Received 20/05/13

Canavati fractional Ostrowski type inequalities

George A. Anastassiou
Department of Mathematical Sciences
University of Memphis
Memphis, TN 38152, U.S.A.
ganastss@memphis.edu

Abstract
Here we present Ostrowski type inequalities involving left and right
Canavati type generalised fractional derivatives. Combining these we ob-
tain fractional Ostrowski type inequalities of mixed form. Then we es-
tablish Ostrowski type inequalities for ordinary and fractional derivatives
involving complex valued functions defined on the unit circle.
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1 Introduction

In 1938, A. Ostrowski [12] proved the following important inequality:

Theorem 1 Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) whose derivative f' : (a,b) — R is bounded on (a,b), i.e., |[f'] =
sup |f'(t)| < +o0. Then

te(a,b)
b z - aib)?
o [ e < [}H((b_;j)z)]wb—a)f’llw @

for any x € [a,b]. The constant % 18 the best possible.

Since then there has been a lot of activity around these inequalities with
important applications to numerical analysis and probability.

In this article we present various general Ostrowski type inequalities involv-
ing fractional derivatives of Canavati type.

At the end we give applications to complex valued functions defined on the
unit circle.
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2 Background

Let v > 0, n := [v] (integral part of v), and o :=v—n (0 < a < 1). The gamma
function I is given by I' (v) = [~ e~*t"~'dt. Here [a,b] C R, z, 20 € [a,b] such
that & > xo, where z is fixed. Let f € C([a,b]) and define the left Riemann-
Liouville integral

N @ = s [ @07 0 )

xo < x < b. We define the subspace CY_ ([a.b]) of C™ ([a, b]):

C¥, ([a,) = { £ € € (fa,) - I S € € (o, )} 3)

For f € C¥ ([a,b]), we define the left generalized v-fractional derivative of

f over [xo,b] as
/
Dy, f = (Jraf ™) (4)

see [4], p. 24, and Canavati derivative in [6].

Notice that DY f € C ([zo,b]).

We need the following generalization of Taylor’s formula at the fractional
level, see [4], pp. 8-10, and [6].

Theorem 2 Let f € CY ([a,b]), 2o € [a,b] fized.
(i) If v > 1 then

F@) = £ o)+ (o) (a = a4 ) EZ 2 00 ) E 20
()
+ (J2°DY f) (z),  allx €la,b]: x> xo.
(1) If 0 < v < 1 we get
flz)= (JjOD;Of) (), allz€lab]:x>x (6)

We will use (5).

Furthermore we need:

Let a >0, m=1Ia],=a—-m,0< g <1, feC(a,l]),call the right
Riemann-Liouville fractional integral operator by

(Jef) (2) = %

a)

b
[ u=orrpan ©
x € [a,b], see also [5], [9], [10], [11], [13]. Define the subspace of functions

Cir (fa,b]) = {f € C™ ([a,4)) : J;=7 £ € € ([a,B]) } (8)



Define the right generalized a-fractional derivative of f over [a, b] as

D= (1) (Y 9)

see [5]. We set DY _f = f. Notice that D¢ f € C ([a,b]).
From [5], we need the following Taylor fractional formula.

Theorem 3 Let f € C ([a,b]), « >0, m:= [a]. Then
1) If a > 1, we get

m— lf(k)
Z 0+ (JEDEf) (x), V€ lab]. (10)
=0
2)If0<a<l, we get
flx)=Jp Dy f(x), Vaxelab]. (11)

We will use (10).
In [4], pp. 589-594, and [3], we proved the first fractional Ostrowski inequal-

ity.

Theorem 4 Let a < xg < b, xg is fived. Let f € CY ([a,b]), v > 1, n:= [v].
Assume fO) (20) =0,i=1,...,n—1. Then

1Dz, 11l
[$07b] v
) dy — b— . 12
— / F)dy = (o) < et ) (12)
Inequality (12) is sharp, namely it is attained by
f(@):=(x—20)", v>1, z€]lab]. (13)

When 1 < v < 2 the assumption f) (x0) =0, i=1,...,n — 1 is void.

3 Main Results
We give

Theorem 5 Same assumptions as in Theorem 4. Then

b onf . (b—x)”71
2 L 1610 ] < Pl

I'v+1)




Proof. By (5) we get

f(y)—f(q:o)zr /y (y —w)" "' (D, f) (w) dw, Y y> . (15)

Hence

@) / (y—w)" ™ |[(D5,f) (w)] dw

— o) Y — )L b
<(y1“(01/))/x |(DZUf)(w)|dw<(yF(‘;§/I (D%, f) (w)] duw

),
=TT D% 11 1, (ot

Le.

70~ £ @)l < S D8y e Y€l (10

Therefore we get

b b
b_lxo/ f(y)dy — f(w0) :b—lxo / (f () = f(w0))dy| <
(16)
_ / |f (y (zo ‘dy <
i) zo
1 b v—1 HD f||L1(zOb) (b—xo HD fHLl([zo 0 _
b— o <~/£0 (y = 0) dy) I'(v) - v T )

(b_mo)u_l v
F(V+ 1) || CCDfHLl([mo,b])’

proving the claim. m
We continue with

Theorem 6 Same assumptions as in Theorem 4. Let p,q > 1 :
Then

1Dz, 41l olz0.)

(b— o) V7.
PO -D+DF (vil)

b
/f(y)dy—f(fco) <

b—xo

Proof. We notice that




i ([0 d’“”); ([ 10z )’ <
FL)(w?f)T:1f> (/)\ >de>é:

L —m)
D .
F®) pw—-1)+1)r I ””Of)HLq([wo,bD
That is
HD f”L ([zo,b)) —xo)(”’l)ﬂﬁ
B = = o, Vv b 18
700~ J o) < T VI vy e (09

Consequently we obtain
b (18)
[f (y) = f (o)l dy <

b
[T ) A

1 220 3 P ’ =141
(b—xo>r(u)( (u—1)+1)i/ o) e

HD fHL q([z0,b]) (b— .Z‘Q)V+%_1

<

b—.’)?o

1 (19)
F@) e -1+ (v+i)
proving the claim. m
Combining Theorems 4-6 we derive
Proposition 7 Let all as in Theorem 6. Then
/b f(y)dy — [ (zo)| < min IP%0 o ey (b — x0)” (20)
b—x0 /s, - I'(v+2) ’
v—1+21
|Dx fHLl(:nob)(b z0)" " || Dx fHL (w0, (0 = 20) !
F+1) 71“(V)(p(1/—1)+1)P(V+%)

We continue with right Canavati fractional Ostrowski inequalities.

Theorem 8 Let a > 1, m = [a], f € CF ([a,b]). Assume f*) (b_) = 0,
k=1,...,m —1; which is void when 1 < a < 2. Then

DO[
bia/ﬁﬂ@dxf@)<HZ)MmMM

< st (21)




Proof. Let z € [a,b]. By (10) we get

b
F@)=F0) = Fia [ ooy ar (22)
Then, as before, we get
b— «
1@~ FO1 < o 105 e Yoclotl (@)
Hence it holds
b b 23)
o [ f@d o)< 1@ - ol s
227 . P27 T .
F(a—l—l)(b—a)/a b= dr = m e arn Y
Daff oo, |a «
_ NP8l oy If(a|L— 2’[) M (b - a), (24)

proving the claim. m
We continue with

Theorem 9 Same assumptions as in Theorem 8. Then

b Do:f (bia)afl
L s ro] < 12 e ¢ -
Proof. We have again
1 ’ a—1 o
If(w)—f(b)lém/z (] — 2Dy f(7)|d] (26)
b—a)* !
(1“@)) HDl?*fHLl([a,b]) ; Vaelab].
Hence
b b ,
b%/ f(@)de = f () éb%/ @)~ FO)de <
HDI?—fHLl([a,b]) ’ a—1 HD?—fHLl([a’b]) a—1
Tanoa [t =T o e

proving the claim. m
We also have



Theorem 10 Same assumptions as in Theorem 8. Let p,q > 1 : % +-=>=1
Then
1 b Dy f " 1
/ f(@)de — (b)) < LA (b—a) 7.
b—a F(a)(p(a—l)—kl)?(a—l-%)
(28)
Proof. As before we obtain
HD?—fHL a,b 141
@)= F b)) < Ao (p— ), Vaefat].  (29)
I'(a)(p(a—1)+1)7
Hence
10 1P (29)
— _ < — <
= | t@de— o)< o= [ i@ - <
DY f b
125 HL“([Q’ZD </ (b—2) 1t dz) —
[(a)(pla=1)+ 1) (b—a) \Ja
o a— 1
HDb*fHLq([a,b}) (b—a)* 'Ts (30)
1 ’
(pla-1)+ D7) (a+?)
proving the claim. m
Combining Theorems 8-10 we derive
Proposition 11 Here all as in Theorem 10. Then
1/bf(x)dxf(b) < min %(bw)“ (31)
b—a /, - I'(a+2) ’
o a—1 a a71+%
HDb—fHLl([a,b]) (b - a) ||Db—f||Lq([a,b]) (b - a)
9’ 1
T(a+1) F(a)(pla—1)+ 17 (a+1)
We also give optimality of (21).
Proposition 12 Inequality (21) is sharp, namely it is atlained by
()=0b-D", a>1, Je€ab], (32)

m = [a].



Proof. We have that

M (=) ala—1)(@=2) (@ —m+2) (a—m+1)(b—J)> ™.

(33)
We also notice
1—(a—m) p(m) (7 1 ’ —a+m p(m)
(Jb— fe )(x) = m/ﬂc (J —z) * [ (1) dJ
b
_ m/x (=)™ (1) a(a—1) (@ —2)...(a—m+2)

(a=m+1)(b-—TD)"""dJ
_ (-D)"a(a—1)(a—=2)...(a =m+2)(a—m+1)
F'l—a+m)

b (b _ J)(a—m+1)—1 (J _ x)(l-‘rm—a)—l dJ

(-D)"a(a—1)(a—=2)..(a =m+2)(a—m+1)

I'l—a+m)
Fa-m+1)T(1+m-—a)
r(2) (b—=)

=(-D"ala—1)(a=2)..(a—m+2)(a—m+1)T(a—m+1)(b—x)
=(-D"a(a—1)(a=2)...(a—m+2)T (a«—m+2)(b—2x)

=.=CD"T(a+1)(b—x). (34)
That is
(=) (@) = (~1)" T (@ +1) (- ). (35)
Therefore it holds
(D5 £) (0) 2 ()" (=)' T (@ + 1) (-1) =T (a+1). (36)
So that
D5 fill o joy =T (@ +1). (37)

We also notice that fﬁk) (b-)=0,k=1,..,m—1,and f. (b) =0.
We observe further that

(b—a)*”
L.H.S.(21) = T (38)
and T(a+1 b—a)”
RH.S.(21) = & EZ :[ 2% (b—a)* = (a_ﬂ , (39)

proving the claim. m
Next we present mixed Canavati fractional Ostrowski type inequalities.

8



Theorem 13 Let « > 1, m = [a], x € [a,b] fized, f € C([ ]) with f €
C (la,z]) and f € C2 ([x,b]). Assume that f¥) (z) =0, k = 1,. -1
which is void when 1 < a < 2. Then

b
ﬁ/ f)dy—f(z)] <

[ID2 oy (= @07 4 ID g (0~ 2} <

7

(40)

1
b-—a)T (a+2)

bfa:a+1+ z—a)*t! o o
<( (b)_ a)F((a+2)) )maX{HD”‘f”“W] D e} (4D

Proof. Let z € [a,b]. By (10) we get

f ) / J—y)* DS f(J)dJ, Yy€elax]. (42)

Hence

1 ! a—1 @ (
If(y)f(x)lér(a)/ (] 9> D f ()| dJ <

Y

0,[a,x]’
(43)
Vyé€la,z].

Similarly, by (5) we get

)~ @)= s [ ) e ) du, Yyelntl. (4

@) J,
Hence
P = F@I< s [ -0 DL )l < D2 oy e
’ (45)
Yy € [z,b].
We observe that
b b
o [ -1 @| < [ e - f@la = )

z by ((43), (45))
1{/ - s@las [ 176)- |dy} <

1 HDa fH Jla,x) @ || f” [z,b] «
b_a{ EE /a(w—y) dy+7r( .y /r(y—x) dy}=
(47)




1 @ @ a
Tt @y U2 g &= @+ ID2 oo 0= )"},
(48)

proving the claim. m
We continue with the optimality of Theorem 13.

Proposition 14 Inequalities (40), (41) are sharp, namely are attained by

(xf‘])a’ JE[G,Z’],

i A
ro={{ 0 T 49)
where a > 1, x € [a,b] is fized.
See that ?(k) (x_) = ?(k) (x4)=0,k=0,1,....m — 1.
We have that
1D Fll o faa) = P8 Fll o oy =T (@ + 1) (50)
Furthermore we notice
1 a+1 a+1
LHS (40) = ———F—— — — 1
5.0 = =g LT e 6
and
((b _ m)OH—l + (.'L' _ a)a+1)
R.H.S. (41) = G-aTaty L@+
((b _ x)a+1 + (x _ a)(l‘i‘l)
- : (52)
(a+1)(b—a)
proving the claim.
We continue with
Theorem 15 All as in Theorem 13. Then (z € [a,b])
1 b
o [ Ty @) < (53)

1 a a «a
Gt ar D) U sy @ = @+ IDE oy 6= 2} <

b_ «@ + _ (03 N N
<( o iC)CL)p ((jJr f)) ) maX{HDfC—fHLl([a,w]) , ”sz”Ll([x,b])}' (54)

Proof. Let « € [a,b]. From (42) we get (y € [a,x])

1 z a—1 o
If(y>—f(w)ér(a)/y (] =) |DE_f (J)] dJ < (55)

10



1

T T — a—1 T
m(gg-y)a*l/ |D;“f(J)|dJ§(F(2)/ DS_f ()] dJ. (56)

That is

||D’§—f||L1([a,a:])

P - T @) < -y L B vyl 6D
Similarly from (44) we get
- F@ < p [ -0t O @l 69)
(o) /s !

RNVt iy Vyelnt (59)

- I(w @ J WLy ([2,0]) Yy e

From (46) we obtain
b

e [ Ty f @) < (60)

1 D%_'f a,x * — Dg T b —
{H [P ])/ () dy + 1D fll L, ,b])/ (y— 2 dy

b—a I'(a) I'(a)
(61)
1 @ « « [
= b—a)T(at1) {HDxff”Ll([a,x]) (@ —a)” + 1D fllL, (o) (b— ) } =
b—2)"+ (z —a)” o o
<( (b _)a)p ((a T 1)) ) maX{HDx—fHLl([a,x]) ; ||Dwf||L1([m,b])}a (62)

proving the claim. m
We also give

Theorem 16 All as in Theorem 15. Let p,q > 1: %—i— =1. Then (z € [a,b])

1
q

1/bf(y)dy—f(x) < ! 1 (63
b-ale (b—a)T (@) (p(a— 1)+ 1)7 (a+ 1)
{@—a)™* % D2l oy + 0= 20 1D ey <
( boa) t =) )
(b—a)T () (p(a—1)+1)7 (a+%)
mas { [1D2 |, ey 1 D5 i - (64)

11



Proof. By (55) we get

1/ Do CER,
UQD—f@NSF@D<L(J—w( ”mﬂ [ P

L @yttt
(@) (p(a—1)+1)7 IP:

Similarly from (58) we derive

,fHLq([a@]) , Vyé€lax]. (65)

Lﬂw—f@)<F&w<é(y—m“ ”mg 1Dl o)

_ L = Vyelnb. (66)
L(@) (pla—1)+1)p o Faleth ’

By (46) we derive

1

b
m/ﬂ f)dy— f(x)

1
T'(a)(b—a) (p(a—1)+1)7

{(/ (x—y)* > dy) ||D$—f||Lq([a,x]) +
b s
</ (y—a)* 77 dy) ||D§f||Lq([x,b])} (67)

1
(b-a)l (@) (p(a—1)+ 17 (at 1)

{@= a5 D2l gy + = DT IDE gy oy < (69)

(b—2)"% + (z —a)*™> o o
T max 4 |[Dg_ .|| DS . ,
(w—aﬂwmgna—w+nw(a+;)) B 105 Vo

<

(69)
proving the claim. m

Corollary 17 All as in Theorem 13. Then

< (70)

b
[ @1 @)

(b—2)°"% 4 (z—a)*? )
max < ||Do_ f o DS (e .
((b—a)l"(a) V2a—T(a+ 1) {H HLz([ ]) La([ ,b])}

12



Proof. By Theorem 16. m
Combining Theorems 13, 15, 16 we derive

Theorem 18 Here all as in Theorem 13. Let any p,q > 1: % +1=1. Then

b
7 | T @) <

{1D2 o (@ = T + 1D F oy (b= )}

mm{w—wl(am

(b)—a+1{” 2l oy @ = @+ 1D gy gy b= @)} (71)
1
(b—a)T (@) (p(a—1)+1)7 (a+3)

{@ = DL g0y + =27 1D fll g iy} <

. b—2)* 4 (z—a)*! a o
mm{<( Pt )max{”D oot 105 oo}

b— a+ - “ a «
(O e Yo (D2 Sl oy 1D e} (72

(b— x)‘”i +(z — a)‘”i
(b—a)T (@) (pla-1)+1) (a+1)

12 123 T 3

4 Applications

Inequalities for complex valued functions defined on the unit circle were studied
extensively by S. Dragomir, see [7], [8].

We give here our version for these functions involved in Ostrowski type
inequalities, by applying results of this article.

Let t € [a,b] C [0,27), the unit circle arc A = {z € C: z =€, t € [a,1]},
and f : A — C be a continuous function. Clearly here there exist functions
u,v : A — R continuous, the real and the complex part of f, respectively, such
that

f(e") =u(e") +iv (). (73)
So that f is continuous, iff u,v are continuous.
Call g(t) = f (), Iy (t) = u(e™), lo(t) = v (e™), t € [a,b]; so that g :

[a,b] — C and Iy,l5 : [a,b] — R are continuous functions in ¢.

13



If g has a derivative with respect to ¢, then [y, I have also derivatives with
respect to t. In that case

Fo () = g () + vy (e) (74)
(i.e. ¢ (t) =1 (t) + il (¢)), which means

fi (cost +isint) = uy (cost + isint) + vy (cost + isint). (75)
Let us call z = cost, y = sint. Then

ug (") = ug (cost +isint) = uy (z +iy) = w (z,y) =

oudr  Oudy Ou(e") . ou (™)
ot Togar T on (—sint) + 99 cost. (76)
Similarly we find that
it it
v (e) 3118(2 ) (—sint) + va(; ) cost (77)
So that
. Ou (et Ou (et
”ut (elt)Hoo,[a,b] S 8(:1; ) + 8( ) ’ (78)
0,[a,b] Y ,[a,b]
and
. v (e v (e
o () g < |2 2 )
00,[a,b] \la,b]

Consequently it holds

Since g is continuous on [a, b], then f;) f (e”) dt exists. Furthermore it holds

/abf(e”) dt = /abU(e”)dt—i—i/abv(e”) dt. (81)

Let now tg € [a,b]. We observe that

Hft (eit)Hoo,[a,b] <
ou (e“)
dy

ou (e“)
ox

v (e') v (e')

y

. (80)

0,[a,b] | 00,[a,b] 00,[a,b] 0,[a,b]

1

b . .
e e -

1

b b
b—a/a u(e”)dtJribia/a v(e“)dtfu(eit“)fiv(e”") <

14



L[ i Lo o] (b ()
b—a au(et)dt u(e™)] + b_a/av(et)dt—v(etO) <

1 (to—a+b)2 it )

rR el (e (e (€ oo oy + ot (€| o] - (83)

We have proved the following version of Ostrowski inequality for complex func-
tions.

Theorem 19 Let f € C (A, C) with its real and complex part u (e”) U (e”) €
C' ([a,b]) as functions of t, where ty € [a,b] C [0,27). Then

1 b . 4
e [ o) <
1 (o — 252)° . )
L i ((()b;)z) ] 6= a) [l ()l sy 120 () o] = 59
I e M P
il (e (85)
” ou (™) ‘ dv (¢) ou () L[t }
o Oz Dy 0y '
0,[a,b] 00,[a,b] 00,[a,b] 0,[a,b)

Inequality (84) is sharp.

An explanation follows next.
For z € C—{0} we call principal value of log (z) the complex valued function

Log (z) :==In|z| + iArg (2), (86)

where 0 < Arg (z) < 2.
For t € [0,27) we have that

Log (™) = it. (87)
Let here a = 0 < b < 2w, and o = 0. Here {1 (t) = 0 and I (¢) = t, with
() =1.
Notice in general that
1 (to — =tb)® b — to)? —a)?
,_A'_(O 22) (b—a)z( 0) +(t0 a) , (88)

for any ¢y € [a, b], see [9], p. 498 and [1].

15



Hence we have

S| =

1 b b b
— itdt| = tdt = —.
b[;z A : (89)

RHS.(84) =2 -1=—. (90)

b
L.H.S.(84) = |ll)/ Log (&™) dt
0

Furthermore it holds

By (89) and (90) we conclude that inequality (84) is attained by Log at tg = 0
on [0, b], that is a sharp inequality.

We now move at the fractional level.

Let to € [a, ], we rewrite (82) as follows

1

b
m/a f (eit) dt — f (eito)

<

b
bia/ L (8)dt — 1y (to)

+

b
ﬁ/ b ()dt—15(to)|.  (91)

By applying Theorem 18 to each of the last two summands we derive the fol-
lowing complex fractional Ostrowski inequality.

=1.

sume

Theorem 20 Let f € C (A, C), t,tg € [a,b] C[0,27); any p,qg>1:+ +
Let « > 1, m = [, with l1,ly € C2_ ([a,to]) and I1,l> € CF ([to,b]). A
that lgk) (to) = lgk) (to)) =0, k =1,...,m — 1, which is void when 1 < a < 2.
Then

1
q
S

V'BM—‘

1 ’ it it
m/ ) dt—f(e*)| <
. 1 . )
min{ gy {108 Bl o =)+ DGRy 0= 20"}
1 o )
m {HDto— HLl([a,to]) (to —a)” + HDtDllHLl([to,b]) (b—to) } )
1 .
(b=a)T (@) (p(a—1)+ 17 (a+ 1)
at+l a
{0 =™ 128, -l oy + O = 0 F 1D} +
i ! a+1 atl
mm{(b—a)F(aH{”Dfo— loc st 0 D8 e e gy @~ t)™
1 o )
W{HD“‘ 124 atop) (f0 = @) +||Dtol2||L1<[to,b1> (b—to)"},

1
(b—a)T () (p(a—1)+1)7 (O‘Jrz%)'

16



at+L @ a+L o
{0 =) 7 IDg Bl gy + 6= 1) 7 DRl o < (92)

] (b—t )a+1 + (t o a)a+1
m1n{< (Zia)r(a'{k 2) maX{HD%,hHOO,[ayto],

(b—t0)" + (to — ) N N
( Tt )max{||Dto—llHL1([a,to]>’||Dtoll||m<[to,b1>}’

(b—to)* "7 + (to — @) ¥
(b—a)T(a)(p(a—1)+ ¥ (a+1)

D%llHLq([tO,b])}} +
b= t0) T+ (b — ) " s
min { ( (g —a)T (on+ 2) max { ||Dto—12Hoo,[a,t0] ’ HDt‘)lQH“’[to’b]} 7

(b—to)* + (to — a)® ”
< (bfa)r(a0+ ) )maX{HDtoleLlaa,toh’

D511}

max{HD%Jl

HLq({a,to]) ’

DéihHLl([to,bD} )

(b—t0)* "7 + (to — a)*"®
(b—a)T(a) (p(a—1)+1)7 (a+%>

max{||Dta:J—12||Lq([a,t0]) ) HD?:)lQHLq([tmb])}} ' (93)
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