continuous function on [a,b]. Then we have the inequality

/abh(t)d(f <K/ Ih (t) |dt+L/ Ih(t) g (1) dt

< max {K, L}/ b ()] (1f )] + g (©)]) dt.

(2.12)

The inequalities in (2.12) are sharp.

Proof. 1t is known that, if p : [a,b] — C is continuous and v : [a,b] — C is Lip-

schitzian with the constant L > 0, then the Riemann-Stieltjes integral f p(s)dv(s)
exists and we have the inequality
b
<[ bl
a

/a () dv (s)

Taking the modulus in (2.1) and using the property (2.9) we have

(2.13)

[ rwa®ew) +

<

JRCHOTAn) /h(t)g(t)d(f(t))‘

<K/ Ih (1) |dt+L/ I (t) g (1)) dt

< max {K, L}/ R (®)] (1 ()] + g (1)) dt,

and the inequality (2.12) is proved.
Consider now the functions f,g : [a,b] — R, f(t) =
observe that f and g are Lipschitzian with the constant L
Indeed, for any ¢, s € [a, b] we have

[f (@)= f(s)l =

S|t_5|7

g(t) = |t — 25| We
=1

t—

a+b a+b
s —
2 2

which shows that the function f is Lipschitzian with the constant L = 1.

Now
_/abh(t)d<<t— a;b)2>
/abh(t) <t“;b> dt

b
/ h(t)d(f (1) g (1))

=2
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and

b
K/ I (¢) |dt+L/ Ih(¢) |dt—2/ Ih () ’t—a;“ ’dt

and the first inequality in (2.12) becomes

/abh(t) (t—a;b)dt g/ab|h(t)

We observe that the equality case holds if we take h : [a,b] — R, h(t) =t— ”T‘H’. O

a+b

- 50

Theorem 3. Assume that f,g : [a,b] — R are monotonic nondecreasing on [a, b]

and such that the Riemann-Stieltjes integral f: f(t)dg(t) exists, and h : [a,b] — C
is continuous on [a,b]. Then we have the inequality

/:w)d /|f (t)]dg (1) /|g (t)]df (1)

The inequality (2.14) is sharp.

(2.14)

Proof. Tt is well known that if p : [a,b] — C is continuous and v : [a,b] — R is
monotonic nondecreasing, then the Riemann-Stieltjes integral fabp (t) dov (t) exists

and
b b
/ p(t)dv (1)] < / 1p (8)] do (1)

Taking the modulus in (2.1) we have

/abh(t)d(

b
)| + / g () h(2)df (1)

/|f (1) dg (¢ /|g (0)]df (1)

Consider the functions f, g : [a,b] — R defined by

0 ift=a -1 iftea,b)

[ = g(t):=
1 ifte (ab], 0 ift=0

The functions f and g are monotonic nondecreasing. We will show that the
Riemann-Stieltjes integral f; f(t)dg (t) exists.
Take the sequence of divisions and intermediate points

d, .a—xo <§ <x1 <"'<x5171—)1<551n_)1<x£b”)=b
such that A (d,) := max;c (o

n— 1}{ §+)1—$§n)}—>0asn—>oo.

.....
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By the definition of the Riemann-Stieltjes integral f; f (t)dg (t) we have
b n—1
/ f(t)dg (t) = lim Z f (ggn)) {g (%(:1)1) _y (xyl))}
“ i=0

— i S (6 [0 (45) -0 ()
=0
+ lim £ () [96) g («1))]

=0+1=1
Now, define the function £ : [a,b] — R by
0 ift=a
Lt):=ft)gt)=< -1 ift € (a,b)
0 ift=a.

For a continuous function h : [a,b] — R, since ¢ is of bounded variation, then the
integral f: h(t) de (t) exists.
Take the sequence of divisions and intermediate points

n)

() e < g =y

dn:a:a:(()") <§Sn) <x§ <.<z,_

such that A (d,) := max;cqo,... n—1} {xgi)l — 1:1(7L)} — 0 as n — 00.Then we have

[ ot = i S (€ [ (ot2) - ()]
= tim p (&57) ¢ (+47) - t(@)

n

n—2
i S0 ) [ () e e
+ lim b (€00) [e0) - e (+))]
= lim A (¢f”) (~1-0)+0+ lim A (¢52) 0~ (~1)
=h(b) —h(a).
Consider the functions u,v : [a,b] — R given by

0 ift=a

|h(t)| ift € (a,b],
and
|h(t)] ifté€la,b)
0 if t =b.
Take the sequence of divisions and intermediate points

dyra=a" <&M <2< <™ <™ <y

n—
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such that A (d,) := max;c(o,....n—1} {wl(-i)l — x(-n)} — 0 as n — 0o0.Then we have

2

[ w000 i S (1) o (:2) - ()]
— lim u(§<_ ) g ®) =g (21,

n—o0

= Jim [ (&1 )| 10~ (1] = [h ()

and
[ o ware = im o (7)1 (533) - £ (7))
¢ 0

= i v (67) |1 (47) = 7 @)
= lim ‘h (ggw)\ (1-0) = |h(a)|.

Replacing these values in (2.14) we have

(2.15) 7 (b) = h(a)] < |h ()] + [ (a)].
This inequality reduces to an equality if we choose a continuous function h : [a, b] —
R such that h (b) = —h (a). For instance, for h : [a,b] — R, h(t) =t — “£2, we get

in both sides of (2.15) the same quantity b — a.
3. APPLICATIONS FOR TRAPEZOID TYPE INEQUALITIES
The following result holds:

Proposition 1. Let f, g : [a,b] — C be two functions of bounded variation and such

that the Riemann-Stieltjes integral f; f(t)dg(t) exists. Then for any x € [a,b] we
have

(3.1) Pw)wﬂh—®+f() (z - a) t/f

b

< sup |(t—2)g (O] \/ (f) + sup Kt—-w)f(ﬂl\/(g)

te(a,b] a t€la,b]
atb b b
< [50-a|o- ;H|MWVUHJNWVwﬂ.
In particular, we have
5y [{B10 0o /f
a+b ’ a+b ’
Stﬁﬁ]G 5 >g@)YNﬁ+t$ﬁ]G 5 >f@)YQﬂ

b b
<;wﬂﬂmmvm+wmvwﬂ

a a

The inequalities (3.2) are sharp.
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Proof. We use the following identity

b b
(3.3) F(b)(b—x)+F(a)(1:—a)—/ F(t)dt:/ (t — 2) dF (1)

that holds for any function of bounded variation F' : [a,b] — C and any z € [a,b].
If we write the equality (3.3) for F' = fg we get

b
(3-4) f(®)g®)(b—2z)+f(a)g(a)(z—a)- / f(t)g(t)dt

b
:/ (t—x)d(f () g (1)

for any « € [a,].
If we use Theorem 1 for the function h (¢t) =t — z,t € [a,b], then we have the
inequality

(35) / ) d(7 ()9 1)
g£$%w—xmun§%ﬂ+£gwa—wgun?un
< s ft=al [ngnm \b/ () + 11 \b/ <g>]

— max {z - a,b - o} ||g||w\?<f>+||f|w?<g>]
~[30-a+ |- ||g||m\?<f>+|f||m\?<g>]

and the desired result (3.1) is obtained.
The inequality (3.2) follows from (3.1) for z = 2$2.
Let us prove the sharpness of the inequalities (3.2).
Consider the functions f, g : [a,b] — R defined by

0 ift=a 1 iftea,b)

f) = g(t) =
1 ift e (a,bl, 0 ift=h.

We observe that f and g are of bounded variation and

b b
ViH=Vi=1
Take the sequence of divisions and intermediate points

() e < gm =y

n—

dn:a:a:(()") <§Sn) <x§n) <..<z

yen—1} {xgi)l — mf”)} — 0 asn — oo.
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By the definition of the Riemann-Stieltjes integral f; f (t)dg (t) we have
b n—1
[ g = tim 377 (67) [o (o12h) =9 ()]
a e

= i S (6 [o (+22) o ()]
=0
+ lim f (55:1—)1) {g (b)—g (xgl—)lﬂ

n—oo

=0-1=-1,

which shows that this integral exists.

Observe that
a+b
(t— 5 )f(t) =
t— 2t ift € (a,b],

atb t— <t ift € [a,b)
t— 5 g(t):=
0 ift=0.

0 ift=a

——

Then
a+ b) b—a
sup t— gt ‘ =
tela,b] ( 2 ( ) 2
and
a+b b—a
sup |(t— )f t ‘ =
te(a,b] ( 2 ( ) 2
We also have
fb) g+ fla)gla b
OFUES{GTIOY Y gpre
=—(b—a).
Now, if we replace these values in (3.2) then we get in all terms the same quantity
b—a. (]

In a similar way we can prove the following results as well:

Proposition 2. Let f : [a,b] — C be Lipschitzian with the constant L > 0 and
g : [a,b] — C be Lipschitzian with the constant K > 0. Then for any x € [a,b] we
have

b
(3.6) |f(b)g(b) (b—2z)+ f(a)g(a)(z —a) */ f(#)g(t)dt

b b
SL/ |tfx\|g<t>|dt+f</ 1t — | | (b)) e

]. 2 aer 2
Z(bfa) +<x 5 >

(Lllglloe + K N1 Fllo) -
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In particular, we have

57 ‘f(b)g(b);f(a)g(a) b0~ [ 1090
gL/ t—““”m(t) t—a;b'lf(t)dt

< 1 6= Llgl + K 710).

‘We also have:

Proposition 3. Assume that f,g : [a,b] — R are monotonic nondecreasing on

[a,b] and such that the Riemann-Stieltjes integral fab f(t)dg (t) exists. The for any
x € [a,b] we have

(38)  |f®)g®) (b—2)+f(@)g(a) (@ a) /f

S/abltl’llg(t)ldf(t)Jr/ |t — [ |f (t)] dg (t)
— (/ 10+ [ 1@ )
In particular, we have

f®)g®) +fa /
b—a) f(t
a+b

2
s/b " lgoldr @)+ ‘If JIdg (1)

b(/ gldr (¢ /|f )ldg (1 )

4. APPLICATIONS FOR OSTROWSKI TYPE INEQUALITIES

s[;(b—aw

(3.9)

- a+b

t_

The following result holds:

Proposition 4. Let f, g : [a,b] — C be two functions of bounded variation and such
that for z € (a,b) the Riemann-Stieltjes integrals [ f (t)dg (t) and f:f (t)dg (t)
exist. Then we have

b
(4.1 ‘f(:c)g(w)(b—a)—/ oner:

x

< (z—a) sw {If O} (9) + (@ —a) sup {lg@)}\/ ()

tefa,x) tela,x] a
b b
+(b—=) Sup {ronr\(+ -2 Sup {lg O}V (f)
b b
< [; (b—a)+|o~ “;bH ||g||oo\/(f)+||f|oo\/(9)]-
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at

In particular, if the Riemann-Stieltjes integrals | 3 f(t)dg(t) and f% f(t)dg(t)

a
exist, then we have

(42) ‘f(“gb)g(“gb)w—aw—Lfﬂwguwﬁ

gb;“[sw 1OV @+ s {g@l}\ ()

tefa, 452 tefa, 252 ]

b b
sup {IF @OV (9)+ swp {lg®)]}\/ (f)]

te[ 442 b] o te[ <2 b ath
1 b b
gQ@aﬂWMVm+WMV@ﬂ

The inequalities in (4.2) are sharp.

Proof. We use the following identity (see for instance [23])

b T b
(4.3) F(z)(b—a)—/ F(t)dt:/ (t—a)dF(t)+/ (t— b)dF (1)

that holds for any function of bounded variation F : [a,b] — C and any z € [a, D] .
If we write the equality (4.3) for F' = fg we get

b
(4.4) f(@)g(@)(b—a)— [ f(t)g(t)dt
b

= [t-aag @)+ [ e-nagwew,

for any functions f, g : [a,b] — C of bounded variation and any z € [a,b].



INEQUALITIES FOR THE RIEMANN-STIELTJES INTEGRAL 15

Taking the modulus on (4.4) and utilizing Theorem 1 on the intervals [a, 2] and
[z, b] we have successively that

(4.5) ‘f(fc)g(w) (b—a) - / f(t)g(t)dt

< /:(t—a)d(f(t)g(t))‘+ /;@—b)d(f(t)g(t))‘

< s (-0l @) \/ 0+ s (= 0)lg 0} \/ ()
+ s {00170 \/ @+ s (0= 0ls ) \/ ()
<G=a) s (FODY @)+ -0 s o@DV ()

a a

b

+(b—x) sup {|f(¢ I}\/ (b—=) sup {lg &)}/ ()

te(z,b) te(z,b)
b

< max{z —a,b—=z} sup {|f ()} \/ (9)

t€la,b]

x

a

+ max {z —a,b—x} sup {|g (¢ |}\/

tea,b]
b b
““’H ol \ () + ||f|oo\/<g>] ,

T —

2

which proves the desired result (4.1).
The inequality (4.2) is obvious from (4.1).
Consider now the functions f, g : [a,b] — R defined by

0 ifte [a, ) 1 ifte [a, ]
f(t):= g(t):=
1 ifte [2f2b] 0 ifte (2t,b].

We observe that f and g are of bounded variation and
b b
ViH=V=

The Riemann-Stieltjes integrals f En f(t)dg(t) and f& £ (t) dg (t) exist since one
2

function is continuous while the other is of bounded variation on those intervals.
We observe that for these functions we have

(5202500 [ rncnn o




16 S.S. DRAGOMIR "2

s, (7O @+ s, (a0} Y (1)
b b
+ [S}gg b]{lf(t)\} V (@) + [Syg b]{lg(t)l} \YAG))
» 2 pl
and
b b
lglloe \/ () + 1£1lo \ (9) = 2.

Replacing these values in (4.2) we obtain in all terms the same quantity b— a, which
proves the sharpness of the inequalities. ([l

In a similar way we can prove the following results as well:

Proposition 5. Let f : [a,b] — C be Lipschitzian with the constant L > 0 and
g : [a,b] — C be Lipschitzian with the constant K > 0. Then for any z € [a,b] we
have

a

b
(4.6) |f () g (z)(b—a)— (t) g (t) dt

+K</m(t—a)f(t)ldt+/ (b—t)lf(t)Idt>
1 9 a+b\?
§l4(b—a) +<33— 5 )

In particular, we have

b
() (52) -0~ [ 109w
a;b b
<L</ (t_a)|g<t)|dt+/m(b_t)|g<t>|dt)
a; b
K(/ t-alf@la+ [ (b—t)lf(t)ldt>

(Ll9lloe + K (1 Flloo) -

(4.7)

o

+

2

< 7 (0=a)* (Lllglle + K I1fllc) -

| =

We also have:

Proposition 6. Assume that f,g : [a,b] — R are monotonic nondecreasing on
[a,b] and such that for x € (a,b) the Riemann-Stieltjes integrals [ f (t)dg (t) and
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ff f(t)dg (t) exist. Then we have

b
(4.8) ‘f () g (z)(b—a) - (t)g (t)dt

a

b

+[Ce-alrwlao+ [ o-olf @l

< [30-a+o- 23] (/ablg(t)ldf(t)+/ab|f(t)|dg(t)>-

atb
In particular, if the Riemann-Stieltjes integrals [ % f (t)dg (t) and f& f(t)dg(t)
2
exist, then we have

(4.9) () o () om0~ [ rosma
</aa;b a0+ [ - Dls@lar

2

b
t-a)lfOldg )+ [ 6-0)17 ®ldg(0

w7
b b
<5 (b-a) (/ gl @+ [ If(t)dg(t)>-

5. APPLICATIONS FOR SELFADJOINT OPERATORS

We denote by B(H) the Banach algebra of all bounded linear operators on
a complex Hilbert space (H;(-,-)). Let A € B(H) be selfadjoint and let ¢, be
defined for all A € R as follows

1, for —oc0 < s <A,
ox (s) =
0, for A < s < 4o00.
Then for every A € R the operator

(5.1) Ex =5 (4)

is a projection which reduces A.

The properties of these projections are collected in the following fundamental
result concerning the spectral representation of bounded selfadjoint operators in
Hilbert spaces, see for instance [33, p. 256]:

Theorem 4 (Spectral Representation Theorem). Let A be a bounded selfadjoint
operator on the Hilbert space H and let m = min{\|A € Sp(A)} =: min Sp (A) and
M =max{\|A € Sp(A)} = max Sp(A). Then there exists a family of projections
{Ex} cr, called the spectral family of A, with the following properties

a) Ex < Ey for A<\

b) En—0=0,Eyn =1 and Exio = E) for all A € R;
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c) We have the representation

M
A= / AE}.

m—0

More generally, for every continuous complex-valued function ¢ defined on R

and for every € > 0 there exists a § > 0 such that
n

@ (A) - Z ¥ ()‘;c) [E/\k - E)\k—l}
k

=1

<e

whenever
<m=MA<..<A_1 <A, =M,

A — A1 <6 for 1 <k <mn,

N € [Me—1, M) for1<k<n
this means that

:2) e = [ e(yap,

where the integral is of Riemann-Stieltjes type.

Corollary 2. With the assumptions of Theorem 4 for A, Ey) and ¢ we have the
representations

M
cp(A)x:/ ©(A)dExx forallz € H

1—0
and
M
(53) o) = [ eMaBey) foralayen
In particular,
M
(p(A)z,z) = © (N d(Exz,z) forallx € H.
m—0

Moreover, we have the equality
M
le@al® = [ lo (P dlEsel? for allz € B,
-0

Proposition 7. Let A be a bounded selfadjoint operator on the Hilbert space H
and let m = min{\ |\ € Sp(A)} =: minSp(A) and M = max{A|A € Sp(4)}
=: max Sp (4). Assume that f,g: R — C are continuous.

(i) If f, g are of bounded variation on [m, M], then

(5.4) ([f (M) g (M) I~ f(A)g(A)lz,y)]
M M
< o (B, y)| LE?EPM] If (t)] \,{ (9) + o I (9)] \/ (f)]
M M
< ||z su su
<zl Iyl te[mPM] \f(f)|\w{(g) +te[mPM] f(9)|\w{(f)]

for any x,y € H.
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(ii) If f,g : R — C are Lipschitzian with the constants L, respectively K on
[m, M], then

(5-5) ([ (M) g (M) I = f(A)g(A)]z,y)|

M
<k [ (Bap @ldL [ Ee ol

m—0

M M
< pr&mqu/ UMMHm/'wmmﬁ

te[m,M]
M M
SMMMIK/ uawﬁ+g/ w@wﬂ

for any x,y € H.
(iii) If f,g : R — C are monotonic nondecreasing on [m, M], then

(5.6) (If (M) g (M) I - f(A)g(A)]z,y)l

M M
S/m70|<Etx’y>f(t)|dg(t)+/m, Bz, y) g (t)] df (t)

0

te[m,M] m m

<swwmm%/ﬂmww+/|wM#@]

< [l=[l 1yl

M M
/|ﬂM@@+/|ﬂMﬂ@]

for any x,y € H.

Proof. Let € > 0. We use the fact that (see Remark 1)

M
6 [ EBewdE©gw)
m_sM M
[ Beyf0de®)+ [ Eepg@d o)

for any z,y € H, since (E.z,y) is of bounded variation on [m — &, M] while f, g are
continuous on [m — &, M].
Integrating by parts in the Riemann-Stieltjes integral, we also have

M
68 [ (Beydi©s0)
m £ M
— By (OO - [ F09®d(EBimy)

o m—eg
— 090N ey~ [ FO9@d(Eay)

for any z,y € H.
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From (5.7) and (5.8) we then have

M
(5.9) f (M) g (M) <fv,y>*/7 () g @) d((Ewx,y))

for

M M
- / By f 0 dg®)+ [ (Bay)g@)d(f ®)

m—e m—e

any z,y € H and ¢ > 0.
(i). If f and g are of bounded variation, then by (5.9) we have

M
610 fO090D @) - [ 19O d(Ewy)
M M
<|[ Bma)f@de®)|+|[  (Baygwdio)
M M
su EtLE, su Etm?
<o WEe) SOV @+ s (Eene 0]V )
M
su FEix, su
< o Bl _sw 150V )

M
+ sup  [(Buwy) sup |g)]\/ (f)
te[m—e,M] t€[lm—e, M|

for any =,y € H and € > 0.

Taking the limit over € — 0+ in (5.10) and utilizing the representation (5.3) we

deduce (5.4).

The statements (ii) and (iii) can be proved in a similar way, however the details

are omitted. 0
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