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Abstract
Here we present a set of multivariate generalised fractional Polya type
integral inequalities on the ball and shell. We treat both the radial and
non-radial cases in all possibilities. We give also estimates for the related
averages.
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1 Introduction

We mention the following famous Polya’s integral inequality, see [9], [10, p, 62],
[11] and [12, p. 83].

Theorem 1 Let f (x) be differentiable and not identically a constant on [a,b)
with f (a) = f(b) = 0. Then the exists at least one point £ € [a,b] such that

b
)] > (b“) / f (@) d. (1)

In [13], Feng Qi presents the following very interesting Polya type integral
inequality (2), which generalizes (1).

Theorem 2 Let f (x) be differentiable and not identically constant on [a, b] with
f@)=f(®b)=0and M = sup |f (x)|. Then
z€la,b]
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where % in (2) is the best constant.

The above motivate the current paper.

In this article we present multivariate fractional Polya type integral inequal-
ities in various cases, similar to (2).

For the last we need the following fractional calculus background.

Let @« > 0, m = [«o] ([-] is the integral part), § = a—m, 0 < 8 < 1,
f € C([a,b]), [a,b] C R, x € [a,b]. The gamma function I' is given by T () =
JT e tt*"1dt. We define the left Riemann-Liouville integral

(']&Hf) (z) = m

a < 2 < b. We define the subspace CZ, ([a.b]) of C™ ([a,b]):

1 ‘ a—1
| / (x— 0 £ (1) dt, 3)

Cay ([a,b]) = {f € C™ ([a,b) : S, £ € C* ([a,0]) } (4)

For f € Cg, ([a,b]), we define the left generalized a-fractional derivative of
f over [a,b] as
/
oot = (Tt (5)
see [1], p. 24. Canavati first in [5], introduced the above over [0, 1].
Notice that Dy, f € C ([a,b]).

We need the following left fractional Taylor’s formula, see [1], pp. 8-10, and
in [5] the same over [0, 1] that appeared first.

Theorem 3 Let f € CF, ([a,b]).
(i) If « > 1, then

_ , . (ZL‘ _ G,)Q _— (33 _ a)'m—l
f(@)=f(a)+f (a)(x—a)+f (G)T+...+f( Ma)w (6)
1 et
+W/a (x —1t) 1(DaJr )()dt, allz € la,b].
(i1) If 0 < a < 1, we have
f(x)= ﬁ /I (z—t)* " (Dy f) (t)dt,  allz € [a,b]. (7)

Furthermore we need:
Let again @ > 0, m = [a], 8 =a—m, f € C([a,}]), call the right Riemann-
Liouville fractional integral operator by

b
U5 f) @) = s [ ¢=a) " F0a ¥

T (a)



€ [a, b], see also [2], [6], [7], [8], [15]. Define the subspace of functions

Ci ([a.b]) = { f € €™ (la,b]) : ;27 £ € C ([0, b)) } (9)

Define the right generalized a-fractional derivative of f over [a,b] as
/
Dy f = (=" (=0 (10)

see [2]. We set DY _f = f. Notice that D¢ f € C ([a,b]).
From [2], we need the following right Taylor fractional formula.

Theorem 4 Let f € Cf ([a,b]), a >0, m:= [a]. Then
(i) If « > 1, we get

1 r(k)
f(x)= Z fT(b)(m—b)k—G— (J,?_Dg‘_f) (), allz€la,bl. (11)
k=0 ’

(i1) If 0 < o < 1, we get

I )
fx)=J"Dy f(z) = ) / (t—=x)* " (Dy_f)@)dt, allz € a,b].
(12

We need from [3]

Definition 5 Let f € C([a,b]), = € [a,b], @ > 0, m = [a]. Assume that
feCr ([“T'H),b}) and f € Cg, ([ ib]) We define the balanced Canavati
type fractional derivative by

Dy f(z), for skt <z <,

DS (w) = {Dg+ (z), fora<wz< ot (13)

In [4] we proved the following fractional Polya type integral inequality without
any boundary conditions.

Theorem 6 Let 0 < a < 1, f € C([a,b]). Assume f € C% ([a,*E]) and
fecy ([5:0]). Set

M (f) = max {"Dg+f‘|m,[a7%%] )

D |l o }}. (14)
Then

b
2)da| < / I ()] dw < (15)

I'(a+2) 2 I'a+2) 2(041'6)

Dgfooaa+b+ Dy f o2 b _ a+1 ol
(195 o o+ 18-, ])(b SRPIANIED



Inequalities (15), (16) are sharp, namely they are attained by

x—a), z¢€la, 2t
f*(m):{gb_x))a: xf[[a_z;b’zb]]}, 0<a<l. (17)

Clearly here non zero constant functions f are excluded.
The last result also motivates this work.

Remark 7 (see [4]) When o > 1, thus m = [o] > 1, and by assuming that
f® (a) = f®(b) =0, k =0,1,...,m — 1, we can prove the same statements
(15), (16), (17) as in Theorem 6. If we set there aw = 1 we derive ezactly
Theorem 2. So we have generalized Theorem 2. Again here f(™) cannot be a
constant different than zero, equivalently, f cannot be a non-trivial polynomial
of degree m.

We present Polya type integral inequalities on the ball and shell.

2 Main Results
‘We need

Remark 8 We define the ball B(0,R) = {x € RN : |z| < R} C RN, N > 2,
R > 0, and the sphere

SN=L.— {z e RN : |z| = 1},

where |-| is the Fuclidean norm. Let dw be the element of surface measure on
SN=1 and let

N

w 7/ do = 2T
Y e TRy

For x € RN — {0} we can write uniquely * = rw, where r = |z| > 0 and
N
w= €SV |w| =1. Note that [, p)dy = “nB_ s the Lebesque measure
of the ball.
Following [14, pp. 149-150, exercise 6] and [16, pp. 87-88, Theorem 5.2.2]
we can write F': B (0, R) — R a Lebesgue integrable function that

/B(o,R) Fleyde= /szv—l (/ORF (re) TN_ldT) dw; (18)

we use this formula a lot.
Initially the function f : B(0,R) — R is radial; that is, there exists a

function g such that f(xz) = g(r), where r = |z|, r € [0,R], V z € B(0,R),
a >0, m = [a]. Here we assume that g € C ([0, R]) with g € C§, ([0, £]) and




geCq_ ([%,R]), such that g®) (0) = ¢®) (R) =0, k=0,1,....,m — 1. In case
of 0 < a < 1 then the last boundary conditions are void.
By assumption here and Theorem 3 we have

_ 1 ° a—1 «
909 = fa7 [, (=0 (D) (). (19)
all s € [0, %} ,
also it holds, by assumption and Theorem 4, that
9= oy [ =9 (Dhg) (20)
g\s) = F(a) A S RrR-9 )
all s € [§7 R] .

By (19) we get

(s — 0" |(Dg19) (0)] de

1
961 < 5 |
. 1 [® w1, ||D8“+9||oo,[o,§] .
< HDOJrgHoo,[o,g] m/o (s—1) = T Tty O (21)
for any s € [O, g] .
That is
19591l 0. 2]
|g(5|§—r(a+1) 5%, (22)
for any s € [O, g] .
Similarly we obtain
1 R a—1 o
96 < gy [ =" | (Dhg) 0]
1D ol & oy IPRelggn
SW/S (t—s) tzw(R—é‘) ; (23)
for any s € [%,R] .
Le. it hold
B 19%- 01l 2.1
22 (R—9)”, (24)

lg (s SW

R
for any s € [g,R] .
Next we observe that

/ f () dy
B(0,R)

(18)

d
< /B IO




0
R N
212
19 (s)] leds) = (25)
( 0 L (%)
oy H _ R B (by (22) and (24))
(X { lg ()| s™ 1d5+/ g (s)] s™ 1ds} <
@) U ;
IRl [
I (X)r(a+1) 0+9lloc,0,8] J, ° 5

I
—

S

=
2

D%l 2.7 LR (R—s)° ((s - ];) + ];)N_l ds}

% 1D8+9ll e o.2) RN\
e O

o[£ (") (8) MR () -

7 ¥ RatN { 1959l . [0, 21

20+ N-1T (X)) (a+ N)T (a + 1)

N—-1
sl 0| S e ) O

We have proved that
[ swal< [ irelas
B(0,R) B(0,R)

W%ROH’N ||D86+9H0<>,[0,§]
2 N-1T (X)) (a+ N)T (a+ 1)

(29)

N—-1 1
(N —1)! ||Dj'é_9||oo,[§,R] LZ_O KT (a+N+1-— k)] } '
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Consider now

s, se [0,%],
9-(5) {(Rs)o‘, s€[& R], a>0 (30)
We have as in [4] that
R
Dg s*=T(a+1), alse {0,2] , (31)
and
1965 | fo. 5 = T (1)
Similarly as in [| we get
o a R
Dy _(R—9)"=T(a+1), allse[2,R], (32)
and
D5 (B=9)%|l g, = D@+ 1). (33)
That is
P80 o) = PRl g =@+ 69
Consequently we find that
7% RN 1
R.H.S. (29) =
(29) = Gern T () {(a+N)+
N-1 1
N -1l 1 .
(V= 1T (a+1) ];Jk!F(a+N+1k)]} (35)
Let f. : B(0,R) — R be radial such that f. (x) = g« (s), s = |z|, s € [0, R], V
z € B(0,R).
Then we have
(18)
L.H.S. (29) = f«(y)dy =
B(0,R)
R oy
N-1
g« (8) s ds =
([ o) S
oy EH R
& / st N=1ds 4 / (R—s)"sN"lds p = (36)
r(3) |Jo 2
o R\*™N 1 R N R\ R\V!
ey {(2) @+ M) +/g e ((s-3)+5) )=

oy { RotN

2a+N (a + N)+



SE) [ (5 e o

o Ro+N N
204N (o + N)

r
T(a+N+1—Fk) \2

(@ +1)T (N — k) (12%>Q+N’“} _

Roc—i—N 1
L (5)20+N-1 { (a+N) *

(N = DIT (o +1)

N-1
1 (35)
=" R.H.S. (29 38
kzzoklr(a+N+1k)H (29), (38)
proving (29) sharp, infact it is attained.

We have proved the following main result.

Theorem 9 Let f : B(0,R) — R be radial; that is, there exists a function g
such that f(xz) = g(s), s = |z|, s € [0,R], YV« € B(0,R), a > 0. Assume
that g € C([0,R]), with g € Cg, ([0,%]) and g € C&_ ([£.,R]), such that
g™ 0)=g®(R)=0,k=0,1,...m—1, m=[a]. When 0 < a < 1 the last

boundary conditions are void. Then

/ £ (y) dy g/ 1 ()| dy <
B(0,R) B(0,R)

W%RCH'N ’|Dg+gHoo,[0,§]
204N () ] (@ + N)T' (a+1)

N—-1 1
(N —1)! ||Di'é_9||oo,[§,R] LZ_O ET (a+N+1-— k)] } '

Inequalities (39) are sharp, namely they are attained by a radial function f.
such that f« (z) = g« (s), all s € [0, R], where

s, s L
9-(s) = {(R;— s)g ,[0’326] 7[%,3] . (40)

(39)

We continue with



Remark 10 (Continuation of Remark 8) Here we assume that o > 1. By (19)
we get

96 < fezay 1084911 2 (41)
all s € [0, %} .
Also, by (20), we obtain
R—s)*t
lg (s)| < (1“@3) ||D?%—g||L1([§,R])’ (42)
all s € [%,R] .
Hence as in (25) we get
27 % & N-1 _
Lo F @S 2 ( | s ds> - (43)
oy [ % N1 R Ny | (b G G2)
- {/ 9(s)] s ds+[§ 9()] s ds} £
oy 1 9
e { (/0 C“) 198 sll,ogp+ @0

R 1
(/R (R—s)"" SN_1d8> HD%Q\|L1([Q,R])} =

(acting the same as before, see (26)-(28))

a¥ Ra+N-1 ’|D3+9HL1([0,§])
N2 (M) Y @x N=1)T(a) "

N-1
(N =D![D%-9 1, (12.7) LZ_O ml } = (45)

e perN-1 (1Dl (jo.5))
e () | ¥ N - U (o)

N—-1
(N = DD, ([2.5)) LZO /f'F(OHiN—k)} } : (46)

We have proved




Theorem 11 Here all terms and assumptions as in Theorem 9, however with
a>1. Then

Ro+N—1 ||D0+9||L 2]
me(”@_QMNQF(){@+N—U (@ "
N—-1 1
(N -1)! HDngHLl([%,RD L—o k:'F(oM—N—k)} } . (47)

We continue with

Remark 12 (Also a continuation of Remark 8) Let here p,q > 1:

lyi=1,
with o > %. By (19) we have
|Q@N§FéOAS@—ﬂaleﬁw@Hﬁ§
L ([t )
([ e-orra) ([1oars)
1 s 1+5 Do .
I'(@) (p(a—1)+1)7 | 0+gHLq([01%D’ (48)
all s € [0, %} .
Similarly by (20) we obtain
R
g (s)] < Fla)/ (t— )" [(Dg_g) (1)] dt <
1 n a—1 % R %
(o) (/S (t — s)" )dt> (/S |(Dg_g) (t)] dt) -
1 (R- s)O‘*H%
L) (p( 1)+1)z|‘ w9, (1.1 (49)

all s € [&,R].
Hence it holds

5l R
: N-1 N1, | (b (48). (49))
e {/0 g (s)] s ds+/ g (s)] s ds} <
2

2w 2 §SQ+N72+% ) .
LT (¥) a1+ 1 {</ ! ) 1269l o5+ (50)

10




B0 (o))

||D%—g||Lq([§,R])} =

[N

o e
D@T (3) (la—1) +1)7 | (o - ) 2lorn=5) (o)

5 e () e (7

2 F(a+%+ka)

105l ) =

o Dol gy +
DT (§) a1+ Db | (at+n— )2l o8

L) (Y) (pla—1)+1)7 20N =31

(N - 1)IT (a N ;) {Nzl 1

k=0 k!F(a+%+N,k)

We have proved the following

Theorem 13 Letp,q > 1: %—l—% =1 a> %. All other terms and assumptions
as in Theorem 9. Then
If ()l dy <
B(0,R)

11



¥ patN-1 ||Dg+g||Lq([07 ])_|_
D@D (5) (pla—1)+1)7 2N 5!

(N-1IT (CH-;) [Nz:l !

i=o KT (a+ L4+ N k)

Combining Theorems 9, 11, 13 we derive

Theorem 14 Let any p,q > 1: %—Fé =landa>1. Andlet f: B(0O,R) — R
be radial; that is, there exists a function g such that f(x) = g(s), s = |z|,
s € [0,R], V2 € B(0,R). Assume that g € C ([0, R]), with g € Cg, ([0, £])
and g € CH_ ([%,R]), such that g*) (0) = ¢ (R) = 0, k = 0,1,....,m — 1,
m = [a]. When 0 < a <1 the last boundary conditions are void. Then

/ f W) dy s/ 1 ()] dy <
B(0,R) B(0,R)

. { T Ro+N { ||D3+9||w,[o,§]
min

204N-1D (Z) ) (@ + N)T (a +1)

N—1 1
(N —1)! HD%JHOO,[%R] LZ_O ET (a+N+1— k)] } ’

oY potN-1 { ’|D3+9}’L1([0,

)
(a+N—1)F(a)+

25T (5)

(N = D![DF-dll, 2.r)

N-1 1

o patN-1 ||Dﬁ‘+9||Lq([o,g])+
DT (5) pla-D+1722V 75 | (a4 N-1)
1\ [ 1 o
W=D (a i p) <o KD (a+ 3+ N —k) IPh-thiae ) }} |
(55)
Note 15 It holds NN
2n2 R

Vol (B(0,R)) = AN (56)

The corresponding estimate on the average follows

12



Corollary 16 Let all terms and assumptions as in Theorem 14. Then

1
Vol (B(0.R)) /Bm,m o) dy

1
< VAEOR a1

min{ NR~ { 19819l . [0, 21

200N ) (a+ N)T (e + 1)

N-—1 1
(N =D D9l 2.5 l;} kI (0 + N+ 1 —k)] }

NRo { 1D5+91 1, (jo.2)
(

2 1\ (@t N DI (a)

N-1 1
(N =D!|D3-9 1, (12.5)) [;) k'l“(aJrNk:)] }

J— { 108911, (o, 2))

D(@)(pla-1)+ 0725 | (et N-1)
1 N-1 1 .
er (a+p) k=0 kT (a—l—%—&—N—k) HDRgHLq([S"',R])}}'
(57)

We continue with Polya type inequalities on the ball for non-radial functions.

Theorem 17 Let f € C (B (O,R)) that is not necessarily radial, 0 < o < 2.
Assume for anyw € SN, that f (w) € C§, ([0, 2]) and f (w) € C%_ ([£, R]),
such that f (0) = f (Rw) =0. When 0 < o < 1 the last boundary conditions are
void. We further assume that

|5s 0] |- ) ko
e o (ref0,2]) e o (re[2.R])
for every w € SN, where K > 0.
Then
(i) )
Kr2 RotN
FTWldy < ——~——~+v 59
Lo 1010 = 5 (59)

1 = 1
{(a+N)F(a+1) -1 LZO k!r(a+N+1—k)”’

13



and
(it)
1

Vol (B (0, R)) /Bm,R) fw)dy F@ldy < (60)

= Vol (B(0,R) /Bm,m

N-—1 1
I;J k!F(a+N+1—k)]}‘

Proof. In Remark 8, see (25), (26), (27), (28), we proved that

R a+N
/|g<s>|sN-1dss(R) -
0 2
{ 1P5:.9l . [0, 21

. N—-1 1
it " IPR-9lezm (V-1 LX_% MC(a+ N 41 —k)] }

(61)
In the above (61) we plug in g (-) = f (-w), for w € S¥~! fixed, and we get

R (58) a+N
|15 s < K<§) ~
0

KNR~ 1
200N | (a+ N)T'(a+ 1)

+ (V- 1)

1 N—1 1
{<a+N>r<a+1>+<N‘”’ LZ k!r(awﬂ_k)u:h- (62)

Consequently we obtain

/B(O,R) |f ()l dy = /SN_1 (/{)R |f (sw)] sN—1d3> dw <

2
/\1/ dw = A\ —

proving the claims. =
We continue with

Theorem 18 Let f € C (B (O,R)) that is not necessarily radial, 1 < a < 2.
Assume for anyw € SN, that f (w) € Cg, ([0, g]) and f (w) € C%_ ([%,R]),
such that f (0) = f (Rw) = 0. We further assume

‘ 9y f (w) Op_f (w)
Ly([o.8])

—_ 5ra < M, (64)
for every w € SN, where M > 0.

L([5.7])

ore

14



Then

(i)
Mﬂ%Ra+N—1
[T e -
1 N-1 1
{(aJer)F(a) +(N —1)! LZ_O k'F(cHNk)H
and
(it) 1
FABET o1 .

MNRe—1 1 e 1
ga N {(a+N—1)F(a) (V-1 LZ_O k!l“(a—kN—k)]}'

Proof. In Remark 10, see (43), (44), (45), we proved that

[Foensvas< (2)
{ 1D591l ., (jo. 2))
(

. N—-1 1
i N DT () T 12ROV 1! Lz_% k:!F(a—&—N—k)] }

(67)
In the above (67) we plug in g (-) = f (-w), for w € SV~! fixed, and we derive

R (64) a+N-1
|17l tas < M(’j) -
0

1 N-1 )
{(a+N—1)F(a)+(N_1)![;_(JIMM]}Z:/\Q. (68)

Hence ]
= N—-1
/B(O,R) f ()l dy = /SN*1 (/O |f (sw)|s ds> dw <

2w
/\2/ dw = Ao , 69
s TR o

proving the claims. =
We further have

Theorem 19 Let p,q > 1: %—}— % =1, and % <a<?2 Letfe€ C(B(O,R))
that is not necessarily radial. Assume for anyw € SN1, that f (w) € Of ([0, %])

15



and f (w) € C4_ ([£,R]), such that f (0) = f (Rw) = 0. When % <a <1 the

last boundary condition is void. We further assume

‘ 954 f (w) O f(w)
)

ore
for every w € SN=1, where ® > 0.

ore - ) ( )
Then

Lq([£.R])

Lq([o,

vl

and
(i)
1 dNR*" 1
Vol (B (0, R)) /B(O,R) 17 ey < () (p(a—1)+1)7 20+N 3 '

(72)

} |

1 1\ [ 1
+(N—1)!F(a+> 3
(a+N-1) P/ |55 kr (a+ L+ N~ k)
q P
Proof. In Remark 12, see (50), (51), (52), (53), we proved that

R
| a1 s <
0

HD%QHLQ([;R])} :

In the above (73) we plug in g (-) = f (-w), for w € SN~ fixed, and we find

R (70) R\2TV-3 1
sw)| sV tds —
/0 1F () = <2> M) (pla—1)41)

(N — 1)IT (a+1)
r) | = k!l“(a—i—%—&—N—k)

=

16



1 N—-1 1
+N—1)!F<a+> =: A3
(O“"N_%) p k:ok'F(Oé—F%-l-N—k’)
(74)
Thus
R
/ |f(y)\dy=/ (/ |f (sw)| ™ 1ds> dw <
B(OvR) SN-1 0
o>
/\3/ dw = A3 ) (75)
Y

proving the claims. =
We make

Remark 20 Let the spherical shell A := B(0,Ry) — B(0,R;1), 0 < Ry < Ry,
ACRN, N >2, 2¢cA. Consider first that f : A — R is radial; that is, there
exists g such that f(xz) = g(r), r = |z|, r € [R1,Rs), ¥V € A. Here x can be
written uniquely as & = rw, where r = |z| >0 and w = £ € SN71 |w| =1, see
([14], p. 149-150 and [1], p. 421), furthermore for general F : A — R Lebesgue
integrable function we have that

R2
/ F (z)dx z/ ( F (rw) TNldr> dw. (76)
A SN71 Rl

Let dw be the element of surface measure on SN~1, then

wN :—/SN_ldw—F(g). (77)

Here N N NN N
RY — R 2rz (R — R
voz(A)z“’N(2 v _ “(2N v) (78)
N NT (%)

We assume that g € C([R1,Rz]), and a« > 0, m = [a], such that g €
Chi,y ([Rr, 572]) and g € Cf,_ ([F572, Ba]), with g (Ra) = g™ (Rs) =
0, k=0,1,....m—1. When 0 < a < 1 the last boundary conditions are void.

By assumption here and Theorem 3 we have

96 = e [ =07 (D) 0 (79)

Ry

all s € [Rl, @] ,
also it holds, by assumption and Theorem 4, that

Ry
g(s) = ﬁ / (t—5)°"" (D%, _g) () dt, (80)

17



all s € [Btf2 Ry,
By (79) we get

1 /¢ ol e
96 < gy [ (=07 (i) 0] (s1)
(s — R)"
< |D% —_ 2
= H R1+9Hoo,[R1,R1;R2] T(a+1)’ (82)
for any s € [Rl, W] .
Similarly we obtain by (80) that
1 a2 a—1 @
lg (s)] < T /. (t—s) |(Dg,_g) ()] dt (83)
(Ry —5)"
D% 1?1 ‘2 T 1\ 4
< P9l fragms ) T(a+1) (84)
for any s € [%,Rg] .
Next we observe that
(76)
i< [ 1wl (35)
fiz N-1 fiz N-1 2%
9@ ds o= | [ lg(s)] s s - (s0)
/SN’I /Rl Ry F(%)
N R1+Rg
o > N1 R N1 (by (82) and (84))
ey {/R It [, oo <
9 N Ry +Ro
T2 2
DY | — Ry)" sVl
F@) M) {“ N
fiz N—1
+ ||D g” R1+R2 R2] /RH?:R2 (R2 - S) S dS} S (87)

7% (N —1)! .
T (&) 20+N-1 {HDRWgHoo,[RMW]
2

= (_1)N+k—1 (R + RQ)k (R — R1)N_k+a n
TN —ktatl)

k=0
N-1

o (R + R») (R2 Ry )a+N_k
HDRz—gH R1+R2 Rz |J€Z_O k'I‘ Oé +1+ N — k) . (88)
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We have proved that
N
w2 (N —1)!
dy‘ / lf Wldy < =~
T (§) 20Nt

Da N-1 (_1)N+k—1 (R]_ +R2)k (R2 _ Rl)N—k"ra
I RﬁgHoo,[Rh@] > ET (N —k+a+1) *
k=0

= (Ri 4 Ro)* (Ry — Ry *
R R |

Consider now f. : A — R be radial such that f.(z) = g« (s), s = |z|, s €
[R1, Ra], ¥V © € A, where

(S_Rl)a7 ENS [Rh RI;Rz] 3
% = a 90
g (3) {(Rg —-s5)", se€ [L;RQ,RQ] , a>0. (90)

We have, as in [4], that

1D5 19+l oo [y 2rgma) =T+ 1), and | DR, _gull agrz ) =T (a+1).
(91)
Hence
[(a+1)77 (N —1)!
NP

- N\ (R + Ro)* (Ry — Ry)“TNF
{kz_o<1+(_1)N+k )( k;!F((l—l(—l—l-N_)k) } (92)

R.H.S. (89) (applied on g.)=

Furthermore we find

L.H.S. (89) (applied on f.)= /Af* (y)dy =

N
2

fiz N-1 2m
</Rl g« (s) s ds)r(g)

e R
{/ (s — Ry)* sV~ lds +/ (Ro —5)” leds} = (93)

R1+R
R 12 2

v[Z

27
(%)

F(N=DT (a+1) [ (= D)V (RBy + Ry)F (Ry — RNV TR
I (&) 2N+t Z ET(N+a+1—k) +

k=0

N-1 k a+N—k
(R1+ R2)" (Re — Ry) B
(Z 1k!FEa+12+Nik) )}_

k=0

(94)
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7% (N — DT (a+1) {Ni ((71)N+k_1 N 1) (Ry + Ro)* (Ro — Ry)N o= }

T (X)2N+a-1 o KC(N +a+1—k)

(95)
So that we find
R.H.S. (89) (applied on g.) = L.H.S. (89) (applied on f.), (96)
proving sharpness of (89).
We have proved the following

Theorem 21 Let f : A — R be radial; that is, there exists a function g
such that f(z) = g(s), s = |z|, s € [R1,Ra), Vx € A, a > 0, m = [a].
We assume that g € C’([Rl,RQ]), such that g€ C% ., (R, Bt ]y and g €
O ([BE2 Ry) with g™ (Ry) = g™ (Ry) =0, k =0,1,....m — 1. When
0 < a <1 the last boundary conditions are void. Then

% (N —1)!
war|< [ 11 |dy_r(%)2w1

HD H ]Vz—l (_1)N+k‘—1 (R1 +R2)k' (RQ _ RI)N—kJ-‘ra +
v lloo [y 2] | 2o ET(N—k+a+1)

N—1 k atN=k
(R + R)" (Ry — Ry)
R1+R2R]<Z ET (a+1+N —k) >}

k=0

(97)

1D%, -9l

Inequalities (97) are sharp, namely they are attained by the radial function f, :
A — R such that f.(x) = g« (s), s = |z|, s € [R1, Ra], V = € A, where

_ (5 - Rl)a s s € [Rla ngRZ] )
0.0 = { (3 T LS (99)

We continue with
Remark 22 Here o > 1. By (81) we get

96 < T 105 0l g, g (99

for any s € [Rl, W] .
And by (83) we derive

lg (s)| < (1%2;&))_ HDaRz—QHLl([w,RZ])’ (100)

for any s € [Rl'gR"’ , Rg] .

20



Hence

/ 1 @)l dy &
A

Ry+Ry
2y - Ro (by (99) and (100))
T2 { 2 |g(8)|8N71d8+/ |g(3)3N1dS} S
R

F(%) 1 @
(101)
3 RytRy
271—77 ||Da H / 2 (SfR )afl FETAN
F(%)F(a) Ri+9 Ly ([R:, B t2]) . 1
(102)
i " a-1 _N-1
HDR?_QHLI([W,RQ]) (/R'lerRz (R2 — 8) S dS)} —
7% (N -1 .
W {HDR1+9||L1([RM@])
= k Nt+a—k—1
- (Rl + RZ) (R2 — Rl)
> (uT >+ (103)
<k_o ET (N +a—k)
phly N+a—k—1
o (R1 + Rs2)" (Re — R1)
D5l g <Z S e )}
k=0

We have proved that

Theorem 23 All terms and assumptions here as in Theorem 21, but with o >

1. Then

|
Do iy 1)N+h-1 (Ri+ Ro)" (R — RNt
H R1+9HL1([ Ry, atl2) Z KT (N +a—k) *
N-1

N (R1 4 Ro)" (Ry — Ry)N Tkt
HDRQ—QHLI([@,R (Z% HE(N £ a— k) . (104)

% (N —1)!

2
ST

We continue with

Remark 24 Letp,q>1'% %—1 Letoc>f By (81) we get

(s =R .
T(a) (p(a—1)+ 1) 15911, ([ 2] o (105)

Ri+R
Rl’%]_

lg (s)] <

for any s € [
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Similarly by (83) we derive

1+2

(Ry — )"~
T'(a)(p(a—1)+1)7

[fagf Ry) .
/Alf(y)\dyz

Rl‘;—RQ RQ
19 ()] sV \ds + / g (s)| ¥ 2ds b <
r(§) {/R Rythy

2
LT

{HD%ﬁg“Lq([RthzRﬂ) </R (s — R SN_1d8> +

Ro )
1PRal, o ) (/ (Ry =)™ sN‘lds> } = (o7
2

lg ()] < HDEQ—QHLLI([@,RQD ) (106)

for any s €
Hence

w|z

a—1)+1)%

—~

ory (N -1 (a + %)
N 1 HD?{l‘FgHL ([Rl,M]) at+N-—-1 '
I'(3)T(@)(pla—1)+1)7 ’ ’ 2 !
N— 1 N+k 1 N—k+a-1
k=0 k'F(N‘f'OZ“‘%—k)

(N — 1)IT (a+ ;))

||Di’é2-9||L,,([R1;R2,R2])( o
N-1 (Ri+ Ro)* (Ro — Ra )a+N—k—§ -
(Z% KT (a+1+N—k) -
7 (V=1 (a+ 1)
D3 (0) (p (o= 1) + 1)7 275

r
Ni ()" (R + Ry (By — R)YR
part k!r(zv+a+l—k)

{||D%1+9||Lq([3171ﬁ;“2])

N-1 N+a—k—1
D%, -9l (B2 o) (1 + Ro)" (By = Ry) . (109)
! : -0 k'F(Ot-I-N—i-f—k)
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We have proved

Theorem 25 Let p,q > 1:
in Theorem 21. Then

o (V=1 (a+ 1)
dy < :
/A|f(y)| =T T () (p(a—1)+1)s 20TN—5-1

N-1 N+k—1 k N+a—k-1
a (-1) (R1 + R2)" (R2 — Ry) a
D%, +9 1Ry +
{H e PR IEs) (Z e (3 a2 %) )

N-1 R1+R2) (RZ_RI)NJra k—1
Do i . 110
H Ro gHLq([f,RQ (kz_o LIT (a+N+77k) (110)

=1, a> %. All terms and assumptions as

—~
NG
SN—

Combining Theorems 21, 23, 25 we derive

Theorem 26 Let any p,q > 1 : % + % =1. Andlet f : A — R be radial;
that is, there exists a function g such that f(x) = g(s), s = |z|, s € [R1, Ra],
VoecA a>1,m=lal. We assume that g € C ([R1, Rs]), such that g €
C% 4 ([Ry, BH2]) and g € CF _ ([BrHE2, Ro]), with g0 (Ry) = g (Rp) =
0, k=0,1,....m—1. Then

7% (N —1)!
’/f d@/’ /|f |dy<m1n{ (%)2@+N 1

D% ]| Ni (DM (R o+ Ro)* (e — ROV
149l oo, [R,, Faf 2] — ET(N —k+a+1)

N-1 k a+N—k
(R1+ R2)" (R2 — R1)
1P%. -9l WR](?_() KT (a+1+N —k) )}

% (N — 1)!
W{H R1+9HL [Ry, B1tR2])
2

N-1 k N+a—k—1
(R + Ro) (Ro — Ry)
(kz_o (0 KT (N +a— k) >+

N-1

(Ry + Ry)" (Ry — Ry)N T+t
1P ol sz (5 " B )

7% (N —1)IT (a+) |
) (@) (p(a—1)+ 1)p2a+N7§—1

w2

I'(
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= DM Ry 4 Re)Y (Rp — RN
HDR1+9HL Ry, fatl2) 1 *
= k"F(N+a+5—k>

N-1 N+a—k-1
(Ry + Ro)" (Ry — R,
1%, 1, (resm2 ry)) 15 Ro)” (R — Ra) ' . (111)
P k'F(a+N+f—k)

The corresponding estimate on the average follows

Corollary 27 Let all terms and assumptions as in Theorem 26. Then

'Vol /f ’ Vl /‘f |dy—<2w(évw' RN))

min HDD‘ || Ri+R Nz_l (*1)N+k71 (Ry + Rg)k (R — Rl)Nle»a
e 252) FMO(N —kta+l)

k=0

1\72:1 (R + Ry)" (Ry — Ry "
R1+R2 R k'P Oé+1+N k) ’

+[[Df, -9l

§ N-1 L (Ry+ Ro)® (Ry — Ry)N okt
2{||DR1+9HL1([R1,’“;’R?]) (Z ()N Tk ( k!i_‘ ((N+a_)k) >

k=0
N-1 k N+a—k—1
o (R1+ R2)" (Re — Ry)
+HDR2—9“L1([@732D (; EIT (N 4+ a — k) )}
r(a+l) 2%
T (e) (p(a—1) +1)7
N-1 N+k 1 N+a—k-1
o (R +R2) (RQ_Rl) q
Dg 19 LERy +
{H Aol 2 (kz—% W (N +a+i—k) )

N-1 . N+a—k—1
||l)}%2 gHL R1+R2 R (Z Rl + R2 R2 R ) ) }} . (112)

k=0 k'F(a—I—N-&-*—k)
We need
Definition 28 (see [1], p. 287) Let « >0, m=[a], B:=a—m, f € C™ (Z),

and A is a spherical shell. Assume that there exists ajom eC (Z), given by

Gl 1 ([ ans(w)
s .—F(l_ﬁ)m</l%l(r—t)ﬁwdt>, (113)

where x € A; that is, x = rw, r € [Ry, Ra], and w € SV~

aa
We call g;j;f the left radial generalised fractional derivative of f of order
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‘We also need to introduce

Definition 29 Let o > 0, m = [q], B =a-—-m, feCm (Z), and A is a

spherical shell. Assume that there exists f(x)

€ C( ) given by

3 = X R> m w
Eﬁ;ff);::(—ly”1I%1{_ﬁ)gi<j( a-r)ﬁé’éig)d%>, (114)

where x € A; that is, x = rw, r € [Ry, Ra], and w € SVN~1L.

of order

‘We present

Theorem 30 Let the sperical shells A := B(0,Re) — B(0,R;1), 0 < Ry <
Ry, AC RN, N > 2; A = B(0,24%2) — B(0,R;), A2 := B(0,R) —
B (O M) Let f € C (7) , not necessarily radial, « > 0, m = [a]. Assume

that de+f € C(Ay), = af € C(Az). For each w € SN~ we assume fur-

ther that f(w) e Ch , ([Ry, BrEE2]) and f(w) € C,_ ([FEE2, Ry)), with

dk’;(flw) ak%(ﬁw) =0,k=0,1,....,m—1. When 0 < a < 1 the last boundary

conditions are void. Then

(1)

% (N —1)!
war|< [ 116 Idy—r(%)w :
)k

8}%1+f N—-1 (71)N+k—1 (Rl + R2 ( Rl)N+a—k N
ore o \ & ET(N+a+1-k)
Og,_f - (R1 + Rz) (R2 — Rl)N—m_k (115)
o |l o7 0 ET(N+a+1—k) ’
and
(i1)

‘Vol /f ‘ Vol /If Idy_<2Q+N(£§V| RN)>' (116)

{51

% 1| ( Y ) <R2—R1>N*”>}.
ooA2

=2

O,
ore

1

+

KT (N +a+1—k)

B

1 (_1)N+k71 (Rl +R2)k (R2 . Rl)N+ak>
=0

ore = EM(N+a+1-—k)
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Proof. By (86)-(88) we get

Ro 77% .
/. |g<s>sN—1dss< fﬁ) (F (g)fa+§)l>~ a17)

2 ol 3 DT R o)t (R — BT
D509, g — KD(N+a+1-k)

Ni (Ry + Ro)F (Ry — Rl)NJ”’k] } |

1P5,-91. WR]{ KT(N +a+1-k)

k=0
For fixed w € SV~1 f (-w) sets like a radial function on A. Thus plugging f (-w)
into (117), we get

" - L(5)) (% -1
N—-1 2 .
/Rl |f (sw)| s™tds < ( P ) <F(J2V) et N1 (118)
8%1+f ply (_1)N+k_1 (Rl + R2)k (Rz - Rl)N+a_k
’ ore ’ooAl — EM(N+a+1-k) *
o, _f Ry 4 Ro)* (Ry — RN TR\
' ore ’ooA<kZ_(] KT (N+a+1-k) =M

Therefore by (76) and (118) we derive

/A\f(yﬂdy = /SN?I (/}:2 |f (sw)] sN_lds> dw <

o 27'1'% . 71'% (N — 1)! .
" /SN—I dW—’VIF(%) o (I‘ (%) 2@+N—1> (119)

’ O+ f ’ S DM+ By)" (R = ROV
or* |l — ETM(N+a+1-k)
’ O, f H (Rl + Ro)" (Ry — R))M 7"
or* o4 ko ET(N+a+1-k) ’
proving the claims of the theorem. m
We give also
Theorem 31 Let f € C (A), not necessarily radial, « > 1, m = [a]. For
each w € SN=1 we assume that f(w) € C{ ([Ry, LB 2]) and f(w) €
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Co._ ([Bg82, R,)), with CLUhe) — OfHRae) _ o} — 1,
further assume

’ O+ f (w)

are
for every w € SN=1, where ¥, > 0.
Then

(1)

om—1. We

O, I (w)
ore

S \Ijla (120)

([ B2 ’ Ly (21452, Ry

i (N - 1)!
/Alf(y)\ dy < W (121)

N-1 N+k—1 N+a—k—1
(-1) (Ry + Rg) (R2 — Ry)
{(;} KT (N +a— k) )*

(B + Ro)F (Ry — Ry)N T+
£ KT (N +a— k) ’

and

(i)

1 ¥ N!
oty S O S gy =y (122)

{(N—l (71)N+k 1 (R +R2) (R2 Rl)N—i-a—k—l) N
KT (N +a—k)

k=0
N-1 k N4a—k—1
(R1 + R2)" (Re — Ry)
(kz_o KT (N +a—k) )}

Proof. Similar to Theorem 30, using (101)-(103). =
We finish with

Theorem 32 Let f € C’(Z), not necessarily radial, o > é, where p,q >

1: %—i—% =1, m = [a]. For each w € SN71, we assume that f(w) €

Ak k
i,y ([Ro, 552]) and f (w) € O, ([4575, Ro]), with S5 = 240
=0,k=0,1,....m — 1. When % < a < 1 the last boundary conditions is void.
We further assume

' O, f (w)

ore
for every w € SN, where Uy > 0.
Then

gy S (w)

<v 12
ore = (123)

Lq([F572 R2))

LR, 572) '
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Tor¥ (N — 1)IT (a n %)

lf ()l dy < 1 . -
4 F(%)F(a) (pla—1)+1)» gatN—1-1
N (C)NHEL (R4 Ry (Ry — Ry)NOE )
k=0 k!F(N+a+%_k)
N-1 (R1+ R2)" (Re — Rl)NJra*k*i
k=0 k'F(a+N+;7 ) )
and
(ii)
NI (a+ 1) 0,
(125)

1
Ve Ol < S (RY —RN)T (@) (p(a— 1)+ 1)F

N—1 (_1)N+k—1 (Rl +R2)k (R2 _ R])N+a_k_5
1
prt k!r(N+a+5—k)

+

Proof. Similar to Theorem 30, using (107)-(109). =
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