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INEQUALITIES FOR POWER SERIES IN BANACH ALGEBRAS

S.S. DRAGOMIR L2

ABSTRACT. Let f(A) = > 02 j anA"™ be a function defined by power series with
complex coefficients and convergent on the open disk D (0, R) C C, R > 0. For
any x,y € B, a Banach algebra, with ||z||,|ly]] < R we show among others
that

fW+f( z+y 1 !
W@ (22 < Dy —all [ 210 -2+ i
0
where fo (A) = D02 lan| A™.
Inequalities for the commutator such as

If (yz) — f (@)l < o (M?) |lyz — 2y,

if ||z|,]lyll < M < R'Y2, as well as some inequalities for exponential and
resolvent functions are also provided.

1. INTRODUCTION

Let B be an algebra. An algebra norm on B is a map ||-|| : B—[0,00) such that
(B, ||]]) is a normed space, and, further:

[labll < [lal |0

for any a,b € B. The normed algebra (B, ||-]|) is a Banach algebra if ||-|| is a complete
norm.

We assume that the Banach algebra is unital, this means that B has an identity
1 and that ||1]] = 1.

Let B be a unital algebra. An element a € B is invertible if there exists an
element b € B with ab = ba = 1. The element b is unique; it is called the inverse of
a and written a~! or % The set of invertible elements of B is denoted by Inv5. If
a,b €lnvB then ab €lnvB and (ab) ™' =bla" 1.

For a unital Banach algebra we also have:

(1 1/n
(ii

(iii

(iv

For simplicity, we denote Al, where A € C and 1 is the identity of B, by A. The
resolvent set of a € B is defined by

pla) ={AeC: X—acInvB};

If a € B and lim,,_,« ||a"||
{a € B: |1 -b|| <1} CInvB;

InvB is an open subset of B;

The map InvB 3 a —— a~! €InvB is continuous.

< 1, then 1 — a €lnvh;

— — — —
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the spectrum of a is o (a), the complement of p (a) in C, and the resolvent function
of ais R, : p(a) —InvB,
Ro(\):i=(\—a)".
For each A,y € p(a) we have the identity
Ra(7) = Ra (A) = (A =7) Ra (A) Ra (7) -

We also have that
o(a)c{AeC: A< lall}.
The spectral radius of a is defined as
v(a) =sup{|A|: A€o (a)}.
If a,b are commuting elements in B, i.e. ab = ba, then
v(ab) <v(a)v(b) and v(a+b) <v(a)+v (D).
Let B a unital Banach algebra and a € B. Then
(i) The resolvent set p (a) is open in C;
(ii) fzrpa(rg; .bounded linear functionals A : B —C, the function Ao R, is analytic

(iii) The spectrum o (a) is compact and nonempty in C;
(iv) For each n € N and r > v (a), we have

1 —1
n_ _— n _ d .
Rl M SR
(v) We have
v(a)= lim [la"|"".
n—oo
Let f be an analytic functions on the open disk D (0, R) given by the power
series

(o]
FO) =) aN (A <R).

j=0
If v (a) < R, then the series > 7 aja’ converges in the Banach algebra B because
> im0 eyl la?|| < oo, and we can define f (a) to be its sum. Clearly f (a) is well
defined and there are many examples of important functions on a Banach algebra
B that can be constructed in this way. For instance, the exponential map on B
denoted exp and defined as

oo

1
expa := Z _—'aJ for each a € B.

j=0""

If B is not commutative, then many of the familiar properties of the exponential
function from the scalar case do not hold. The following key formula is valid,
however with the additional hypothesis of commutativity for a and b from 5B

exp (a +b) = exp (a)exp (b) .

In a general Banach algebra B it is difficult to determine the elements in the range of
the exponential map exp (B), i.e. the element which have a "logarithm". However,
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it is easy to see that if a is an element in B such that ||1 —a| < 1, then a is in
exp (B) . That follows from the fact that if we set

b:_ZITlL(l_a)n’

then the series converges absolutely and, as in the scalar case, substituting this
series into the series expansion for exp (b) yields exp (b) = a.
In this paper we establish some upper bounds for the following quantities

If (zy) = f (o)l
Hf(fﬂ);rf(y) _f<x42ry)H

f (=) + 1 ()
2

and

— f(zy)

oo

that can naturally be associated with the analytic functions f(X) := 3>_/7, N
defined on the open disk D (0, R) and the elements x and y of the unital Banach
algebra B.

Some applications for functions of interest such as the exponential map on B are
provided as well.

2. SOME POWER INEQUALITIES
The following simple result holds.

Lemma 1. For any z,y € B and n > 1 we have

1 -1
(2.1) ly™ — 2" Snlly*xll/ [L=t)z+tyl|  di
0

Proof. We use the identity (see for instance [1, p. 254])
n—1

(2.2) a” —b" = Z a" ' (a—b) ¥
§=0

that holds for any a,b € B and n > 1.
For z,y € B we consider the function ¢ : [0,1] — B defined by ¢ (t) =
[(1—t)x+ty]". Fort € (0,1) and € # 0 with ¢+ € (0,1) we have from (2.2) that

ptt+e)—p)=[1-t—c)z+(t+e)y]" —[1-t)z+ty]"
=eY [(I—t—g)z+t+e)y" -2 [1-t)z+ty)
j=0

Dividing with ¢ # 0 and taking the limit over ¢ — 0 we have in the norm
topology of B that

(2.3) o (1) = i

n

m | =

[p(t+e) @)

H
L

(A-tz+ty)" 7 (y—2)[(1-t)z+ty) .

<.
Il
o
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Integrating on [0, 1] we get from (2.3) that

! 1 Cataye n—1—j J
/0 o (t)dt:;/o (1=t z+ ] (y— ) [(1— )+t dt

and since )
| ¢ ®at=e0)-p0 =y -

then we get the following equality of interest

n—1 1 ) )
yr -t = Z/ (A-tz+ty]" " (y—2)[(1 - )z +ty) dt
j=0"0

for any z,y € Band n > 1.
Taking the norm and utilising the properties of Bochner integral for vector valued
functions (see for instance [9, p. 21]) we have

R D ) R R R R (R
= /o

n—1

<Y / 1 0=tz -+t (g =) [(1 = ) + 1P| at

n—1 1 ) )
<Y [ = w vty ol i@ - 2+ | a
j=0"0
n—1 .1 1 )
<Y [Ia-ne sl -l 0 - o+l e
j=0 "0
1 n—1
—nlly =l [ 0=zl
0
for any z,y € Band n > 1. O

Remark 1. Utilising the Hermite-Hadamard inequality for convex functions

. /abf(t)dtéi{f <a+b>+f(a)+f(b)},

b—a 2 2

(see for instance [4, p. 2]) we have the sequence of inequalities

1
—1
@5) et <nly-al [ 0= De ]
0
1 z+y||" el
< = _ zJ
<snly—al || 5]+ :

IN

1 n—1 n—1
solly =l [lel™™" + g™ ']

—1 —1
< nlly -l max {2l" " Jyl" " }

For other Hermite-Hadamard type inequalities that may be utilised to obtain such
upper bounds, see for instance [2], [3], [6], [7], [10], [11], [12], [13], [14], [15] and
[16].
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We also have

1
(2.6) lly"™ —="|| SnlIy—xII/ (L= t) @ +ty|" " dt
0

1
gnm—xwl<u—www+tmm”*w

1 Il + Iy ™+ [y
< 5””?/ x| [(2 + 9

1 -1 -1
< snlly = all [lal"™" + yI" ]
—1 -1
< nlly — ol max {2~ yI" '}

We observe that if ||y|| # |||, then by the change of variable s = (1 —t) ||z|| +t ||yl
we have

N

A

/V( ) llall + ¢ )™ LM

1L—t) ||| +ty)" dt = ——— s"lds

0 lyll = [l |||
Sl = el

oyl =l
If llyll = ||zl , then

1
/0 (L =)l +tyl)" " dt = Jl=|" "

Utilising these observations we then get the following divided difference inequality

forz#y
IIy
“%F%# if il # 1=
n—1 .
nlzl™™ iyl = ).
Remark 2. We observe that the quantity ”fol 11 —t)z + tyHn—l dt, which might

be difficult to compute in various examples of Banach algebras, has got the simpler
bounds

n-l n—1 n—1
S e ™" + [ly]
and
Inlel” g Yy £ e,
By (.’IJ, y) =

nlz|" if Nyl = [l
It is natural then to ask which of these bounds is better?
Let m > 1. Then

1

1oz y|™
2

S

B (z,y) =

2

m—1 m—1
)™ + [ly] ]
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and

—1 -2 -1
Il™ =+ lyl™ el + e+ el ™ if llyll # ]l
BQ (I,y) = 1
m— .
m ||z if llyll = [l
If we take y = tx with ||z|| =1 and |t| # 1 then we get
'1 +t‘m_1 1+ |t|m‘1]
- _|_ -

B1 (t) = —m

2 2 2

and
By (t) = [t " 4 .+ |t + 1.
If we take m = 4 and plot the difference

3 3
t+1 1+t
a) :=2<] L R Rl )—(|t|3+|t|2+t|+1)

on the interval [—8,8], then we can conclude that some time the first bound is
better than the second, while other time the conclusion is the other way around.
The details for the plot are nor presented here.

3. INEQUALITIES FOR A GENERALIZED COMMUTATOR

Now, by the help of power series f (\) = > 7, @, A" we can naturally construct
another power series which will have as coefficients the absolute values of the coef-
ficients of the original series, namely, f, (A) := > ° |, | A™. It is obvious that this
new power series will have the same radius of convergence as the original series.
We also notice that if all coefficients a,, > 0, then f, = f.

The following result is valid.

Theorem 1. Let f(\) = > .7 a,A" be a function defined by power series with
complex coefficients and convergent on the open disk D (0, R) C C, R > 0. For any
x,y € B with |zy||, ||lyz| < R we have

Y I )~ f @) < oy — vl / £ (11— by oy + tya) dt

Proof. For any m > 1, by making use of the inequality (2.1) we have succesively

n=0 n=0
Z — (yx)" )H

Z || | (zy)" = (y2)"|

(3.2)

1 n—1
< oy —yell Y mlaal [ 00— D2y 1ol
n=1 0

1 m n—1
T T— / S nfanl (1 ) oy +tyal ) dt.
0 n=1
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Moreover, since ||zy||, ||yz| < R, then the series Y a, (zy)", Yooy an (yz)"
and

oo

n—1
> el (1= t)zy + tyal|

n=1

are convergent and

D (@y)" = f(zy), Y an(y2)" = f (yo)
n=0 n=0
while
> nlan| (1 —t)zy + tyz|” = fo (11— t) 2y + tyal]) .
n=1

Therefore, by taking the limit over m — oo in the inequality (3.2) we deduce the
desired result (3.1). O

Remark 3. We observe that f,, is monotonic nondecreasing and convexr on the in-
terval [0, R) and since the function i (t) := ||(1 — t) zy + tyz|| is convez on [0, 1] we
have that f! o is also convexr on [0,1]. Utilising the Hermite-Hadamard inequality
for convex functions (see for instance [4, p. 2]) we have the sequence of inequalities

(3.3) If (zy) — f (yz)|l

1
< nyfyxn/ £ (11— by oy + tyal) di
0
< Loy o [fé ( o tue ) A TES AT
< 3 llew =yl 1 (layl) + £ ()]
< llay -yl max (£, (lzyl) . £, (lyzl)}

< ey = yall f2 (] i) -

We also have

(3-4) 1f (zy) = f (y2)

1
< ||xy—yx||/ £ = )y + tye]) di
0

IN

1
IIFI?y—yl”II/0 fa (U =1) zyll + t [ly=]) dt

1 , (el lyel | £yl + 22 el
5 o =y |2 (Lol u

IN

IN

% lzy =yl [fa (laeyl) + £ (ly=1D)]

< Nlwy =y max {f; (lzyll) , fa (ly])}
< Nlzy =yl £ (]l lyl) -

A
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We observe that if ||lyzx|| # ||zyl|, then by the change of variable s = (1 —t) ||z| +
ty|l we have

1 . p 1 lly|l p
! —1) ||z t||yx t = —m " (s)ds
/0 fo (L =1) [yl + ¢ [ly=]) Tl =TTl oo fa (s)
fa(llyzl) = fa (lzyll)
lyz|| — [z

If llyzll = llzyll, then

/0 £ (= t) eyl + ¢yl dt = £ (lzy]) -

Utilising these observations we then get the following divided difference inequality
for zy # yx

IS (yz) = f (zy)||

1
(3.5) g/ £ = ) wy + tya])) dt
||?/37—33?/H 0
Ll follzsl) it |y # fay],
£ (=) if lyall = lzy]l.

If ||z||, lyll < M < RY2, then from the inequalities (3.3) we get the simpler
inequality

(3.6) I1f (yz) — f (@)l < fo (M?) |lyz — zy| .

If we consider the exponential function exp (A) = >~ %)\", then for any =,y €
B we have the inequalities

(3.7) llexp (ya) — exp (zy)|

1
< lye — ay] / exp ([(1 — ) 2y + tya]) dt
0

b [exp ([ g ) + expleul) fexdvel)

2

< |lyx — zy|| x exp(I\lz‘/;z\l‘)liﬁ);z(nl\wyll) if |lyz|| # =yl

exp ([lzyl) if [lyz| = [lzy] -
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Now, if we consider the functions (1 — X) ™" = 3% (A" and (1+ )" =32 (~1)" A",
then for any z,y € B with ||z|, |ly|| < 1 we have

(3.8) H(l +yz) - (1+ :cy)ﬂH

1
<y =yl | (1= 10— )y + tyal) e
0

< llyz — zyll

9

e (R R R

XY =yl flayl) Ayl # eyl

-2 .
(L= T{lzyl) ™ if [lyz| = llzy] -

4. BOUNDS FOR THE JENSEN DIFFERENCE

In this section we establish some bounds for the norm of the Jensen difference,
namely, the quantity
)+ 1) T+y
2 AN

where x,y € B and f is a function defined on the Banach algebra B5.

i

Theorem 2. Let f(\) = > .7 a,A" be a function defined by power series with
complex coefficients and convergent on the open disk D (0, R) C C, R > 0. For any
z,y € B with ||z||,|y]| < R we have

Hf@;f@) —f(””‘;y)H S1IIy—wII/Olf;(I(1—t)af+ty||)dt

Proof. For any x,y € B and n > 1 we have from (2.1) that

n n—1
(4.2) ’;,”-(m‘;y) <n H 1—t+tH dt
n—1
*nl\y yH dt
and
n—1
(4.3) ‘xn(“y) H< n||y7m||/ dt.
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We add (4.2) with (4.3), use the triangle inequality and divide by 2 to get

4.4 —
w55 (4
< Snlly—al
—nlly—=x
=5 Yy
1 1' + n—1 + n—1
x
xf/ Q-0 gyl +lao-0Z 2 b | at
2 J; 2 2
— Znfly—a
=gnly—=
1 1' + n—1 + n—1
xf/ 2 y+(1—s)y + su—i—(l—s)x ds,
2/, 2 2

where we used for the last equality the change of variable s =1 — ¢.
Now, using the change of variable s = 27 we have

1 1
2,

and by the change of variable s =1 — v we have

n—1
e 1!
/ sx+y—|—(1—s)yH ds:f/
2.Jo 0

T+y
s

5 +(1-9)=z

-1 1/2
ds:/ ||(1—T)x—|—TyH"_1 dr
0

n—1

dv.

T+
(1—v)7y+vy

2 2 2

Moreover, if we make the change of variable v = 27 — 1 we also have
1 1 n—1 1 .
f/ dv:/ l(1=71)z+ry||" dr.
2 Jo 1/2
Therefore
-1
1 /1
= / ] ds
2 Jo

1/2
:/ ||<1fr>x+ry||"‘1d7+/ I =7z + 7y dr
0 1/2

T+
(1—U)Ty+vy

Sx—i—y
2

n—1 n
T+
+(1—s)yH +H52y+(1—s)x
1

1
:/ ||(1—T)x+7'y||"71d7.
0

Utilising (4.4) we get the inequality

" 1 ! n—1
) < nlly— -
(45) \ : : )H2n||y ol [ 1= te )

y et <x+y

for any z,y € B and n > 1.
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Now, for any m > 1, by making use of the inequality (4.5) we have

(4.6)

(£ £ (2]
n=0 n=0

n=0
" 2 2

n=1

1 m 1 .

3l =l Do nlanl 1= to+ ey ae

n=1 0

> o[£ (110
ot " 2 2
1 ol 1
.
=zl [ (S nlanlla=te+ e~ ) ae
0 n=1

IN

IN

for any z,y € Band n > 1.
Since all the series whose partial sums are involved in (4.6) are convergent, then
by letting m — oo in (4.6) and taking into account that

Yonlaal (M =tya+ty" " = fo (11 =) +ty]) . ¢ € 0,1],
n=1
we get the desired inequality (4.1). O

Remark 4. We observe that f! is monotonic nondecreasing and convexr on the
interval [0, R) and since the function i (t) := ||[(1 — t) x + ty|| is convex on [0,1] we
have that f! o is also convex on [0,1]. Utilising the Hermite-Hadamard inequality
for convex functions we have the sequence of inequalities:

wn |[f0ri0)_(2ty))

IN

1
glu—all [ f00-0o+uha
(L AR AT

2 2
7y =l 172 () + 72 (o)

% ly — 2l max { £ ([, fo (ly])} -

IN

IN
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We also have

(s L0410 (2ty)|

N

1
<glv=all [ f00=0z+

IN

1
Sl —all [ 72 (=0 ol + eyl e
1 , (Ll Dl fa el + 72 (vl
o=l [ (L) o oot

< % lly = Il [fa (lll) + fa ClylD)
% ly — al| max { £ (l[)), fo (lyl)} -

N

A

IN

We observe that if ||y|| # ||x|| , then by the change of variable s = (1 —t) ||z||+t ||y]|
we have

. 1 . 1 llyll
/ —t t t= ———
/0 fo (@ =Bl +thyl) dt = e |

_ Jfa(lylD) = fa (1)
Iyl = [l|

fa(s)ds

If lyll = ||z, then

1
| e =l ol at = £2 -
Utilising these observations we then get the following divided difference inequality
x)+ T+
(4.9) Hf()2f(y)f< 2y)H

1 v
<glv=al [ f0=0a+ e

1 W if llyll # [l=|l,
< 3 |y — [ x

fa (D) if Nyl = Nl

If ||lz|l, lyll €< M < R, then from the inequalities (4.8) we have the simpler
inequality

(4.10) Hf(x);f(y) —f (x;y)H < %fé (M) [ly — x|
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If we consider the exponential function exp (A) = >~ %/\"7 then for any =,y €
B we have:
(4.11) eXp(fE);reXp(y) exp <x;y>H

IN

1 1
slv=al [ e (0=t wl)d
0

1

3 o (252 ) + eetizbzeman],

IN

1
g Iy ==l g exlyh=onel) ¢ jy) 2 |z,

exp ([[z)if [yl = =],
1
<3 ly — x| exp (M),

where, for the last inequality we assume that ||y, ||z] < M.
Now, if we consider the functions (1 — X)~" and (14 X)™", then for any z,y € B
with ||z]|,|ly]| < 1 we have:

l+a) ' +Qxy " <1ix;y)-1

(4.12) 5

IN

1 ! _
glo=all [ a=10-no+u)a

IN

1
2 lly =]
{(1 T+ <1f||z\|>—2;<1fuyn>-"‘} ,

1
2
XY =l @ = [yl il # el

(L= lll) ™ it [lyll =l

1 —2
Sy -2l (1=,

IN

where, for the last inequality we assume that ||y, ||z]| < M < 1.

5. SOME INEQUALITIES FOR COMMUTING ELEMENTS

For two commuting elements x,y € B it is of interest to estimate the distance
between % [f (mz) + f (yz)] and f (zy), namely the quantity

‘ f(#) + 1)

5 — [ (zy)
where f is a function defined on the Banach algebra B.
We have the following result:

)

Theorem 3. Let f(\) = > .7 a,A" be a function defined by power series with
complez coefficients and convergent on the open disk D (0, R) C C, R > 0. For any
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x,y € B with xy = yx and ||x2|’ , ||y2H , lzy|| < R we have

(5.1) Hf@);f@)—f@w

< Sy [ [ 12 (10 -2+ i) a
=95 Y L Y
! 2 2
100w vl g (10 - D+ o) .
0
Proof. We have from (2.1), for n > 1, that

2

1 n—1
52)  ly-a < nly-af? (/ 10—t +ty] dt)
0

9 9 1 2(n—1)
A,HIW—ﬂloHﬂ—ﬂx+wH di

N

for any z,y € B.
The second inequality follows from the Cauchy-Bunyakovsky-Schwarz integral

inequality
1 2 1
s)ds 2(s)ds.
([ reas) < [ £

Since x,y € B are commutative, then

2n 2n
(y" — 33”)2 = 2" — " — "y 4 22" =2 (y—;—x - (333/)”>

which gives that

y2n + ‘,L.2n

n 1 9 1 2
_ _ n __ ..n < Z n __ ..n
(5.3) ‘ 5 (zy) QWy x)Hfﬂw z"|

for n > 1.
Therefore, from (5.2) and (5.3) we have

y2n + x2n
2

2(n—1)

1 1
O < gty =al® [ Q- el d
0

— (zy)"

for n > 1 and for any commuting elements z,y € B.
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Using the generalised triangle inequality and the inequality (5.4) we have

[Z g+ Z wo? ] Sa (wWH
nfjl o [y;”f - ()"

Z ||

1
9 2(n—1)
<2l me?/o =D+t

(5.5)

2n + :L.2n

IN

— (xy)"

2(n—1)
Sho=el? [ 3w el o =00+l e

Consider, for u # 0, the series

oo 1 oo

§ n2anun—1 _ § nzanu”
u

n=0 n=0

If we denote g (u) := Y7 j apu™, then

and
=
n=0
However
u (ug' (u) = ug’ (u) +u’g" (u)
and then
Z n2a,u" "t = g (u) +ug” (uv)
n=0
for u # 0.

Utilising the above relations we can conclude that
2(n—1)

Yo n?lanl (1 -tz + ty]

n=1

=D 0P Jan| I —t)z + tyl|

n=0
= (0 =D+ ) + 10 =D+l £ (10 -0 2+ ty?)

for almost any ¢ € [0,1].

2(n—1)

15

Since all the series whose partial sums are involved in (5.5) are convergent, then

by letting m — oo in (5.5) we get the desired inequality (5.1).

O
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Remark 5. If we use the notation

DP (f) () = fi (u) +ufy (u) ,ue D(0,R),

then the inequality (5.1) can be written in a simpler form as

(5.6) w—f@y)
<y loel? [ D20 (10 -2+l a

where x,y € B with xy = yx and ||:c2|| , ||y2|| s lzyll < R.

Remark 6. Utilising the Hermite-Hadamard inequality for convex functions, we
have

)
/ (1 —1¢) x+ty|| U at

2(n— 2(n—1) 2(n—1
x+y' J]* Y 4 Jy) ¢ W

2

2 + 2
7
- 2
for anyn > 1.
If we multiply this inequality with n? |a,| and sum, then we get

< max { 2] "V )P

(57) —||y—x||/]D2> (10— 1)+ 1) de

I /\

7y —al?

D) (f) (

Sy — 2
“|ly—=z
B )

X

sty ”) Rt (1) + D () (el

2 2

D (1) (1) + & () (Il

2

IN

IN

Sy —al*max [ D@ (1) (JI) . D2 (1) (1wl }

where x,y € B with xy = yx and ||x2||

simpler upper bounds for the quantity

10,

,||y2|| ,lzyll < R, which provides some

Moreover, if we assume that ||z||,||y|| < M with M? < R, then
2 2 2
D@ (f) (Ilel") . D2 (1) (Iyl") < D (1) (M)

-5 (o) ()
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and from (5.6) and (5.7) we get the simple inequality

f (=) + 1 ()

(59) S | < g - al® [ (07) 40 g ()]

for any z,y € B with xy = yz and ||z||,||y|]| < M with M* < R.

If we consider the exponential function exp (), then for any x,y € B with
xy = yx and ||z||, ||y|| < M we have the inequality

2 2
=) 20D o )| < Ly ol (14 047 ) exp (3.

(5.9) <3

Now, if we consider the functions (1 —X)~" and (14 )™, then for any z,y € B

with zy = yx and ||z||, ||y|| < M < 1, we have the inequalities

(1) "+ (1£42) 7"
2

5 14 M?
(1— M2y

_ 1
(5.10) —(1+ay)™ <5 ly—al
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