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SOME INEQUALITIES FOR POWER SERIES OF SELFADJOINT
OPERATORS IN HILBERT SPACES VIA WIELANDT AND
REVERSES OF SCHWARZ INEQUALITIES

S.S. DRAGOMIRY2 AND Y. SEO3

ABSTRACT. In this paper we obtain some operator inequalities for functions
defined by power series with complex coefficients and, more specifically, with
nonnegative coefficients. In order to obtain these inequalities the classical
Wielandt and some reverses of the Schwarz inequality for vectors in inner
product spaces are utilized. Natural applications for some elementary functions
of interest are also provided.

1. INTRODUCTION

Let f(z) :=>.,~,a,2" be an analytic function defined by a power series with
nonnegative coefficients a,,, n > 0 and convergent on the open disk D (0, R) C C,
R > 0. As the most natural examples of such functions we have

1 = . =1,
f(z):izzngoz ,2€ D(0,1) andf(z)fexp(z)fngomz ,z€C.

Other function as power series representations with nonnegative coefficients are,
for instance

o0

1
cosh ( )222(271)'22"7 z € C;
n=0 ’
sinh (z) = - ! 2t zeC
n:0(2n+1)' ’ 7
1, (1+= e
- - " D(0,1);
2“(1—z> ;Qn—lz . 2eD01);

— 1
tanh™* (2) = Z 22t z€ D(0,1);

2
N T(n+B)T () ,
2F1(Ct,ﬂ,%2)—z AT (@) T ()T (n 1) 2" a,B,y>0,z€ D(0,1).

n=0
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Now, by the help of the power series f(z) = > .2 a,2" with complex coeffi-
cients, we can naturally construct another power series which will have as coeffi-
cients the absolute values of the coefficient of the original series, namely, fa (z) :=
>0 o lan| 2™ Tt is obvious that this new power series will have the same radius of
convergence as the original series.

As some natural examples that are useful for applications, we can point out that,
if

f(z)i(_l)nznln< ! ) ze D(0,1);

g(z) = Z (=1) 22" = cos 2, z € C;

= (2n)!
= (_1 " n :
fL(,z):Z()(2n+)1)!,z2 = sinz, z e G
> n n 1
Z(Z)ZZ(_l) z :1+Z’ ZED(Ovl)a
n=0

then the corresponding functions constructed by the use of the absolute values of
the coefficients are obviously

1
1—=2

=), ) = o

1
1—2

ha(z) =sinhz and 14 (2)=

and they are defined on the same domains as the generating functions.

In the recent paper [6], the author has proved amongst other results the following
inequalities concerning functions defined by power series of operators on complex
Hilbert spaces (H, (.,.)) :

o0

Theorem 1. Let consider the power series f (z2) = >, an2™ with real coefficients

ap, that is convergent on the open disk D (0, R) with R > 0. If the selfadjoint operator
T on the Hilbert space H has the spectrum Sp (T) C [m, M] and 0 < m < M with
M < R, then for any x € H with ||z|| = 1 we have the inequality

(L) max{|[f (D), [ fa (T)z|} < (fa(T)z,z) + % [fa (M) = fa(m)].
and

Theorem 2. Let consider the power series f (z) = >~ a, 2™ with real coefficients
ap, that is convergent on the open disk D (0, R) with R > 0. If the selfadjoint operator
T on the Hilbert space H has the spectrum Sp (T) C [m, M] and 0 < m < M with

M/ % < R, then for any x € H with |z|| = 1 we have the inequality

(1.2) max {|[f (T) z||, || fa (T) =[|}

s;qu (ET)HA (\/ZT)
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For a recent monograph devoted to various inequalities for functions of selfadjoint
operators, see [7] and the references therein. For other results, see [10], [11], [12]
and [9].

The main aim of the present paper is to provide some operator inequalities for
functions defined by power series with complex coefficients and, more specifically,
with nonnegative coefficients. In order to obtain these inequalities we use the well
known Wielandt inequality and some reverses for the Schwarz inequality. Natural
applications for some elementary functions of interest are also considered.

2. SOME RESULTS VIA WIELANDT INEQUALITY
For a selfadjoint operator T': H — H with the property that 0 < mI <T < MT

the following inequality is well known in the literature as the Wielandt inequality

M—-—m
M+m

2
(W) (T, y)? < ( ) (T, 2) (Ty, )

for any z,y € H with z L y.
Theorem 3. Let consider the power series f(z) = Y .o anz" with complex co-

efficients a,, that is convergent on the open disk D (0, R) with R > 0. If the self-
adjoint operator T on the Hilbert space H has the spectrum Sp (T) C [m, M] and

0 <m < M with M\/g < R, then for any x,y € H with x 1 y we have the
(2.1) max {|(fa (T) z,y)|, [(f (T) z, y)|}

<3{[es (Vi) - 0a () >
9 <[fA (\/ZT> ~fa (@T) yy> |

Proof. Since Sp (T) C [m, M] then we have 0 < m*I < T* < M*T in the operator
order of B (H) and for any natural number k > 0, which implies that

<Mkm —TFe, TFx — mkx> >0
for any k£ > 0.
If we write the Wielandt inequality (W) for T* we have for any natural number
k>0

) kb 2
(2.2) (TFz,y)|” < (M) (T*z,z) (T"y,y)

for any x,y € H with L y. We observe that for k = 0 the inequality (2.2) reduces
to an equality.
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If we take the square root in (2.2) we get

Mk —mk
MF 4+ m*
Mk_mk

<

T 2V MkmkE
k Kk

LMY m B o\ (kg )

5 ( m) ( M) <T x,z> <T y,y>

for any z,y € H with z L y and for any natural number k& > 0.
If we multiply (2.3) by |ax| and sum over k from 0 to n then we get

N

(2.3) }(Tkx,y>| < <Tkm,:c>1/2 <Tky,y>1/2

<T’“ac7 x>1/2 <Tky, y>1/2

(2.4) > aw| (T, y)|

for any natural number n.
We use the Cauchy-Bunyakovsky-Schwarz weighted inequality

n 2 n n
2 2
(Z mksktk) < kaSkkatky M, Sk, te 20

to get . . .

oo S| (VE) - (/B @ @
(S () - () )
(S () - (5 )

k=0

for any x,y € H with z L y and for any natural number n.
By the generalized triangle inequality for modulus, we also have

<i |ak|T’“x,y> <i akT’“:c,y> ,} < i lag| [(T"z,y)|

for any z,y € H with 1 y and for any natural number n.

)

(2.6) max{
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Therefore, by (2.4)-(2.6) we have

(2.7) {‘<Z x| TF2 y> <§akT’“m,y> ,}

<§|ak| ( m) TFz — §|ak| (m)kax,x>l/2
" . N 1/2

(D (V) B )

for any z,y € H with 1 y and for any natural number n.

Since
M= §M§M\/%<R
M m
it follows that the series

(%) k %) (%) o k
M m
=) Tk T* T* and —

) ol (\/ m) D ak] TF, Y " apTF and > Jay] <\/M>

k=0 k=0 k=0 k=0

are convergent and taking the limit over n — oo in (2.7) we deduce the desired
result (2.1). O

I\D\H

The following result also holds:

Theorem 4. Let consider the power series f(z) = Y .o anz" with complex co-
efficients a,, that is convergent on the open disk D (0, R) with R > 0. If the self-
adjoint operator T on the Hilbert space H has the spectrum Sp (T) C [m, M] and
0 <m < M with M? < R, then for any x,y € H with x L y we have the inequality

(2.8) max {|([fa (MT) + fa (mT)]z, )|, |([f (MT) + f (mT)] z,y)|}
< ([fa (MT) — fa (mD))z,2)"? ([fa (MT) — fa (mT)]y,y)""".

Proof. From the first inequality in (2.3) we have

(2.9) (M* 4+ mF) (T, y)| < (M* = mb) (Thz,2)"2 (Thy, )

for any z,y € H with 1 y and for any natural number k& > 0.
If we multiply (2.3) by |ax| and sum over k from 0 to n then we get

(2.10) Z |ag| (M* +mF) |<Tkx,y>|
k=0

<> lanl (M = m¥) (Th,2) " (14,9
k=0

for any z,y € H with 1 y and for any natural number n > 0.
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By the weighted Cauchy-Bunyakowsky-Schwarz inequality, we have

(2.11) Z |ak] (M’~C - mk) <Tkx,x>1/2 <Tky,y>1/2
k=0

n 1/2 n
< <Z|a‘k| (Mk_mk> Tkx7x> <Za’k (Mk_mk) Tky7y>
k=0 k=0

while by the generalized triangle inequality we also have

(2.12) max{ <2": lag| (M* +m") Tkx,y> <2”: ar (M* +m") Tka:,y>|}

k=0 k=0
n

< Z |a| (Mk —|—mk) ‘<Tkx,y>’
k=0

1/2

)

for any z,y € H with 1 y and for any natural number n > 0.
Therefore, by (2.10)-(2.12) we have

<i |a] (Mk + mk) Tk:c,y>

k=0

)

(2.13) max{

<Zak (Mk erk) Tkx,y>|}
k=0
1/2

< <Z Jax] (M —m?) Tkx,x> <Z Jar] (M —m?) Tky,y>
k=0 k=0

for any z,y € H with 1 y and for any natural number n > 0.

Since all the series whose partial sums are involved in the inequality (2.13) are
convergent, then by taking the limit over n — oo in this inequality, we deduce the
desired result (2.8). O

Remark 1. If we take in (2.8) f (z) = z, then we recapture the Wielandt inequality

(W).

Remark 2. We observe that by the generalized Schwarz inequality for positive
operators we have

(2.14) [([fa (MT) + fa (mT)] z,y)|

< A{[fa (MT) + fa (mD)]z,2)"? ([fa (MT) + fa (mT)]y,y)""*

for all vectors x,y € H and positive operators T with 0 < mI <T < M]I.
Since fa (mT) > 0, we have

([fa (MT) = fa (mT)]z,z) < ([fa (MT) + fa (mT)]z, )
and hence the inequality (2.8) is an improvement of (2.14).
In the paper [8], Malamud obtained the following result of Wielandt type:

Lemma 1. Let T : H — H a selfadjoint operator with the property that 0 < ml <
T < MI. Then

2
(2.15) (o) < (VM = vim) (Ty,y)
for any x,y € H with x L y.

We can state the following result:
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Theorem 5. Let consider the power series f(z) = Y oo anz™ with complex co-
efficients a,, that is convergent on the open disk D (0, R) with R > 0. If the self-
adjoint operator T on the Hilbert space H has the spectrum Sp(T) C [m, M] and
0<m < M with M < R, then for any x,y € H with x L y we have the inequality

(2.16) max {|(fa (T) z,y)|, [(f (T) z, y)[}

< [fa ) =204 (VEIm) + fa(m)] 7 (Fa (T) o)

}1/2
for any x,y € H with x L y.

Proof. Since Sp (T') C [m, M] and 0 < m < M, then we have 0 < m*I <T* < M*I
and by (2.15) we have

(2.17) ’<Tkm,y>‘2 < (\/W — \/n?)2 <Tky,y>

for any z,y € H with « L y.
Taking the square root in (2.17) we have

(2.18) [(Th2,9)] < (VMF = VimF) /Ty, )

for any z,y € H with =z L y.
If we multiply (2.18) by |ax| and sum over k from 0 to n then we get

n

(2.19) > law| (T*z, y)]

k=0
<3 lagl (VIF = Vi) \/(Thy,y)
k=0

n 1/2

< [Xn: Jax] (VAIF - mﬂ N [Z laxl (T*y, )

k=0 k=0

/2 ., 1/2
(3 irs.0)
k=0
for any z,y € H with « L y.

By the generalized triangle inequality we also have

<Z |ak|Tkm,y> <Z akax,y>|} < Z la| ’<Tkm7y>‘
k=0 k=0

k=0
for any z,y € H with « 1 y and for any natural number n > 0.
Therefore, by (2.19) and (2.20) we have

(2.21) max{|<2|akax,y> <Z akax,y>|}
k=0 k=0

n 1/2 n 1/2
< lZaM (Mka\/M’“mk+mk) <Zak|Tky,y>

k=0 k=0

_ l2| (ar* — 237 + i)
k=0

)

(2.20) max{

7

for any z,y € H with x 1 y.
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Since all the series whose partial sums are involved in the inequality (2.21) are
convergent, then by letting n — oo in this inequality, we get the desired result
(2.16). O

Remark 3. If we take in (2.16) f (z) = z, then we recapture the Malamud inequal-
ity (2.15).

We also have

Theorem 6. Let consider the power series f(z) = Y " anz™ with complex co-
efficients a,, that is convergent on the open disk D (0, R) with R > 0. If the self-
adjoint operator T on the Hilbert space H has the spectrum Sp(T) C [m, M] and
0 <m < M with p, pM? < R, then for any z,y € H with x L y we have the
inequality

(2.22)  max{[(fa (pT)z, y)|,[{f (°T) 2, y)|}

1/2 1/2 12
<[fa)" <[fA (PMT) —2fa (pVMmT) + fa (me)] y,y>
for any x,y € H with x 1L y.

Proof. If we multiply the inequality (2.17) by |ax|p* and sum over k& from 0 to n
then we get

(2.23) 3 Jarlp* (T, y)|”
k=0
<3 ol (VAIF - \/Wf (T*y.y)
k=0
- Zn: |ax| p* (Mk — 2V MFmF + m’“) (T*y,y)
k=0

_ <Z lag| p* (M’c SN mk) Tky,y>
k=0

for any z,y € H with « 1 y.
By the weighted Cauchy-Bunyakowsky-Schwarz inequality, we have

n 2 n n
(Z |ax| p* \<T’“a?7y>|> <3 anl o [(TF2, )P Y lanl "
k=0 =

k=0
and by (2.23) we have

(2.24) <zn: x| p* I<Tk$vy>|>

k

<

> Il
Il S o
<

|ax| p* <Z |ak| p* (M’“ — 2V M*mb + m’“) Tky,y>
k=0
for any z,y € H with =z L y.
The proof now follows by (2.24) in a similar way as shown above and the details
are omitted. (]
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3. OTHER INEQUALITIES

We start with the following lemma that is interest in itself, see for instance [8]
or [7, p. 88]:

Lemma 2. Let T : H — H a selfadjoint operator with the property that 0 < mlI <
T < MI. Then

(3.1) 0 < | T2 — (Ta,x) <

for any x € H, ||z|| = 1.

Remark 4. For an extension of the inequality (3.1) for vectors and complex num-
bers in a complex inner product space, see [1].

Corollary 1. For any positive operator on the Hilbert space H we have

1
(3-2) 0<|[Tz]| = (Tw,z) < L |IT]
for any x € H, ||z|| = 1.
Proof. Follows from the above lemma on choosing m = 0 and M = ||T|. O

Theorem 7. Let consider the power series f(z) = Y .o anz" with complex co-
efficients a,, that is convergent on the open disk D (0, R) with R > 0. If the self-
adjoint operator T on the Hilbert space H has the spectrum Sp (T) C [m, M] and
0 <m < M with M? < R, then we have the inequality

(33)  max(lfa (nT) + fa (MT)] ], 17 (mT) + f (MT)] 2]}
< (14 (nT) + fa (MT)]2,2) + 1 [fa (M?) = 204 (md) + f ()]

for any x € H, ||z|| = 1.
Moreover, if the operator T is positive and ||T|| < R, then we have the inequality

(3.4) max {|[fa (T) x|, |/ (T) z[l} < (fa (T)z,2) + %fA (i
for any x € H, ||z|| = 1.

Proof. Since Sp (T) C [m, M] then we have 0 < m*I <T* < M*I in the operator
order of B (H) and for any natural number k > 0. Using the inequality (3.1) we
have

(m" + MY || T¥a (drF —m*)*

IN

(mF + M*) (TFz,z) +

N N

= (m"+ M") (TFz,z) + ~ (M — 2M*m* + m?F)
which holds for any natural number k& > 0.

Now utilizing a similar argument to the one in the proof of Theorem 4 we get
the desired inequality (3.3).

The inequality (3.4) follows by (3.2) and the details are omitted. O

We can state now the following lemma that is of interest in its own right:
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Lemma 3. Let T : H — H a selfadjoint operator with the property that 0 < mI <
T < MI. Then

(3.5) 0< |Tz|| - (Tz,z) < (\/M - \/%)2

N | =

for any x € H,||z|| = 1.
Proof. We put
F () ::Q(f—\/E)Q(x—Fm)—(x—m)z

for all x > m.
Then we have F (m) = 0,

F (z) = 2% 4 6ma + m? — 4y/mz>/? — 4m~/ma*/?
and
3
F,(x):2(f—\/ﬁ) >0
VT
for all z > m.
These imply that F' (z) > 0 for all z > m and therefore

1 (M-m)? 1 2
ST (M- )
4 m+ M T2 ( ")

which together with the inequality (3.1) produces the desired result (3.5). O

Utilising this lemma and an argument similar to that employed to prove the
theorems above, we can state the following result as well:

Theorem 8. Let consider the power series f(z) = Y .o anz" with complex co-
efficients a,, that is convergent on the open disk D (0, R) with R > 0. If the self-
adjoint operator T on the Hilbert space H has the spectrum Sp (T) C [m, M] and
0 <m < M with M < R, then we have the inequality

(36) mase {||a (T) o], I (T) ]}
< (Fa(D)am) + 5 [fa (M) =24 (VEFm) + £ (m)]

for any x € H, ||z|| = 1.

4. SOME EXAMPLES

It is natural to state some of the above results for functions defined by power
series as those provided in the introduction of this paper.

1. If we write the inequality (2.1) and (2.8) for the exponential function, then for
the selfadjoint operator T on the Hilbert space H that has the spectrum Sp (T') C
[m, M] with 0 < m < M and for any =,y € H with L y we have the inequalities

(4.1) l(exp (T) 2, )| < % < lexp <\/ZT> —exp (@ﬁ x7x>1/2
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and

(42)  |{fexp (MT) + exp (mT)] z,y)
< (Jexp (MT) — exp (mT)] z, z)"/* (fexp (MT) — exp (mT)] y,y)"/*.

Now, from (2.16) and from (2.22) we also have

(3) l(exp (T) 2,3)| < [exp (1) — 2exp (VETm) + exp (m)]  (exp () .3) "/

and for p > 0,
(4.4)  [{exp (pT) z, y)|

< exp (g) <[exp (pMT) — 2exp (pMT) + exp (me)} 2 Y, y>1/2

for any z,y € H with « L y.
If we use the inequalities (3.3) and (3.6) for the operator T' with Sp (T') C [m, M],
0 <m < M, then

(4.5)  [llexp (mT) + exp (MT)] z|
< {[exp (mT) + exp (MT)] z, x) + i [exp (M?) — 2exp (mM) + exp (m?)]

and

(46)  llexp (T) ]| < {exp (T) a,2) +

5 [exp (M) —2exp (\/W) + exp (m)}

for any x € H, ||z] = 1.
If T is a positive operator, then by (3.4) we have

(47) lexp (T) 2] < (exp (T) 2} + § exp (I

for any « € H,||z|| = 1.
2. If we use the function f(z) = > 07, %z” =In(l+2), z € D(0,1) for

the selfadjoint operator T" on the Hilbert space H that has the spectrum Sp (T') C

[m, M] and 0 < m < M with Mw/% < 1, then for any z,y € H with z L y we
have from (2.1) the inequality

(4.8) max{Kln (I—T)flx,y>

,’<1n(1’—i—T)71 x,y>’}

(b Vo) 3 |-

1/2

M m
1 — 4/ — —1 —/ =
><< n(] T) n(I MT) y,y> ,

1/2

<

N | —
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while from (2.8), we have
(4.9) max{K{ln (I—MT)"" +1In(I —mT)~ 1] x,y>‘
‘<{ln(I+MT) +In(I +mT)~ } >‘}
1/2
< <[ln([— MT)™ —1n(I —mT)” } az>

1/2
><<{ln(IfMT) (I —mT)~ } >
Now, from (2.16) and from (2.22) we also have, for M < 1, that

(4.10) max{’<ln (I-7)" :E,y> , <ln (I+1)" m,y>‘}
9 1/2
_ /3im
e

and, for 0 < p, pM?2, pM < 1 we have
(4.11) maX{KIn (I—pT)™" x,y> ) <ln (I+pT)_1x,y>‘}

< [ln(l —p)_l]l/2

» 1/2 1/2
X < [m (I —pMT)™* —2In (1 - p\/MmT) FIn(I - me)‘l} yy>

for any x,y € H with = L y.
If we use the inequalities (3.3) and (3.6) for the operator T with Sp (T") C [m, M],
0<m< M < 1, then we have

(4.12) max{H[ln (I—mT) "+ (I—MT)*I} x

)

H[ln (I+mT)" +1In(I+MT)" H’}

_<{1n(]—mT) +In(I — MT)~ ]xa:>
(1—mb)?
o ((1 — ) m2>”“)
and

(4.13) max{Hln I-T) "=

)

. 1—vVMm
< (@ -7) “> o <<1 - —m)”)

for any « € H, ||z|| = 1.
Finally, if the operator T is positive and || T || < 1, then we have the inequality

e}

< (m u_:r)-lx,w} + 11“(1 —lri™

(4.14) max{Hln (I-T) "z




for

(1]

2]

ME
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any z € H, [[z]| = 1.
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