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Abstract

Using the well known reoresentation formula for functions due to Fink
[7], we establish a series of general Griiss and Ostrowski type inequalities
involving s-convexity and s-concavity in the second sense, acting to all
possible directions.
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1 Background

We are motivated by the following famous inequality due to G. Griiss of 1935.

Theorem 1 ([8]) Let f, g be integrable functions from [a,b] into R, that satisfy
the conditions

m<f@)<M, n<g(@) <N, a¢€lab],

where m, M,n, N € R. Then

b b b
= f(x)g(x)dx—(bfa/a f(sv)dw> (bia/agmdx)‘ (1)

(M —m)(N —n).

<

] =

We are also motivated by [3], Chapter 25, pp. 305-317.
Another motivation is [2].
We are strongly motivated in our method by
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Proposition 2 Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b). If f' € Ly ([a,b]), then

flx) =

b 1
/f(u)du+(a—b)/ p(at) f (ta+ (1—t)b)dt,  (2)

b—a/, 0

for all x € [a,b], where

tote o),
t-1, te =],
Proof. We use Montgomery identity ([5])
W=t [ roas i [aworow (1)
for all z € [a,b], where
_ft—a, tela,a],
Q(x’t)_{t—b, te (z,b]. (5)

We observe by change of variable that

1 b / G - e -
b—a/a q(z,u)f (U)dU7/o gz, da+ (1 =X)0b)f'(Aa+(1—-X)b)d\ (6)

‘We notice that

=N (b=a), ra+(1-ANbE [aa],
q(x,)\a—k(l—)\)b)_{_)\(b_a), Aa+ (1—=XA)be (z,b @

fa=ne-a), Ae[g ;71]
| Ae-a), ae o)

=<a—b>{i’ fei”[g)l} — (a—bB)p(z.A). ®)

Therefore it holds

/1q(x,)\a+(1—)\)b)f’()\a+(1—>\)b)d>\:
0

(a—b) /0 p () F (Ma+ (1= \)b)d), )

that is

1 b , B B 1 . B
= | a@n f@du= @b [ p@n s 0ara-npan (o)

proving the claim. m



Note 3 From (3) we notice that
Ip(z,t)| <1, all x € [a,b] andt € [0,1]. (11)

Assume now that |f’| is convex on [a, b] with f’ (a), f' (b)) € R. Then g (¢t) =
|f' (ta+ (1 —t)b)| > 0 is also a convex function in ¢ € [0, 1], as a composition
of a convex and an affine function.

It is clear now by comparing the areas under g and the related trapezium

that . ) "
/O 1 (tat (1 -ty b)| de < L0 (“)‘;V()'. (12)

Hence when |f’] is convex with [ (a), f’ (b) € R, we get

[ s o - onja < HOEIERL )

We need

Theorem 4 ([7], Fink) Let a,b € R, a < b, f : [a,b] — R, n € N, f(»=1) s
absolutely continuous on [a,b], x € [a,b]. Then

r@ =5 [ (14)
S (no kY (£ @ @) - fE D ) - b
_I;( k! )( b—a >
1 ’ n—1 (n)
o= ] @0 e £ @

where
Q(x’t)_{t—b, te (x,b]. (15)
When n =1 the sum 22;11 is zero.
We make

Remark 5 (on Theorem 4) Here we transform the remainder of (14) as follows

b
1 ! n—1 (n)
7(,1_1);/0(334@—(1%)%)) gz ha+ (1 =A)b) f™ (Aa+ (1—A\)b)dA
@(s__lb),/o ((x=b)+A(b—a)" " p(@ N f™ Aa+ (1=A)b)d\. (17)



We have established the following result which is our main tool here

Theorem 6 Let a,b € R, a < b, f: [a,b] = R, n € N, f=1 s absolutely
continuous on [a,b], © € [a,b]. Then

n b el *®) () (2 — a)* — F(E=1) AT
o= [ rwa-Y (5 (f QIR0 Ll OF b>>
a T=1 .

ai_b ! v —a n—1 x (n) a _
+(n_1)!/0 (=0 +A(b—a)" plz,A) [ (Aa+ (L-N)b)dA, (18)
where [ )
B A A€ |0, =),
p(l")\)_{)\—l, e %,1]. (19)

When n =1 the sum Yp—, is zero.

Note 7 When n =1 formula (18) collapses to (2).
We call the remainder of (18) as

em1g) = =0 [ ™ () £ (a4 (1 —
Rem(18) (n71)!/0(( B+ A(b—a)™ p (e, A) £ (ha+ (1— \)b) d.
(20)
We have that
(b_a)n ! n
|Rem(18)] < (n—l)!/o (ﬂ )()\a—&-(l—)\)b)‘d)\. (21)

Assume now that | f™| is convez on [a,b] with f™) (a), f(") (b) € R, then

F (@] + £ ()]
5 :

/Ol‘f(")()\a+(1—)\)b)’d)\< | (22)

So given that | f(™| is convex on [a,b] with f™ (a), f™ (b) € R, we derive

(b—a)" (| (@) + |f™ ®)])
(n—1)! 2 '

| Rem(18)| < (23)

‘We need

Definition 8 (/9]) A function f : Ry = [0,00) — R is said to be s-convex in
the second sense if
FOz+A=Xy) <Nf(@)+ 1= f), (24)

for all x,y € [0,00), A € [0,1] and for some fized s € (0,1].
When s = 1, s-convexity in the second sense reduces to ordinary convezity.
If 7>7 holds in (24), we talk about s-concavity in the second sense.



We also need

Definition 9 (see also [1])Let I be a subinterval of Ry and f : I — (0,00). We
call f s-logarithmically conver (s-log-convex) in the second sense, iff log f (x)
is s-convex in the second sense, iff

FOz+(1=Ny) < (F@) (fFu)* ™, (25)

for all z,y € I, X € [0,1] and for some fized s € (0, 1].
When s = 1, s-log-convezity in the second sense reduces to usual log-convezity.
If 7>7 holds in (25), we talk about s-log-concavity in the second sense.

We also need the s-convex Hadamard’s inequality

Theorem 10 (/6]) Suppose that f : [0,00) — [0,00) is an s-convex function in
the second sense, where s € (0,1] and let a,b € [0,00), a < b. If f € Ly ([a,b]),

then
b
23‘1f<a;rb>§ ! /af(x)dx<f(a)+f(b). (26)

b—a - s+1

The constant K = ?11 is the best possible in the second inequality (26). The

above inequalities are sharp.
We mention also the s-convex Ostrowski type inequality

Theorem 11 (/2]) Let f : I C [0,00) — R be a differentiable mapping on I°
such that f' € Ly ([a,b]), where a,b € I with a < b. If |f'| is s-convex in the
second sense on [a,b] for some fized s € (0,1] and |f' (z)| < M, x € [a,b], then
it holds

< b]\—4a <(x—a)2+(b—x)2> ) (27)

s+ 1

‘f@)—bia/ f () du

for each x € [a,b].
We are also motivated by

Theorem 12 ([{],Cebysev 1882) Let f, g : [a,b] — R be absolutely continuous
functions. If f', ¢’ € L (|a,b]), then

bla/abf(x)g(x)dx— (bla/:f(x)dm> (bla/:g(x)dx>|

1
2

< 5 (0= a) 1 oo ll9'lloc - (28)

—_

Next we derive general inequalities similar to (28) and (27).



2 Main Results

We present our first general main result that is about Griiss type inequalities
and involves s-convexity and s-concavity in the second sense.

Theorem 13 Let a,b € R, a < b, f,g: [a,b] = R, n € N; fr=1 =1 gre
absolutely continuous on [a,b], x € [a,b]. Whenever we consider s-convezity or
s-concavity of functions we take a > 0.

Denote by

U /n-— (k=1) z—b)" = =D (a) (z — a)*
Fff_l(w)::Z( klk)(fk (b) ( b)b—ﬁk (a) ( )>, (29)

Ar.g) = :f() () (/ f(x )(/ g(x)dm)

_% [/ab (9 (@) F_y () + [ (2) FS_, (m)) dx] . (30)

We distinguish the cases:
1) Here |f(”)|, |g(”)| are s-convex in the second sense and

)f(" ‘<M ‘g(")(x)‘SK, z€ab]. (31)

Then
2(b—a)""!

A <
Aol < (n—1)!(s+2) (s +3)
2) Letp; > 1: 2?21 i =1, and f™, g™ € L,, ([a,b]). Then

(B (| flloo + M llglloo) - (32)

Arg)| <

(b—a)"* 527 (£, lg®™ 1, + Nl 1711, ]
20575 (n = D! ((p2 (n = 1) + 1) (p2 (= 1) +2))7 ((ps +1) <p3+2>>fi~»( |
33
3) Let p; > 1: Zf 1171 =1, with |f(”)| |g(")f are s-convex in the second
sense and|f(" (z)] < M, |g(" (z)| < K, z € [a,b]. Then

1Arg)| <

1 1

275 (b —a)" [||f||,,1K+ lgll,, M]
(n = D! ((p2 (n— 1) +1) (p2 (n — 1) +2))% ((ps + 1) (ps +2))75 (pas + 1)1

N
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4) Letp; > 1: Z?:l i =1, with ‘f(")}m, |g("){p4 are s-convex in the second
sense and | f") (z)] < M, |¢™ ()| < K, x € [a,b]. Then

1Arg)| <

nal_ L1
(b= )" [1f1l,, K + llgll,, M]

277 (n = 1)! (P2 (n = 1) + 1) (p2 (n = 1) +2)) 7% ((p + 1) (ps +2))7 <s+1)<§%>'
5) Here D > 1: 24 I — 1. Let f(”)7g(”) c Lp4 ([a’bD7 with ‘f(n)‘p‘l’

i=1p,;

|g(”)|p4 being s-concave in the second sense. Then

Arg)| <

(b—a)" 5 (11, [ (5£2)] + llgll,, |7 (252)]]

2G5 (= D)1 (p2 (0 — 1)+ 1) (p2 (0 — 1) +2))% ((pa + 1) (3 + 2))

?336)

Proof. Since f,g : [a,b] — R, n € N, with £~V g(»=1) are absolutely
continuous on [a,b], = € [a,b], by Theorem 6 we obtain

n

b
f@) = [ F@at+ B @)+ B (@), (37)

where

i (k—1) z—b)* — =1 (a) (z — a)F
Fff_l(w)::Z( klk)(fk Ba=y' -1 @) )>, (38)

=1

=

and

R (z) = % /0 (2= B) + A(b—a))"  p (2, A) F™ (Aa+ (1 — A)b) dA
b

_ m/ (@ =" g (2, 0) £ (1) dt. (39)

Similarly we have

n b
9(0) = [ g ®dt+ FL, (@) + By (@), (40)
Then
n b

F@o)= 3 @ [ 1O @ FL @ 4@ RLw), ()



n

b
P9 =g @) [ g0+ @ F @)+ @) R ).

a

Then by integrating we obtain

/abf(x)g(x)dxzbna(/abg(m)dx> (/abf(a:)dm> (42)

b

b
9@ R @+ [ ) R @),

/abf(z)g(ar)dx— o </abf(a:)dx> (/:g@mx)

b b
+/ f(x)F)_, (:v)dx+/ f(z) RS (z) d.

[ 1@ (/:fu)dx> </abg(sc)dx> _

[ 9@FL @dot [ 9@ R] (@) (43)

That is

ab b
/ fla) By, (x)d$+/ f(z) RS (x) dz.

Adding the last we derive

Mpo= [ F@o@ - (/abf(x)dx> </abg<x>dm>

_ % l /ab (g () !, (x) + f () FY_, (x)) dx]

b

Next we estimate Ay g).

1) Estimate with respect to |||, and s-convexity in the second sense. We
have that

b b
|A(f,g)|g;[||f||oo | m@ld+ gl [ |R£<sc>|dx]. (45)



We notice under the assumption | f (”)’ is s-convex in the second sense and
|f(™) (z)| < M, x € [a,b], that

oo [ e

<O [l (v

|R] (z)] <

70 (Aa+ (1= ) b)|dx (46)

7o @)[) ax

(@) + (1=

M(b—-a)" 1 . .
< SE [ o+ - xa (47)
_M(b_a)n H s _ s ! _ s _ s
e [/0 AN+ (1 /\))dA+/Z:2(1 A) (A + (1 /\))dA]
M- [ [ = I
e [/0 A dA+/0 A1 =) d + (48)

b—xz

b—a —a

1 b—a2\ 52 N
s+2\b—a
1 T —a s+2 1 Tr—a s+1 1
- (=" N
s+2\b—a s+1\b—a (s+1)(s+2)
s+2_ 1 b*.ﬁE s+1+; .
s+1\b—a (s+1)(s+2)

EIENIE

/: (X" = AT dx + /1 (1— X d)\]

M(b—a)” 2 b—x s+2 9 r—a 542

(n—1)! s+2<b—a> +3+2<b_a>

1 r—a)\*t 1 b—\*T! 9
8+1<b—a> 8+1<b—a> ternery| - W

M@®-a)"| 2 (b—2)""? + (z —a)*"?

(nfl)' S+2 (b_a)s+2
1 (b7$)s+1+($7a)s+l 2 B M(b*an

(50)



We have proved that
|R£ (z)] < (z,s), =€ ]la,bl. (51)

Given that |g(")‘ is s-convex in the second sense and }g(”) (m)| < K,z € [a,b],
we similarly get

Ry @) < P, e o, (52)
We notice that . A(h )
/a ¢ (z,s)dx = m (53)
Hence it holds
b AM (b—a)™*"
/a By @l < Ty T (54)

and similarly
AK (b—a)"*!
n—1(s+2)(s+3)

b
| R @la <

Therefore we proved that

1 AK (b—a)"*! AM (b —a)"
Bl =5 [”ﬂoo RN R ey T Yo 1 B
(56)
Hence we derive
—a n+1
Sl < ity KW e+ M a0 60

2) Estimate with respect to ||le norms, ¢ = 1,2,3,4; p; > 1, Z?:l i =

We use Holder’s inequality for four functions, and we use the old remainder
form, see (14).
So here

b
R0 = s | @0 @O 6)

where ¢ (z,t) as in (15).
We have that

b b
/ g (2) RS (2) de| < / 19 (@) | R ()] d < (59)

10



fm (t)‘ dtdz <

A T e e
<n—1;w_a)<LaAﬂg@V”ﬁm>;1(Lféﬂm_ﬂwqm%mm>
</ab [ o dtdx>p13 ( [
p p4<Lb<Lﬂxtwhnmdocm>é.
(Lb<Lﬂq@¢nmdch>%

lgly, (1P, 275 (b—a)" 't R
(=1l (b—a)m "5 ((p2(n—1)+1)(p2(n—1)+2))72

1
P2

F (t))m dtdax> b = (60)

f(n)

273 (b—a)' s

(s +1) (ps +2))7

2775 (b— )"t 5545 |gll,, [/, (62)

(n—=1)!((p2 (n = 1)+ 1) (p2 (n — 1) +2))72 ((ps + 1) (p3 +2)) 75

We have established that

[ @ ni@e

25555 (b— )" w8 gl £, (63)

(n—=1)!((p2 (n = 1)+ 1) (p2 (n — 1) +2))72 ((ps + 1) (ps +2)) 75

Similarly we obtain
<

(lbfhﬁR%@%h

255 (b— )"t 525 | ], (9], o)
(n—1)! (2 (n = 1)+ 1) (p2 (n — 1) +2))7% ((ps + 1) (ps +2))75
Consequently by (44), (63), (64), we get
1Arg)] <

11



(b= a5z [I£1l, 9], +llgll, I17]],,]

2 (=D (2 (= 4D 2 (2= D4 (et D sk DT

3) We notice also that if ’f(") ’, ‘g(")’ are s-convex in the second sense, then

j 2 /b
(b—a) /01 |9 (Aa+ (1= ) b)‘“ ) < (66)

(b—a)/ol()\s

K7 (b— a) /01 (N + (1= NP dr <

H g™

g™ (1) ’m dt =

g™ (b)

g (@) + (1= A

)p4 X <

1 Pa
_ 2K (b — a)
2P~ KPs (b — M 4 (1= Py gy = BRI (b~ a)
- [ o aara] = EEEEED e
Hence it holds .
b—a 7
M < 2K .
Hg pa (p45 + 1) (68)
Similarly we find
1
b—a \r
Il <oMm :
Hf ps (p4s—|—1> (69)

So if |f(”) E |g(”)| are s-convex in the second sense and }f(") (z)| < M, |g(”) (z)] <
K, z € [a,b], then by (65), (68), (69), we get

A <

1

a1, il
27555 (b= )" (£, K + g, M]
T T I
(n=D(p2(n=1)+ 1) (p2(n = 1) +2))72 ((p3 + 1) (p3 +2)) 7 (pas + 1)‘(’4 )
70
4) Next assuming that |f(”)|p4, ’g(")|p4 are s-convex in the second sense,
then

9t Z — (b—a) /01 |97 Qo+ (1= 0 b)| " dr <
(b—a) / (g @[+ =] @) ar < (71)
K7 (b—a)/o1 (AS+<1—A)S)dA=%. (72)

12



That is

1 1
" 2K (b—a)rs
o] < ZEE =k -
P4 (s+1)ra
Similarly we get
1 1
o] < 2EME—Dm (74)
Pa (5 + 1)H

So if |f(”)|p47 |g(")|p4 are s-convex in the second sense and |f(”) (m)| < M,
l9™ (z)| < K, z € [a,b], then by (65), (73), (74), we derive

Arg)| <

bl L
(b= )" [If1l,, K + lgll,, M|
T T T -
27 (n = DH(p2 (n = 1) +1) (p2 (n — 1) +2)) 72 ((ps + 1) (p3 +2)) 72 (s + 1)(‘“4 )
75
5) Assume finally that ‘ g™ |p47 ’ ) ’p4 are s-concave in the second sense,
then by (26) we get

b P b Pa
[l ol a<e o (40 0-a (76)
and . ,
4
[ o] de <2t o (“2+b> (b—a). (77)
Therefore ;
o], <27 o (452 | 0- (79)
and .
s—1
Hf(n) N <2 |f™ <a—2|—> ' (b— a)ﬁ . (79)
Then by using (65), (78), (79), we get
At <

1

(b= a3 [1£1, |9 (2£2)] + llgl,, 1F™ (252)]]

2017 (n— D! ((pa(n—1)+1) (p2 (n — 1) + 2))£ ((pa 1) (pa + 2));3(80)

The proof of the theorem is complete. ®
We apply Theorem 13 for n = 1.

Proposition 14 Let a,b € R, a < b, f,g : [a,b] — R; f,g are absolutely
continuous on [a,b], x € [a,b]. Whenever we consider s-convexity or s-concavity
of functions we take a > 0.

13



Denote by

o= [ 1@9@) w—(/f )(/g@)dx). &)

We distinguish the cases:
1) Here |f'|, |g'| are s-convez in the second sense and

[f @) <M, |g (@) <K, =€l (82)

Then
. 2(b—a)®
‘A”)‘_ (s+2)(s+3)

2) Letp; > 1: Zi:l o- =1 and f', g € Ly, ([a,b]). Then

(B (| flloe + M lgll o) - (83)

1
(b —a)" 55 (171, 'l +llgly, 171,
2 (s )y +2)5

3) Letp; > 1: Z?Zl i =1, with |f'|, |¢'| are s-convex in the second sense
and |f' ()] < M, |¢' ()| < K, x € [a,b]. Then

275 (b—a)> "7 [nfum K + |gll,, M
(s + 1) (ps +2)) 7 (pas +1)71

4) Let p; > 1: 30, - =1, with [f'[", |g'|"* are s-convex in the second

sense and |f' ()| < M, |¢’ ()| < K, x € [a,b]. Then

(b— @ % [1£ll,, K + llal,, M]
% ((ps 1) (ps + 2) 7 (s + )7

5) Herep; > 1: 5+ =1. Let f', g’ € Ly, ([a,b]), with | f'|"*, |¢'|"* being
s-concave in the second sense. Then

(=73 (I, o' (222)] + Il |1 (=52)

1,14 2-s 1
25 (g 1) (o3 +2))

‘A?ﬁg)‘ <

’ ?f,g)‘ = (85)

’A(f ) (86)

’Llp

‘Aug ’ < ] .87

We continue with

Theorem 15 Let 0 < a < b, f,g : [a,b] — R, n € N; f(»=1 (=1 gre
absolutely continuous on [a,b], x € [a,b. We assume that |f™|,[g™| are s-
logarithmically convex in the second sense, and |f™ (a)|, [f™ ()|, |¢"™ (a)],

(n) [£) ()] — |9 (a)]
‘g (b)| (0,1]. Call A := roe B ool € (0,1], and
z°—1 :
. slnz’ Zfze(oaoo)_{l}a
vy { e, T (58)

14



Denote by

nelo k=1 (b) (z — b)F — FE=1) (@) (z — a)®
_ (k!k><f (b) (z — )" = F*1 (a) ( >>7 (59)

b—a
k=1
with Fof (z) :=0, and

Atro) —/ f@ _a</abf(x)dx> </ﬂbg<x>dm>

_% Vab (9 (@) Fyl_y (@) + [ (2) Fyl_, (w)) dx] : (90)

We distinguish the cases:
1) Estimate with respect to ||-|| . It holds

b— a)’n+1

8l < G 01

9™ ®)] v (B) + gl | £ ®)] v (4)] . 01)

2) Letp; > 1: Zle pi =1. Then

1A¢rg)] <

(b= )" 75 [If1l,, [9) ) (@ (BP))7 + llgll, |70 @) (v, (4P4)) 7]

2 (=D (= 4D 2 (2= D4 (et Dok DE

S

Proof. 1) See also [1]. Here we assume that 0 < |f(”) (a)], ‘f(”) (b)] <1, set

) (q
A= |\;(”>(b)|‘ |f(”)| is s-logarithmically convex in the second sense, s € (0, 1],
Ae0,1].
We observe that
: (by (46), (11)) (h — @)™ (1
|R! (z)] e (b-a) / £ (Aa+ (1= \)b)| dA (93)
(n—1)! Jo
b —a n 1 . A° . (1_>\)3
<= [ @] [ w ™ a
b—a)” 1 n As n (1-X)s
<O ] ><a>] o m T an
(b— |f(n) ’ ‘f(n) a)‘
= d\ 94
(n—l) |f(n)b| (54)

15



7(b—a)n|f(n)(b)‘s ! A g\ - (s
- /OA ) =: (%) .

If A=1, then
—a)" | p»?
) |_f1)! 0l -
If A+#1 we get
b—a)"|f™( (b—a)" ) (p)|®
(%) = (b n|7f1 b / es(n AN gy ()n |f1)! (b)] ShllA (A1)
~b=a)" [f™ )] 4 -1
B (n—1)! (slnA)' (96)
Therefore we derive that
—a)" |
7] < CUITOL, ). (o7

|9 (a)] -
FOIGIK gt is

s-log-convex in the second sense. Then, similarly, we obtain that

We further assume 0 < |g(”) (a)], |g(”) (b)] < 1, set B :=

(b—a)" g™ ()]

B )] < v (B). (98)
Notice that , ) R | pn) s
/ [R] )] e < _“)(n _|f)! Ly (99)
and , ) R | () (
|1 @)de < ¢ _a(n_’f)! Lo o). (100)
It is clear now
Berr] < 3 (171 [0 O 00 (B) + gl |1 ), ()] E2L
(£.9) 5 o |9 s 9l s = 1) .
(101)

2) Here we assume that 0 < [ f™) (a)|, | £ (b)|,]9™ (a)],]g™ (b)] < 1, set
O |f(n)(a)| P4 4D = |g(")(a)| p4. ) (n) 1 in th

= foo) an = low) | f(™M], |g"™)| are s-log-convex in the
second sense, s € (0,1], A € [0, 1].

We have as in (66) that

(n)

Hg — (b—a) /1 ‘g(") (Aa+(1- ) b)‘m X (102)
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:D4) (1=X)® O\

—o-a) [ (s @)
<= [ (o @[")

pas [l |g(")(a)| paN SA
J ((!gw o) ) @

pay A’ <‘g(n) (b)
D4 >\S< ®)

pay (1=XA)s
) A

‘ g™

= (b—a)[¢ ()

4S5 1
= (b—a)[g™ (v) 3 / DA (103)
0
Hence s s
Jo)| " < o= g @) v, o), (104)
and ) . )
Hg(n) S, S o) g™ ()| (¥, (D)7 . (105)
Similarly we obtain
[ < =y s @] @, @) (106)

Finally using (33) we find
[Aggl <

(b= a)" "5 [I£1,, 9 @) @ (D)7 +llgll,, |7 @) (w, (€))7]

200158 (= D! ((p2 (n = 1) + 1) (p2 (n = 1) +2)) ((ps + 1) (ps +2)) 7
(107)

The proof of the theorem now is complete. m
We apply Theorem 15 for n = 1.

Proposition 16 Let 0 < a < b, f,g: [a,b] — R are absolutely continuous on
[a,b], © € [a,b]. Assume that |f'|,|g’| are s-log-convex in the second sense,
and | @)1, 1 O 1 (@) 1g' O)] € 0.1 Catt a* = Lol pe = 1l
s €(0,1], and

z°—1 : _
ws (z) = {ilnzi’leizlle (07 OO) {1}a (108)

Denote by

b b b
o= | f(m)g(z)dxbia</a f(z)dx) (/agm)dx) (109)

We distinguish the cases:

17



1) It holds

800m] < ES L (1 19 OF b, (B) + lalla | O 0, (4] . (110

2) Letp; > 1: Z?:l pi =1. Then
‘Azﬁf,g)‘ <

(b= )75 [Ifl,, |9’ ) (0, (BP))75 + lgll,, 1 B (0, (AP2))71
2'7% ((ps + 1) (ps +2))7 '

(111)
Next we present s-convexity general Ostrowski type inequalities.

Theorem 17 Let a,b € R, a < b, f : [a,b] = R, n € N; f=1 s absolutely
continuous on [a,b], x € [a,b]. When we consider s-convexity or s-concavity of
functions we take a > 0.

Denote by
F o (n kY (£ ) @ =) — 5D (@) (o - o)
Fnl()~];< o )( - . (112)
with F (z) :=0, and
Rl (2) =1 @) - [ Tt FL @), (13)

We distinguish the cases:
1) Here |f(”)| is s-convex in the second sense and }f(") (z)| < M, z € [a,b].

Then
— s+2 T —a s+2
2 ) ((b )(b —Z)(S” ) ) (114)

1 (b—z)"" + (2 —a)" 2
NCET b_a)" T AN+

2) Letp; > 1: Z?:l i =1, and f™ € L,, ([a,b]). Then

R}, ()] < 17l <(b — )P IR (g a)pl(n1)+1> o
~ (n=1)! (b—a) 1) +1
(b— x)p2+1 + (z— a)p2+1 %3
( p2+1 : (115)
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3) Let p; > 1: Zl 1 pi =1. If |f(”)‘ is s-convex in the second sense and
|f(™) (2)| < M, x € [a,b], then
; OM (b—a)vs
|R] (2)| < (116)

(pss+1)7 (n—1)!

(b B x)Pl(nfl)Jrl + (l’ N a)p1(n71)+1 é (b B x)szrl + (l’ B a)szrl é
p1(n—1)+1 p2+1

4) Letp; >1:50 —=11f | fP* is s-convex in the second sense and
|f(™) (2)| < M, x € [a,b], then

R, (2)] < : : (117)

(b B x)Pl(nfl)Jrl + (l’ B a)p1(n71)+1 é (b B x)ngrl + (x N a)p2+1 é
p1(n—1)+1 p2+1

5) Letp; > 1: Zf’zl i =1, f™ ¢ L,, ([a,b]), with ’f(")vg3 being s-concave
in the second sense. Then

2% [f) (442)| (b~ a)?s

(n—1)! (118)

|R] (z)] <

((b _ x)Pl(n—l)-H t(z— )Pl(n 1)+1> oy ((b _ x)pz-i-l + (2 — a)p2+l> Ps
+1

p1(n—1) p2+1

Proof. 1) As in (50), (51), we get
|R7fl (x)] < 1\4(751)_—1()1!)90(%8)7 x € [a,b]. (119)

2) Let p; > 1, ZL 1p = 1. Then

|Rf ’_ T /|:ch15|nl xt|‘f(n ’

oy =
-+ p1(n—1) P2 (n)
P (e (/’u f dQ <L|qu¢n ﬁ) e

(120)
B Hf(n) Hp3 (b _ x)pl(nfl)Jrl + (x . a)pl(n71)+1 ﬁ
) +1

C(n=D!'(b—a p1(n—1)
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(w@”“+<x@”“>”, (121)
p2+1

3) If |f(")| is s-convex in the second sense and |f(") (z)| < M, z € [a,b], we

get
b—a \ 7
< oM —) (122)
b3s

H Q)

p3
see also (69).

4) If |f(”)|p3 is s-convex in the second sense and |f™) (z)| < M, x € [a, ],
we get

el 1
o < 2ho-us -
Ps (s+1)rs
see also (74).
5) If ’f(”) ’pS is s-concave in the second sense, then by (26) we find
[ < 2% |5 (S22) |0 - a3, (124)
p3 2

see also (79). m
We apply Theorem 17 for n = 1.

Proposition 18 Let a,b € R, a < b, f : [a,b] — R is absolutely continuous on
[a,b], x € [a,b]. In case of s-convexity or s-concavity we take a > 0.
Denote by

Bw=1e- i [0 (125)

We distinguish the cases:
1) Here |f'| is s-convex in the second sense and |f' (z)] < M, x € [a,b].

Then . N
2 (b—x)° 2—1—(3:—(1)5 2
(s+2) ( (b—a)*? ) 20

1 (b—2) + (z—a) N 2
(s+1) (b—a)*™! (s+1)(s+2)

2) Letp; > 1: 2?21 L =1, and f' € Lp, ([a,b]). Then

Di

B ()] < M (b -a)

w—@““+wx—w““>”. (127)

f < / o ﬁfl
R @)] <171, (b - a) ( P
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3) Let p; > 1: %2 L = 1. If |f'| is s-convex in the second sense and

=1 pT
Ilf' (x)| < M, x € [a,b], then
IR (@) < 2M T R ek RN
a (pss+1)73 (b—a)?P2 p2+1

4) Let p; > 1: Z?:I p% = 1. If |f'|*® is s-convex in the second sense and

|f' (z)| < M, x € [a,b], then

% _oap2tl _ _\p2+1 é
21 M : (b—x) +(z—a) - (129)
(s+1)7 (b—a)7= p2+1

R ()] <

5) Let p; > 1: Z?=1 i =1, f € Ly, ([a,b]), with |f'|" being s-concave in
the second sense. Then

po 2T ()] (-0 4 @0
7l )] < (b—a)7 P21 oo

‘We continue with

Theorem 19 Let 0 < a < b, f : [a,0] - R, n € N; f=1 s absolutely
continuous on [a,b], © € [a,b]. We assume that |f(")| is s-log-convex in the
_ M@

second sense, and |f(") (a)], |f(”) (b)| € (0,1). Call A := oI € (0,1],
" L ifze(000) - (1)
_[Z2L, ifze(0,00) — {1},
by (2) = {1’1 b (131)
Denote by
n—1 _ k — k
7 _ n—k\ (f*V0) (="~ f*V () (x —a)
Fyy(2) = ;( x ) ( P , (132)
with Fg (z) :=0, and
b
Rl @)= f @) - ;7 [ 10de~FL, (@), (133)
We distinguish the cases:
1) It holds generally
b—a)"|f™ (b)]°
r ] < C=TVEOL, () (134)
2) Letp; > 1: Z§:1 i =1. Then
R @) < E=0 o ), (arp (135)
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(b N x)Pl(nfl)Jrl + (l’ N a)p1(n71)+1 ﬁ (b N x)ngrl + (x B a)szrl %
pr(n—1)+1 p2+1 )

Proof. 1) As in (97) we get

)" ) ()]
7 ) < = i 5 OLy, . (136)
2) As in (106) we obtain
[r)] <= |5 o) @, @), (137)

Then we use (115). m
At last we apply Theorem 19 for n = 1.

Proposition 20 Let 0 < a < b, f : [a,b] — R absolutely continuous on

[a,b], x € [a,b]. We assume that |f'| is s-log-convex in the second sense, and

[f' (a)],]f" (b)] € (0,1]. Call A* := |‘}},EZ;‘|, s €(0,1], and ¥, (2) as in (131).
Denote by

b
Rl @)= f @) - = [ fa (138)
We distinguish the cases:
1) It holds
R (@)] < 6 —a) 17 ) b, (47). (139)

2) Letp; > 1: Zle p% =1. Then

(b _ x)pz-&-l + (ac _ a)pz-i-l %
p2 +1 ’

R ()] < (6 - )75 |7 @) (w0, (4"70))% (
(140)
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