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Some Inequalities of Jensen Type for Arg-square Convex
Functions of Unitary Operators in Hilbert Spaces

S.S. Dragomir!2

ABSTRACT. Some inequalities of Jensen type for Arg-square-convex functions
of unitary operators in Hilbert spaces are given.

1. Introduction

Let (H,(-,-)) be a complex Hilbert space. We recall that the bounded linear
operator U : H — H on the Hilbert space H is unitary iff U* = U1,

It is well known that (see for instance [4] p. 275-p. 276]), if U is a unitary
operator, then there exists a family of projections {E/\}Ae[o,zw]v called the spectral
family of U with the following properties:

a) Ex <E, for 0 <\ <p<2m

b) Eg =0 and Ea, = 1y (the identity operator on H);

c) Exyo=FE) for 0 <\ < 2m;

d) U= fozw e dE\ where the integral is of Riemann-Stieltjes type.

Moreover, if {F)\} refo0,2) 15 @ family of projections satisfying the requirements
a)-d) above for the operator U, then F\ = E) for all A € [0, 27].

Also, for every continuous complex valued function f : C(0,1) — C on the
complex unit circle C (0,1), we have

(1.1) f(U) :/O Wf (e™) dE)

where the integral is taken in the Riemann-Stieltjes sense.
In particular, we have the equalities

2w
(1.2) fU)x= /0 f (ei)‘) dE\x,

(1.3) (f (U)z,y) = / " () d (B, )
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and
5 2m ) 9 5
(1.4 £ @)l = [ I ) dlEsal,
for any z,y € H.
For z € C~ {0} we call the principal value of log (z) the complex number
Log (2) :=In|z| +iArg (2)

where 0 < Arg (z) < 2.
We observe that for ¢ € [0,27) we have

Log (e“) = it.

If we extend this equality by continuity in the point ¢ = 27, then we can define the
operator Log(U) : H — H as follows:

27 27
Log(U);[; = / Log (ei)\) dE\x = / (’L)\) dEyz, x € H.
0 0

In what follows we establish some results connecting this operator with the
function of operator f (U) for a class of function we call Arg-square-convezr such
that a Jensen type inequality and related results can be derived.

2. The Results

The function f : C (0,1) — C will be called Arg-square-convex if the composite
function ¢ : [0,27] — [0, 0),
2

|/ (")

limg_or— |f (eis) |2, t=2m

t €10,2m)
p(t) =

is continuous and convex on [0, 27] .

To make the distinction between the value ¢ (0) = | f (™) ‘2 = |f (1)]? and the
value ¢ (27) = limy_ox— | f () |2 we denote by fe (1) = lims_or— f (¢'*) . With
this notation we have ¢ (27) = | f. (1)]*.

The function f, : C(0,1) — C, f,(2) = [Log(2)]", where n is a positive
integer, is Arg-square-convex. We have

) nl2 o
o (1) = | fn (e“)|2=][Log ()] \ = [it|™" = *",t € [0,27),
and
e @m)= Tim |fu ()] = Ifuc WF = @2m)".

For ¢ > 1 define the function f, : C(0,1) — [0,00) by fq(2) = |Log (z)|*. We
have
2q (1) = 11 ()" = |Log (") [** = lit]* = 7,1 € [0,27)
and
tim |, ()] = 1foe WF = 2m)

The function f, for ¢ > % is an Arg-square-convex function.

¢, (2m) =

S
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If g : [0,27] — [0, 00) is continuous and convex on [0, 27], then the composite
function f:C(0,1) — [0, 00) defined by
f(2) =g (|Log (2))]""

is an Arg-square-convex function on C (0,1).
The following Jensen’s type result holds:

THEOREM 1. Let U € B(H) be a unitary operator on the Hilbert space H and
f:C€(0,1) = C an Arg-square-convex function on C (0,1). Then we have

1 (O (2715 — [Log ()] 2,5)) + | £ (D[ (| Log (U)] xw)] i

(2.1) l =

> |l ) a] = |1 (etbostea) |,
for any x € H, ||z|| = 1, where f. (1) :=lims_2,_ f (eis) |

PROOF. Since f is continuous on C (0,1) and U is a unitary operator, then by

(1.4) we have
2m 2w

(2.2) If ()| :/ |7 (N[ d| B :/ |7 ()] d(Erz, )
0 0

for any « € H,[|z|| = 1, where {E\},¢( 2, is the spectral family of U.

Now, since |f (e") }2 is continuous convex on [0, 27], then by Jensen’s integral
inequality for the Riemann-Stieltjes integral with monotonic nondecreasing integra-
tors we have

(2.3) Jo" | ()| d{Exz. o) > ‘f (exp (z(W))‘

f027r d{E\z,) 027r d{E\z,)

for any z € H, ||z|| = 1.
Since

2
/ d(Exz,z) = ||z]* =1
0
and
2m 2m )
/ (IN) d(Exz,z) = / Log (e) d (Exz,z) = (LogUz, x)
0 0

for any x € H, ||z|| = 1, then we get from (2.3) the second inequality in (2.1]).
Now, if ¢ : [a,b] — R is a convex function on [a,b] then for any A € [a, ] we
have the inequality
(b—Ne(@)+A-a)p(b)
b—a

> (N).

If we write this inequality for the continuous convex function ¢ (t) = | f (e“) |2 on
the interval [0, 27], then we have

™ — A YA iy (2
(2 )If(12)7|r+ |fe (V)] > [f ()]

for any A € [0,2n].
Integrating on [0, 2] over the monotonic nondecreasing integrator (Exz, ) we
get
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PP (27 = [T Ad(Baz,2)) + 1S OF 7 Ad(Ba, o)
2w

2m
Z/o £ (€M)] d(Bra, )

for any z € H, ||z|| = 1.
Now, observe that the Riemann-Stieltjes integral fo% A (Ez, x) exists and can
be written as:
2m

M (E\z,x) :/0 i |Log (e”‘)|d<E>\x,x> = (|Log (U)| z, x)

for any x € H, ||z| = 1.
The proof is completed. ([l

The following result also holds:

THEOREM 2. Let U € B(H) be a unitary operator on the Hilbert space H and
f:C(0,1) = C an Arg-square-convex function on C (0,1). Then we have

2.0 i[lf(l)l tUL () |f(1)|2]

X ([rly — |Log (U) — inlyl|] =, z)

< f (D ([271g — [Log ()| =, 2)) + |fe (1) (| Log (U)]| z, z)
- 2w

—If (U) =||?

S WP+ WF f(lﬂ

X ([7lg + |Log (U) — imlg|] z, z),

<

1
™

for any x € H, ||z|| = 1.

PROOF. First of all, we recall the following result obtained by the author in
[I] that provides a refinement and a reverse for the weighted Jensen’s discrete
inequality:

. 1 n 1 n
(2.5) n i {pi} [n ; P (z;) — @ (n ; zz)]
<LG: D () — izn: @
= Pn g Di Ty Pn P PiTq
<n max {p} L iq) () — @ ! iw
X y — i) — - % )
T ie{l,...n} b n i=1 n i=1

where ® : C' — R is a convex function defined on the convex subset C of the linear
space X, {@i};cqy, ., are vectors and {p;};c(; , are nonnegative numbers with
Pn = Z:L:lpl > 0.
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For n = 2 we deduce from (2.5)) that

(2.6) 2min {t,1 — £} P(m)gfﬁ(y) (I)(:n;y)]

<td(z)+(1—-t)@(y) —@(tx+ (1 —1t)y)

L L0 g (210)

S?max{t,lt}[

for any z,y € C' and t € [0,1].
Now, if ¢ : [a,b] — R is a convex function on [a, b], then for any A € [a, b] we
have the inequality

(2.7) 2min{z:272‘:2}[9@(6);@(b)(p(a—;b)]
< (b*/\)w(agirt(ﬁfa)@(b) o)
§2max{2:2,2:z} V(a);@(b) (p(a;rb)}

If we write the inequality 1' for the continuous convex function ¢ (t) = ‘ f (e“) ’2
on the interval [0, 2], then we get

28) %mm (2r - AN} [wl) J;\fc(l)l 2 ”‘”'Q]

< 2r =N |f (12)7|T2 +A|f. (D) .y (ei)\)|2

< %max{?ﬂ' -\ A} ['f(l)| —;|f° W — f(—1)|21

for any A € [0,27].
Let x € H with ||| = 1. Integrating on [0, 27] over the monotonic nondecreas-
ing integrator (E\x,z) we get

(2.9) i['f(l) ;'fc(m —|f(—1)2] mein{27r—)\,>\}d<E,\x,x>

I OF (2r = [T A B, 2)) + 17 () 372 (B, 2)
- 27

2 ) 9
[f (€M) d(Bre, )

S—

9 2 2m
Si[f(lﬂ +2|fc(1)| |f(1)|2] i max{Qﬁ—/\,)\}d<E>\$,IE>
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and since

27

(2.10) min {27 — A\, A} d (Exz, )
0

27 27
:/ [7r—|)\—7r\]d<E,\m7x>:7r—/ A= 7 d (Bxz, )
0 0
2 2
:ﬂ*/ IAfﬂ|d<Ew,x>:w7/ i\ — in| d (Exz, x)
0 0

= 77—/0 i |Log (¢") —im| d (Exz,z) = 7 — (|Log (U) — imly| z,x)
=([mlu — |Log (U) — irlu|] =, x)

and, similarly,

2m
(2.11) max {27 — A\, Ay d(Exz,z) = ([7lg + |Log (U) —imly|] x, x)
0
then by (2.9)-(2.11) we get the desired result (2.4). O

In the following, an upper bound for the nonnegative difference

17 @) alf* ~ | (etPeot=)[*

where x € H with ||z|| = 1, is also provided:

THEOREM 3. Let U € B (H) be a unitary operator on the Hilbert space H and
f:€(0,1) = C an Arg-square-convex function on C (0,1). Then we have

(2.12) 0< If (U) ] - ‘f (€<LogUz,m)> ‘2

< Zmax {{(2r1 s — |Log (U))) ), (| Log (U)] 7, )}

x[“m'zﬂ“”—uenﬂ
sﬂ”“”zm“)—vemﬂ

for any x € H, ||z|| = 1.



SOME INEQUALITIES OF JENSEN TYPE 7

PROOF. By the convexity of the function ¢ (t) = ’f (eit)’2 on the interval
[0,27] , we have

(2.13) If (@) 2| = ’f (6<LogUx,w>) ‘2

:/O%|f(eﬂ)y2d<Ew,x> - ’f <exp (i/:ﬂ Ad<Ew,x>>)

:/ 7 (5 02 4,

- ‘f (exp (z /:ﬂ Ad(E,\x,q:)>) 2

< (R iror s i wr]awe.

- ‘ / (exp ( / " Ad(EA:c,z)>) 2

P (27r— OQ”Ad<E,\x,:r>>+|fc )2 [ Ad (Eaz, z)
- 2T

-7 (e (s M(Bra2)) )

for any © € H,||z|| = 1.
Applylng the second inequality from ([2.7) for the convex function ¢ (t) =

|f (e ”)| on the interval [0,27] and for the intermediate point fozﬂ M (Ezz,x) €
[0, 271] we can write that

2

2

I (D)) (27r— 02”)\d<E,\:v7:c>>+|fc )2 [ A (Erz, 7)
2T

- I f <eXp <z /0 " (E,\x,x>)>

2 27
§2max{2ﬂ_ o Ad(Exz,z) [ )\d(E,\m,x>}

(2.14)

2

2 ’ 2

2 2
y [If(l)l HIre (1) _W_mz]

for any « € H, ||z|| = 1.
Since, as above,

2m
/0 Ad (Exz,x) = (|Log (U)| z,x) ,

for any x € H,||z|| = 1, then we deduce from (2.13)) and (2.14)) the desired result
2.12). 0
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3. Examples

Let U € B (H) be a unitary operator on the Hilbert space H. Then for n > 1,
a natural number, we have

(3.1)  (2m)" V(| Log (U)| z,2)"/* > ||[Log (U)]" ||
> |In|(LogUwz, z)| + iArg ({(LogUz, z))|" ,

for any « € H, ||z|| = 1.

It follows from applied for the function f, : C(0,1) — C, f,(2) =
[Log (2)]"

If we apply the same inequality for f, : C(0,1) — [0,00), f, (2) = |Log (2)|?,
then we get

(32)  (2m)* (| Log (U)|z,x)"* > |||Log (U)|* z||
> |In [(LogUz, x)| + iArg ((LogUz, z))|",

for any = € H,||z|| =1 and ¢ > 1.
Now, if we use the inequality (2.4) for the function f, (2) = [Log (z)]", then we
get

(3.3) (221 = 1) 7" ([rly — |Log (U) —irly| z, z)
< (2m)> " (|Log (U)| @, ) — |[[Log (U)]" =|*
< (2! —1)7* Y(rly + |Log (U) — inlyl||z,z),

for any x € H, ||z|| = 1, where n is a natural number with n > 1.
The same inequality applied for f, (z) = |Log (z)|? provides

(3.4) (2271 — 1) 7* ([nly — |Log (U) — i1yl z, )
< 2% (|Log (U)| @, ) — ||| Log (U)|* z|”
< (227" — 1) 7* N ([rly + |Log (U) — inly|] z,z),

for any x € H,||z|| =1 and ¢ > 1.
Finally, if we use the first inequality from (2.12)) we also get:

(35)  0< |[Log (U))" =] — [In[(LogUz, )| + iArg (LogUz, x))|*
< (27! = 1) 7 max {271y — [Log (U)]) z,2) , (| Log (U)| 2, z)}
<92 (22n—1 _ 1) a2

for any « € H,||z|| = 1, where n is a natural number with n > 1.
If g > %, then we have

(3.6)  0<|[|Log (U)|z|* = In|(LogUz, z)| + iArg ((LogUz, z))|*"
< (2271 — 1) 71 max ({21 — |Log (U)]) 2, ) , {|Log (U)| 2, 2)}
<2(227' —1) x4
for any © € H,||z|| = 1.
If g : [0,27] — [0,00) is continuous and convex on [0, 27, then the composite
function f:C(0,1) — [0,00) defined by
f(2) =g (|Log ()]

is an Arg-square-convex function on C (0,1).
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As examples of such functions we have

fa (2) == exp (a|Log (2)|)
which are Arg-square-convex functions on C (0, 1) for any real number « # 0.

We also notice that the family of functions f,,, : C(0,1) — C, fin(2) =
2™ [Log (2)]", where m # 0 is an integer and n is a positive integer, are Arg-
square-convex functions.

The reader may apply the above inequalities for these functions as well. How-
ever, the details are omitted.

For Jensen’s type inequalities for functions of selfadjoint operators see the recent
book [2]. For related results see, [3].
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