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INTEGRAL FORMS FOR SOME INEQUALITIES

LOREDANA CIURDARIU

ABSTRACT. In this paper several inequalities will be given using as method the
power series method and then some integral forms for them will be given. Also
the integral forms of several classical inequalities and of Radon’s inequality
were presented.

1. INTRODUCTION

It is necessary to recall the inequality of J. Radon which was published in [9].
For every real numbers p > 0, zx > 0, ax > 0 for 1 < k < n, we have the
following inequality:

p>0.
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—oay T (g aw)?’

According to [4], the reverse of previous inequality is true in case p € (—1,0),
see for example [9]:

n,pptl n p+1
Zxk‘ < (Zk=1 I’k) (_1,0)

> pe
k=1 G’Z (Ezzlak)p ’

In [10], the authors consider two n-tuples @ = (a1, ag, ..., ) and b = (by, by, ..., by)
where ab = (a1b1, azba, ..., anb,) and a™ = (af*, ay?, ...,al"), for any real number m.

Then @ > 0 and b > 0 if a; > 0 and b; > 0 for every 1 < i < n. They consider the
expression:

n P n A\p
1.1 AP (q:b) = @ (Z;Lizl a;) ’
( ) n ( ) ; bf71 (Zi:l bi)pfl

for real number p > 1 and for n-tuples a > 0 and b > 0. Radon proved in [9] that
AlPl(a; D) > 0.

We study the sign of this expression for real number p € (0,1) and for n-tuples
a>0andb>0.

Then the well-known Radon’s inequality can be written as:
APl (a;0) <0
for real number p € (0,1), n > 2 and for n-tuples a > 0 and b > 0.
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It is necessary to recall the following two results which were established by [6]
and [1] when the number p > 0.

Theorem 1. ([6]) For ax, i, >0, p>1, k€ {1,2,....,n}, n € N and n > 2 the
inequality takes place,

n +1 +1 p+1
! (g z)P*! zg T (@i + z;)P*H
E : b2 n 114 s
1 Yk (k=1 ar)? Isi<jsn \ Gy a; (a; + a;)P
with equality if and only i h=t=.=

Theorem 2. ([1]) Ifn € N, x, > 0,yx, >0, k€ {1,2,....,n} and m > p > 0,

e + i + .+ ;Tnmﬂ, > pP—m (1 + @2 + oo+ )"
i v Y (Y1 + Y2+ o+ yn)?
with equality if and only if xt1 =x0 = ... =xp and y1 = Y2 = ... = Yn.

In the case when p > 0 the integral form of the inequality from Theorem 2.4, see
[1] was given by Theorem 2.5.

Theorem 3. ([1])
Ifa, b€ Rwitha <b,m >p >0, f,g: f,g: [a,b] = [0,00) are integrable
functions on [a,b] with g(z) > 0, (V) z € [a,b] then we have:
l/baﬂx»m+livz(b_ay_mpﬁitwmwm+{
e (P oyiy

>
0,

2. THE RESULTS

When p € (—1,0) the inequality of Radon can be also written as, below:

Theorem 4. For ay, xx > 0, k € {1,2,...,n} and n > 2 the following inequality
takes place:

+1 1 +1
D AP M Gf 7 m+m“j
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min + —

—oap T (Cpoga)P 1<i<ise \ af a (a; + aj)P

Proof. As in the proof of a theorem from [6] because d; = 0, remains significant
the inequality d,, < da, (V)n € N, n > 2, where

bt gt 2Pt (1w + .+ xy,)P T
dn= L + 22 4 — )
al al ah, (a1 +az+ ... +a,)?

Using the expression of dy we have:

d, < zf" + 2B (o 4 @)t
R ab (a1 + az)P

and by symmetry relatively to a; and x; when 4, j € {1,2,...,n} we obtain

1
P A A TR ) e
no= TP + a? (a; +a;)P
i j i T A

, (M)ne N, n>2 (V)i,je{l,2,..,n}
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Remark 1. If p € (—1,0) and we take x, = 1 and ay will be replaced by xy then
for every natural number n > 2 and x1, 2, ...,x, > 0 we have:

1 1 1 nptl . 1 1 2rt1

Ty T3 xh T (T1 4@+ . xp)P 1<i<i<n \ 2 ] (z; + )P

We give the reverse of an inequality presented in Theorem 2.4, from [1] when
p=>0.

Theorem 5. If n € N, z;, > 0,y > 0, k € {1,2,...,n} and p € (—1,0), m €
(—1,0) and m < p then we have,

x;n"’l n (L‘;n""l . n {,L'Zl'f‘l < np—m (xl _'_1.2 + .. +xn)m+1
Y1 Y5 yn (Y1 + Y2+ o+ Yn)P

Proof. As in [1], Theorem 2.4, we denote X,, = 1 + 22 + ... + z, and Y,, =
Y1+ Y2 + ... + y, and write

=Y, ==t
P n koo
=1 Ik k=1 Yn
'nLi»ll
where t = I’“yk and k € {1,2,...,n}. Then we consider the function f : (0,00) = R
defined by f(t) = tP*1, t € (0,00) which is concave on (0,00) when p € (—1,0) and
therefore
Yk p+1 Yk
t —t
v, ko= ( Yo ‘“)
k=1 k=1
or

Now if we consider the function, g : (0,00) — R defined by g(z) = x%, z € (0,00)
this is concave when m < p and then

k=1

From here we obtain the inequality of the theorem.

As a consequence of Theorem 5 we obtain the integral form of inequality from
previous theorem and this is also the reverse of inequality from Theorem 2.5, see

[1].
Theorem 6. Let a, b € R with a < b, p € (—1,0), m € (=1,0) and m < p. If
fyg:a,b] = Ry are two integrable functions on [a,b] with g(x) > 0, (V) x € [a, ]
then we have:
b m41 b dz)m+1
[ U (g
a (g(x))p (fa g(m)dx)?
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Proof. We use the same technique as in [1]. Let n € N and xp = a + kb:—L“, ke
{0,1,...,n}. We will take in Theorem 5 instead of x and y, f(xx) and g(xx) and
then the inequality becomes:

S F@)™ o (D F@) ™
,; (9(xk))P = (r_, g(xp))P

where A,, = (21,29, ...,2,) is a division of the interval [a, b].
Multiplying by b;a last inequality we obtain:
ba g U@ gpem (ko 52
no = (glw))r (Ck=r S2g(an))P

It results that

fm+1 p—m (0(f7 ATH xk‘))erl
“( 7 Am) < b e A )

. . . . mt1
where o (f—,, Ay, xk) is the corresponding Riemann sum of function f—p, A, =
g g

(1,2, ...,x,) division, and the intermediate points xy.
When n tends to infinity, in previous inequality the limits become:

D@D ey Ua S
[y tes o RO

In the following we will use the following inequality, see [7]:

Theorem 7. ([7]) If {z1,x2,...,xp}, T € RT and p are real, positive numbers and
m € N then we have:

Zx;” —(p—1)a™ < <le —(p— 1)a> .
i=1 i=1

In fact using the method of power series, see [3] in previous inequality we obtain:

Theorem 8. If {z1,22,....,2,}, z; € RT are p real, positive numbers with 0 < z; <
1L, ie{l,...p} and >F_ x; < (p— 1)a+ 1 then we have:

zp: 1 +1—p< 1
—l-2 l-a” pa—37 2

Proof. Using the inequality,

Zx;” —(p—1)am < <sz —(p— 1)a> ,

and summing then like below,
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we obtain

P m m m P k
ZZx - I)Zak§2<2xi(pl)a>
k=0 k=0 \i=1

1=1 k=0
and then when m tends to infinity we have:

p
1—.13i 1—a 4

=1 pa— 32 1T

Using the same techniques as in previous theorem, see [1] we can give an integral
form of the inequality from Theorem 8.

Theorem 9. Let a1, by € R with a; < by, [ : [a1,b1] = Ry is an integrable
function on [ay,b1](or continuous function on [a1,b1]). If 0 < f(z) < 1 and

- f( i) < (p—1)a+1, (V)i € {1,...,p} and (V) p € N where a = mingc(q, p,] f()
or (fal f(z)dx < (by — ar) mingejq, 5,) f(x)) then the following inequality holds:

/b1 1 bl — Q1 1
dr — - <
a 1- f((E) 1- Mg elaq,bi] f(Q?) (b1 — al) mlnxe [a1,b1] f f

Proof. Using inequality

zp: L ey 1
l—z, l—a = pa—3" o

i=1
from Theorem 8, and multiplying it by &= ‘“ we obtain,
P
- 1 —a1— - 1
by alz +b1 a p§b1 a _ .
P 1—x; p l-—a D opa—y %

i=1

Let p € N and =, = a1 + k%, k € {0,1,...,p}. We will take in Theorem 8
instead of xy, f(xx) and then the inequality becomes:

bl—ali 1 bl—all—p<b1—a1 1
p =1 flx) p l—a™ p pa—37, flzi)

where A, = (21,2, ...,zp) is a division of the interval [a1,b1].
It results that

1 1—pb—a 1
o (1,Ap,$k) + 2 i L < (b —ay) :
—f D —a P2 (a _ ﬁa(ﬁ Ap,wk))

where o (ﬁ, Ap, xk) is the corresponding Riemann sum of function ﬁ, A, =
(21,22, ..., xp) division, and the intermediate points xy.

When p tends to infinity, we consider the following

1 1—pb 1
0—<17Ap7xk> +7p17 (blial) )
-/ p - (b1 —a1)? (a* ﬁa(vap,xk))

and then we obtain the inequality.
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Following the method used by C. Mortici, see [5] and [3] for proving and discov-
ering a class of inequalities using infinite series, we give the following result:

Theorem 10. Ifpe N, y; >0, i € {1,2,..,p},0<r<land0<uz; <1, i€
{1,2,...,p} then the following inequality takes place:

Zp: I D O .

Syl —a) T (T ) P — 2
Proof. Using inequality from Theorem 2 with r instead of p and p instead of n we
have

ettt e ()
— + tot 22— 2>p .
yi Y5 Yy (iz1 i)
and summing when k € {1,2,...,m} we we obtain,
k=0 i=1 vi k=0 i= 1%)
or
P m m k+1
1 Pt x;)
I v Dt
i=1 Yi k=0 (i1 vi) -0

k
Taking now into account the hypothesis, z; € [0,1), 7 € {1,2,...,p} which means
that

0< 7€=1 i <1
P
, when m tends to infinity previous inequality becomes
P
1 < 1 > L 1 1
i -1 > pr-i- -1
; yi \1—x; ( le yi)r 1— #

Now we can think which is an integral form of previous inequality.

Consequence 1. Let a, b € R with a <b,. If f,g: [a,b] = Ry are two integrable
functions, g(z) >0, (V) z € [a,b] and f(z) € (0,1), (V)z € [a,b] then the following
inequality holds:

/b f@) . B-ay Ji f(w)da
o @I " ([ g(yar) 1- 5 f7 fa)de

where r € [0, 1).

Proof. Let p € N and zp = a + kb_T“, ke {0,1,...,p}. We will take in Theorem 5
instead of x and yi, f(xx) and g(zx) and then multiplying by b_T“ the inequality
we obtain,

" b—a fx) j 1 =4 (@)
2 P 9@y (- )~ iy g(@a)" 1= 2 300, 252 flx)
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where A, = (21,2, ..., zp) is a division of the interval [a,b]. Then when p tends to
infinity, taking into account that p” > (b — a)” we have

N WY () ¢ 0 S
7 (gr(l _f)7Ap’ 1) Z (0(97Apaxi))r (1 - ﬁa(fv Apaxi»’
f

. . . : f
where o (m, Ay, xz) is the corresponding Riemann sum of function FECEL

A, = (z1,%2, ..., xp) division, and the intermediate points ;.
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