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Abstract. Some inequalities of Jensen type for Arg-square-convex functions
of unitary operators in Hilbert spaces are given.

1. Introduction

Let (H; h�; �i) be a complex Hilbert space. We recall that the bounded linear
operator U : H ! H on the Hilbert space H is unitary i¤ U� = U�1:

It is well known that (see for instance [4, p. 275-p. 276]), if U is a unitary
operator, then there exists a family of projections fE�g�2[0;2�], called the spectral
family of U with the following properties:

a) E� � E� for 0 � � � � � 2�;
b) E0 = 0 and E2� = 1H (the identity operator on H);
c) E�+0 = E� for 0 � � < 2�;
d) U =

R 2�
0
ei�dE� where the integral is of Riemann-Stieltjes type.

Moreover, if fF�g�2[0;2�] is a family of projections satisfying the requirements
a)-d) above for the operator U; then F� = E� for all � 2 [0; 2�] :

Also, for every continuous complex valued function f : C (0; 1) ! C on the
complex unit circle C (0; 1), we have

(1.1) f (U) =

Z 2�

0

f
�
ei�
�
dE�

where the integral is taken in the Riemann-Stieltjes sense.
In particular, we have the equalities

(1.2) f (U)x =

Z 2�

0

f
�
ei�
�
dE�x;

(1.3) hf (U)x; yi =
Z 2�

0

f
�
ei�
�
d hE�x; yi
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and

(1.4) kf (U)xk2 =
Z 2�

0

��f �ei����2 d kE�xk2 ;
for any x; y 2 H:

For z 2 Cr f0g we call the principal value of log (z) the complex number

Log (z) := ln jzj+ iArg (z)

where 0 � Arg (z) < 2�:
We observe that for t 2 [0; 2�) we have

Log
�
eit
�
= it:

If we extend this equality by continuity in the point t = 2�, then we can de�ne the
operator Log(U) : H ! H as follows:

Log(U)x :=

Z 2�

0

Log
�
ei�
�
dE�x =

Z 2�

0

(i�) dE�x; x 2 H:

In what follows we establish some results connecting this operator with the
function of operator f (U) for a class of function we call Arg-square-convex such
that a Jensen type inequality and related results can be derived.

2. The Results

The function f : C (0; 1)! C will be called Arg-square-convex if the composite
function ' : [0; 2�]! [0;1);

' (t) =

8><>:
��f �eit���2 ; t 2 [0; 2�)

lims!2��
��f �eis���2 ; t = 2�

is continuous and convex on [0; 2�] :
To make the distinction between the value ' (0) =

��f �ei0���2 = jf (1)j2 and the
value ' (2�) = lims!2��

��f �eis���2 we denote by fc (1) := lims!2�� f
�
eis
�
: With

this notation we have ' (2�) = jfc (1)j2 :
The function fn : C (0; 1) ! C, fn (z) = [Log (z)]

n
; where n is a positive

integer, is Arg-square-convex. We have

'n (t) =
��fn �eit���2 = ����Log �eit��n���2 = jitj2n = t2n; t 2 [0; 2�);

and
'n (2�) = lim

s!2��

��fn �eis���2 = jfn;c (1)j2 = (2�)2n :
For q � 1

2 de�ne the function fq : C (0; 1) ! [0;1) by fq (z) = jLog (z)jq : We
have

'q (t) =
��fq �eit���2 = ��Log �eit���2q = jitj2q = t2q; t 2 [0; 2�)

and
'q (2�) = lim

s!2��

��fq �eis���2 = jfq;c (1)j2 = (2�)2q :
The function fq for q � 1

2 is an Arg-square-convex function.
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If g : [0; 2�] ! [0;1) is continuous and convex on [0; 2�] ; then the composite
function f : C (0; 1)! [0;1) de�ned by

f (z) := [g (jLog (z)j)]1=2

is an Arg-square-convex function on C (0; 1) :
The following Jensen�s type result holds:

Theorem 1. Let U 2 B (H) be a unitary operator on the Hilbert space H and
f : C (0; 1)! C an Arg-square-convex function on C (0; 1) : Then we have"

jf (1)j2 (h[2�1H � jLog (U)j]x; xi) + jfc (1)j2 hjLog (U)jx; xi
2�

#1=2
(2.1)

� kf (U)xk �
���f �ehLogUx;xi���� ;

for any x 2 H; kxk = 1; where fc (1) := lims!2�� f
�
eis
�
:

Proof. Since f is continuous on C (0; 1) and U is a unitary operator, then by
(1.4) we have

(2.2) kf (U)xk2 =
Z 2�

0

��f �ei����2 d kE�xk2 = Z 2�

0

��f �ei����2 d hE�x; xi
for any x 2 H; kxk = 1; where fE�g�2[0;2�] is the spectral family of U:

Now, since
��f �ei����2 is continuous convex on [0; 2�] ; then by Jensen�s integral

inequality for the Riemann-Stieltjes integral with monotonic nondecreasing integra-
tors we have

(2.3)

R 2�
0

��f �ei����2 d hE�x; xiR 2�
0
d hE�x; xi

�
�����f
 
exp

 
i

R 2�
0
�d hE�x; xiR 2�

0
d hE�x; xi

!!�����
2

for any x 2 H; kxk = 1:
Since Z 2�

0

d hE�x; xi = kxk2 = 1

and Z 2�

0

(i�) d hE�x; xi =
Z 2�

0

Log
�
ei�
�
d hE�x; xi = hLogUx; xi

for any x 2 H; kxk = 1; then we get from (2.3) the second inequality in (2.1).
Now, if ' : [a; b] ! R is a convex function on [a; b] then for any � 2 [a; b] we

have the inequality

(b� �)' (a) + (�� a)' (b)
b� a � ' (�) :

If we write this inequality for the continuous convex function ' (t) =
��f �eit���2 on

the interval [0; 2�] ; then we have

(2� � �) jf (1)j2 + � jfc (1)j2

2�
�
��f �ei����2

for any � 2 [0; 2�] :
Integrating on [0; 2�] over the monotonic nondecreasing integrator hE�x; xi we

get
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jf (1)j2
�
2� �

R 2�
0
�d hE�x; xi

�
+ jfc (1)j2

R 2�
0
�d hE�x; xi

2�

�
Z 2�

0

��f �ei����2 d hE�x; xi
for any x 2 H; kxk = 1:

Now, observe that the Riemann-Stieltjes integral
R 2�
0
�d hE�x; xi exists and can

be written as:Z 2�

0

�d hE�x; xi =
Z 2�

0

��Log �ei���� d hE�x; xi = hjLog (U)jx; xi
for any x 2 H; kxk = 1:

The proof is completed. �

The following result also holds:

Theorem 2. Let U 2 B (H) be a unitary operator on the Hilbert space H and
f : C (0; 1)! C an Arg-square-convex function on C (0; 1) : Then we have

1

�

"
jf (1)j2 + jfc (1)j2

2
� jf (�1)j2

#
(2.4)

� h[�1H � jLog (U)� i�1H j]x; xi

� jf (1)j2 (h[2�1H � jLog (U)j]x; xi) + jfc (1)j2 hjLog (U)jx; xi
2�

� kf (U)xk2

� 1

�

"
jf (1)j2 + jfc (1)j2

2
� jf (�1)j2

#
� h[�1H + jLog (U)� i�1H j]x; xi ;

for any x 2 H; kxk = 1:

Proof. First of all, we recall the following result obtained by the author in
[1] that provides a re�nement and a reverse for the weighted Jensen�s discrete
inequality:

n min
i2f1;:::;ng

fpig
"
1

n

nX
i=1

� (xi)� �
 
1

n

nX
i=1

xi

!#
(2.5)

� 1

Pn

nX
i=1

pi� (xi)� �
 
1

Pn

nX
i=1

pixi

!

� n max
i2f1;:::;ng

fpig
"
1

n

nX
i=1

� (xi)� �
 
1

n

nX
i=1

xi

!#
;

where � : C ! R is a convex function de�ned on the convex subset C of the linear
space X; fxigi2f1;:::;ng are vectors and fpigi2f1;:::;ng are nonnegative numbers with
Pn :=

Pn
i=1 pi > 0:
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For n = 2 we deduce from (2.5) that

2min ft; 1� tg
�
� (x) + � (y)

2
� �

�
x+ y

2

��
(2.6)

� t� (x) + (1� t)� (y)� � (tx+ (1� t) y)

� 2max ft; 1� tg
�
� (x) + � (y)

2
� �

�
x+ y

2

��

for any x; y 2 C and t 2 [0; 1] :
Now, if ' : [a; b] ! R is a convex function on [a; b] ; then for any � 2 [a; b] we

have the inequality

2min

�
b� �
b� a ;

�� a
b� a

��
' (a) + ' (b)

2
� '

�
a+ b

2

��
(2.7)

� (b� �)' (a) + (�� a)' (b)
b� a � ' (�)

� 2max
�
b� �
b� a ;

�� a
b� a

��
' (a) + ' (b)

2
� '

�
a+ b

2

��
:

If we write the inequality (2.7) for the continuous convex function ' (t) =
��f �eit���2

on the interval [0; 2�] ; then we get

1

�
min f2� � �; �g

"
jf (1)j2 + jfc (1)j2

2
� jf (�1)j2

#
(2.8)

� (2� � �) jf (1)j2 + � jfc (1)j2

2�
�
��f �ei����2

� 1

�
max f2� � �; �g

"
jf (1)j2 + jfc (1)j2

2
� jf (�1)j2

#

for any � 2 [0; 2�] :
Let x 2 H with kxk = 1: Integrating on [0; 2�] over the monotonic nondecreas-

ing integrator hE�x; xi we get

1

�

"
jf (1)j2 + jfc (1)j2

2
� jf (�1)j2

#Z 2�

0

min f2� � �; �g d hE�x; xi(2.9)

�
jf (1)j2

�
2� �

R 2�
0
�d hE�x; xi

�
+ jfc (1)j2

R 2�
0
�d hE�x; xi

2�

�
Z 2�

0

��f �ei����2 d hE�x; xi
� 1

�

"
jf (1)j2 + jfc (1)j2

2
� jf (�1)j2

#Z 2�

0

max f2� � �; �g d hE�x; xi
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and since

Z 2�

0

min f2� � �; �g d hE�x; xi(2.10)

=

Z 2�

0

[� � j�� �j] d hE�x; xi = � �
Z 2�

0

j�� �j d hE�x; xi

= � �
Z 2�

0

j�� �j d hE�x; xi = � �
Z 2�

0

ji�� i�j d hE�x; xi

= � �
Z 2�

0

��Log �eit�� i��� d hE�x; xi = � � hjLog (U)� i�1H jx; xi
= h[�1H � jLog (U)� i�1H j]x; xi

and, similarly,

(2.11)
Z 2�

0

max f2� � �; �g d hE�x; xi = h[�1H + jLog (U)� i�1H j]x; xi

then by (2.9)-(2.11) we get the desired result (2.4). �

In the following, an upper bound for the nonnegative di¤erence

kf (U)xk2 �
���f �ehLogUx;xi����2

where x 2 H with kxk = 1; is also provided:

Theorem 3. Let U 2 B (H) be a unitary operator on the Hilbert space H and
f : C (0; 1)! C an Arg-square-convex function on C (0; 1) : Then we have

0 � kf (U)xk2 �
���f �ehLogUx;xi����2(2.12)

� 1

�
max fh(2�1H � jLog (U)j)x; xi ; hjLog (U)jx; xig

�
"
jf (1)j2 + jfc (1)j2

2
� jf (�1)j2

#

� 2
"
jf (1)j2 + jfc (1)j2

2
� jf (�1)j2

#

for any x 2 H; kxk = 1:
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Proof. By the convexity of the function ' (t) =
��f �eit���2 on the interval

[0; 2�] ; we have

kf (U)xk2 �
���f �ehLogUx;xi����2(2.13)

=

Z 2�

0

��f �ei����2 d hE�x; xi � ����f �exp�iZ 2�

0

�d hE�x; xi
������2

=

Z 2�

0

���f �ei[ 2���2� �0+ �
2� �2�]

����2 d hE�x; xi
�
����f �exp�iZ 2�

0

�d hE�x; xi
������2

�
Z 2�

0

�
2� � �
2�

jf (1)j2 + �

2�
jfc (1)j2

�
d hE�x; xi

�
����f �exp�iZ 2�

0

�d hE�x; xi
������2

=
jf (1)j2

�
2� �

R 2�
0
�d hE�x; xi

�
+ jfc (1)j2

R 2�
0
�d hE�x; xi

2�

�
����f �exp�iZ 2�

0

�d hE�x; xi
������2

for any x 2 H; kxk = 1:
Applying the second inequality from (2.7) for the convex function ' (t) =��f �eit���2 on the interval [0; 2�] and for the intermediate point R 2�

0
�d hE�x; xi 2

[0; 2�] we can write that

jf (1)j2
�
2� �

R 2�
0
�d hE�x; xi

�
+ jfc (1)j2

R 2�
0
�d hE�x; xi

2�
(2.14)

�
����f �exp�iZ 2�

0

�d hE�x; xi
������2

� 2max
(
2� �

R 2�
0
�d hE�x; xi
2�

;

R 2�
0
�d hE�x; xi
2�

)

�
"
jf (1)j2 + jfc (1)j2

2
� jf (�1)j2

#

for any x 2 H; kxk = 1:
Since, as above, Z 2�

0

�d hE�x; xi = hjLog (U)jx; xi ;

for any x 2 H; kxk = 1; then we deduce from (2.13) and (2.14) the desired result
(2.12). �
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3. Examples

Let U 2 B (H) be a unitary operator on the Hilbert space H: Then for n � 1;
a natural number, we have

(2�)
n�1=2 hjLog (U)jx; xi1=2 � k[Log (U)]n xk(3.1)

� jln jhLogUx; xij+ iArg (hLogUx; xi)jn ;
for any x 2 H; kxk = 1:

It follows from (2.1) applied for the function fn : C (0; 1) ! C, fn (z) =
[Log (z)]

n
:

If we apply the same inequality for fq : C (0; 1) ! [0;1), fq (z) = jLog (z)jq ;
then we get

(2�)
q�1=2 hjLog (U)jx; xi1=2 � kjLog (U)jq xk(3.2)

� jln jhLogUx; xij+ iArg (hLogUx; xi)jq ;

for any x 2 H; kxk = 1 and q � 1
2 :

Now, if we use the inequality (2.4) for the function fn (z) = [Log (z)]
n, then we

get �
22n�1 � 1

�
�2n�1 h[�1H � jLog (U)� i�1H j]x; xi(3.3)

� (2�)2n�1 hjLog (U)jx; xi � k[Log (U)]n xk2

�
�
22n�1 � 1

�
�2n�1 h[�1H + jLog (U)� i�1H j]x; xi ;

for any x 2 H; kxk = 1; where n is a natural number with n � 1:
The same inequality applied for fq (z) = jLog (z)jq provides�

22q�1 � 1
�
�2q�1 h[�1H � jLog (U)� i�1H j]x; xi(3.4)

� (2�)2q�1 hjLog (U)jx; xi � kjLog (U)jq xk2

�
�
22q�1 � 1

�
�2q�1 h[�1H + jLog (U)� i�1H j]x; xi ;

for any x 2 H; kxk = 1 and q � 1
2 :

Finally, if we use the �rst inequality from (2.12) we also get:

0 � k[Log (U)]n xk2 � jln jhLogUx; xij+ iArg (hLogUx; xi)jq(3.5)

�
�
22n�1 � 1

�
�2n�1max fh(2�1H � jLog (U)j)x; xi ; hjLog (U)jx; xig

� 2
�
22n�1 � 1

�
�2n

for any x 2 H; kxk = 1; where n is a natural number with n � 1:
If q � 1

2 ; then we have

0 � kjLog (U)jq xk2 � jln jhLogUx; xij+ iArg (hLogUx; xi)j2n(3.6)

�
�
22q�1 � 1

�
�2q�1max fh(2�1H � jLog (U)j)x; xi ; hjLog (U)jx; xig

� 2
�
22q�1 � 1

�
�2q

for any x 2 H; kxk = 1:
If g : [0; 2�] ! [0;1) is continuous and convex on [0; 2�] ; then the composite

function f : C (0; 1)! [0;1) de�ned by

f (z) := [g (jLog (z)j)]1=2

is an Arg-square-convex function on C (0; 1) :
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As examples of such functions we have

f� (z) := exp (� jLog (z)j)
which are Arg-square-convex functions on C (0; 1) for any real number � 6= 0:

We also notice that the family of functions fm;n : C (0; 1) ! C, fm;n (z) =
zm [Log (z)]

n
; where m 6= 0 is an integer and n is a positive integer, are Arg-

square-convex functions.
The reader may apply the above inequalities for these functions as well. How-

ever, the details are omitted.
For Jensen�s type inequalities for functions of selfadjoint operators see the recent

book [2]. For related results see, [3].
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