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ON SEVERAL INEQUALITIES OBTAINED FROM
GENERALIZATIONS OF YOUNG’S INEQUALITY BY A POWER
SERIES APPROACH

LOREDANA CIURDARIU

ABSTRACT. The aim of this paper is to give different inequalities which result
from various generalizations of Young inequalities in some specific cases for a
and b using the power series method used by C. Mortici in his paper, [10]. Also
several integral forms for some inequalities deduced by power series method
starting from certain inequalities which generalize Radon’s inequality will be
presented.

1. INTRODUCTION

We will recall the inequality of J. Radon which was published in [11].
For every real numbers p > 0, xx > 0, ax > 0 for 1 < k < n, we have the
following inequality:

p>0.

+1
o (et
p puiy

k=1 ay, (ZZ:lak)p ’

In [12], the authors consider two n-tuples @ = (a1, ag, ..., ay) and b = (by, by, ..., by)
where ab = (a1b1, azba, ..., anb,) and a™ = (ai*, ay?, ..., al"), for any real number m.

Then a > 0 and b > 0 if a; > 0 and b; > 0 for every 1 < ¢ < n. We consider the
expression:

~ aj (XCiz @i)?
(1.1) AlPlasb) =" —t - SEL
2y by
for real number p > 1 and for n-tuples a > 0 and b > 0.
Then the well-known Radon’s inequality can be written as:

(1.2) AlPl(a;b) > 0.

The scalar Heinz inequality says that if a,b > 0 and 0 < v <1 then,
aubl—u+a1—uby < a+b

and the scalar Young inequality says that under the same hypothesis for a and b
we have

a’b <wva+ (1 —v)b
with equality if and only if a = b.
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Theorem 1. ([12]) For n > 2, p > 1, we have the following inequalities:

p a”’ (a; + a;)P
[p] > a; J v J
(2.16) Ax(a;b) 1<ici<n [b” o b;’*l (b +bj)P=t |’

and
) (M +m)P
0< APla:b) < {Mump = E:b

wheremg%gM, a; >, b; >0, 1<i<n.

Theorem 2. ([12]) There is the inequality:
(2.19)

=Bl < [<M+mgzz§ llbb)p R (Zb>+<z < )

where m < 3+ <M, a; >0, b; >0, 1 <i<n, p>1,n>2.

Theorem 3. ([12]) If a = (a1, a2, ...,a,) and b = (b1, ba, ..., b,) are n-tuples then
we have the inequality:

— 1)mP—2 b — aib; 2
(2.13) pi(g n)mb > (@b —abs)” Jbba’ S <
Zi:l i 1<i<j<n Vg

—1)MP—2 (a;b; — a;jb;)?
< APl(as) < PR DM 5 (o —ab)
<M,p>1,a;>0,b;>0, fori=1,...n

a;

where m < &=

Theorem 4. (12]) If a,b>0 and 0 <v <1 then
(2.2) (va+ (1 —v)b)* < (a"b'7")% + s2(a — b)?,
where so = max{v,1 — v}.

The following result is a reverse of an inequality obtained by Kittaneh and Man-
asrah, see [7] or [2], who obtained a refinement of Heinz inequality.
Theorem 5. ([2]) If a,b >0 and 0 < v <1, then
(2.3) (a+b)? < (a”b ™" +a'7"b")? + 2s0(a — b)?,
where so = max{v,1 —v}.

The famous arithmetic-geometric mean inequality, called Young inequality was
refined by F. Kittaneh and Y. Manasrah in [7]:

(1—v)a+vb>a Vb +r(va—Vb)>?,

where r = min{v, 1 — v} and the conditions for a, b and v are as in Young inequality.

In [8], N. Minculete has given a refinement of the Kittaneh-Manasrah inequality
in some special cases as an application:



Proposition 1. For 0 < a,b<1 and X € (0,1) we have:

r(va— Vb)? + A(\)ablog? (%) <Aa+(1—ANb—ab = <

< (L-r)(Va — VB + B(\ablog? (5 ).

where r = min{\, 1 — A}, A(\) = @ — 4 and B()\) = M -

Lemma 1. ([2]) Forv €[0,1], and a,b > 0 we have:
va® 4+ (1 = v)b? < (b )2 + so(a — b)?
, where sp = max{v,1 — v}.
We also need to use in this paper the second inequality, difference-type reverse
inequality from below

Corollary 1. ([6]) For a,b> 0 and X € [0,1] the following inequalities hold:
(i) (Ratio-type reverse inequality)

_ _ h)2
a7 < (1= Na+bA < a7 exp{Wh
1

where d; = min{a, b}.
(i) (Difference-type reverse inequality)

a' Mt < (1= Na+bA < a' b+ A1 — M){log (%)}Qd%

where dy = max{a,b}.

2. SEVERAL INEQUALITIES OBTAINED FROM GENERALIZATIONS OF YOUNG’S
INEQUALITY BY A POWER SERIES APPROACH

The following two results present some inequalities using a power series approach
starting from inequalities from Theorem 1 and 2, see also [12].

Theorem 6. Forn > 2 the following inequalities hold:

n

3 aibi 3 @i Y bi aibi | _ajbj (ai +a;)(b; + b;)
b,
=1

max
i — Q; Z:l:l(bz — ai) Ta<i<i<n by —a;  bj—a; by +bj — (a; + (lj)

ifa; <b;, (V)i=1,n, and
0< a;b; Zi:l a; - Zi:l b; < ( M m 2(M + m) > Zb,,

:lbi—ai_ Yo (bi — ai) 1-M l—m_2—(M—|-m)

2

ifm<e<M<1, (V)i=In

Proof. We use the power series method, see[10] and [9], as in [3] or [4] for inequality
from Theorem 1, see [12]. I
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Theorem 7. For n > 2 we have,

0< i: aib; D i1 @iy i bi <

T bi—ar 3L (bi—a)
M+m)znlb S a M +m
< b 7 7 2 1,+
Z Yica(bita) = (M+m) 37, b 2= (M+m) ; Z
szrLg‘;—i‘SM<17 V)i=1,n.

b—aZ

Proof. With the same method as in [10] as in [3] or [4] for inequality from Theorem
2, see [12] by calculus we find the required inequality. NI

Now the integral forms for inequalities from last two theorems will be given in
the next theorem:

Theorem 8. Let f(x) > 0, g(x) > 0 and if f,g : [a,b] — Ry be two integrable

functions on [a,b] with m < % <M, (V) z €[a,b] and M < 1 then we have

" f@g) | Juf@)de [} g(a)de
0= /a g(z) — f(:c)d ff[f(x) — g(z))de

M m 2(M +m) b
= <1—M+ I-m 2—M+m>/a 9lz)dz
P f@g) o Ja f@)de ] g(@)ds
Oglim@ff@ﬂ [P1f(2) = g(x)]dz
b (M +m) [ g(x)dw — fbf(x)dx
< x)dx e @
_/ag() J21f () + ()}dfv*(M+m fbg

22—]\(42\;—Tm)/ dm+/ f(z) —g(x)

Proof. We will use the definition of Riemann integral and the same techniques as

in 1], [3]. 1

and

A power series variant of inequality from Theorem 4 is presented below, under
more particular conditions on a and b.

Theorem 9. If0<a<1,0<b<1land0<v <1 then
1
2

2
1% W"F(l—l/)

- 1 r 1 N 1 0 1
2. _
1 —a2vp2-v) 70\ g2 T 1 —p2 1—ab)’

where so = max{r,1 — v}.
Under previous conditions we also have:

+2v(l —v)

<
1—b2 1—ab —

, a? b? ab

SR S Y 970 ) S
VaTae tU ) g t g S
a2ub2(1—y) N ) a? N b2 B 2ab
=1 — a2p20-1))2 o\l T 1o)2 Q-ab)? )"



5

Proof. We will use the power series method(see [10]), inequality (2.2) from Theorem
2.1(Theorem 4), see [2] with a' instead of a and b’ instead of b and then summing
when | = 1, n we will obtain:

n

Z[V&l + (1 =)< XTL:[(CLZ"Z)Z(PV))2 + s2(a' — b2,

=0 =0
or
Z[V2a2l+( ) b2l—|—21/( abl Z 2lub2l (1—v) —|—80(a21—|—b2l QClel)].
=0 =0

Taking into account the hypothesis, 0 < @ < 1 and 0 < b < 1 when n tends to
infinity, and using the well-known identity,

oo
g 2" =
n=0

we obtain the desired inequality.
Using the same inequality (2.2) and summing when [ = 1,n we have,

€ (0,1),

n n

Zl[y2a2l + (1 ) b2l + 2V a bl Z 2lub21(1—u) + 3)2(a2l + b2l _ 2albl)].
=1 =1

Now applying the well-known identity,

Zm: )2,336(0,1)

in our case we obtain the desired inequality.

The next result is an inequality obtained by the power series method applied to
a generalization of Heinz inequality.

Theorem 10. [f0<a<1,0<b<1and0<v <1 then

1 n 1 < 1 n 1 iy n 1 _ 2
1—a?2 1—-0%2 = 1—qa2p2(1—v) 1 — q2Q-v)p2v N1 "1-2 1-ab)’

and

4 _ 1 . 1 o Lo, 1), 2050
1= ()~ 1o ap ) T O\ T TR ) T T

where so = max{r,1 —v}.
Moreover, under previous conditions, the following inequality holds:

a2 B2 a2vp2(1-v) a2(1—1)b*”

<
(1—a2)? + (1—02)2 = (1 — a2p2(1-0))2 + (1 — a20-v)p2v)2

9 a? n b2 _q. ab
O A —a2 T 1) (1—ab? )"

+
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Proof. Taking a! instead of a and b’ instead of b in inequality from Theorem 2.2,
see [2] and then summing when [ = 1,7n, we have,

Z(al + bl)2 < Z(alubl(lfy) + al(lfu)blu)2 + ZZSQ(CLZ _ bl)2.
0 =0

1= 1=0
Now for the first inequality by computation we obtain,

n n

Z(GQI + b2l) < Z(a2lub2l(1—u) + a2l(1—u)b2lv> + 250 Z(aﬂ + b2l _ 2albl)
=0 1=0 =0

and for the second one, using the generalized means inequality, we deduce that

S a+b\ L 2Av12(1—v) | 20(1—v) 320w 171 ol 0 13l
4%( : > S;(a b +a b +2ab)+250§(a + 0% —24'0"),

and when n tends to infinity, we find the first and the second inequality.
The last inequality will be deduced by

Zl(a2l+b2l—|—2albl) < Zl(a2lub2l(1fl/)+a2l(lfv)b2lu+2albl)+2so Zl()a2l+b2l—2albl,
=1 =1 =1

taking into account the identity,

Theorem 11. For 0 < a,b<1 and A € (0,1) the following inequality holds:

r( 1 N I 2 >+A()\)ab(1+ab)log2(a)<

l—a 1—-b 1—_g3bs (1 —ab)3 b/ —
1 1
< — — <
_)\l—a+(1 )\)l—b 1—arbl=* —
1 1 2 ab(l+ab), 5 /a
<(1- - B LT ) 02 (@
= T)(l—aJrl—b 1_aébé>+ NT e 8 (b)

where r = min{\, 1 — A}, A(\) = M — % and B(\) = A(lgA) -

Moreover, under previous conditions, we have:

13 272
r(( a b 2a3b3 >+A()\)ab(ab +4ab+1)10g2(g>S

1—a)> " (1-0)® (1—abbi)? (1— ab)* b
a b a b=
< A\— — — <
SAa—ap POV Gy S

=

§(1T)<< a b 2a%b o

ab(a®b? +4ab+1). 4 /a
T—ap 07 (1_a;b;>z>+3(” log” (5
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Proof. Like before, we put a' instead of @ and b! instead b in inequality from Propo-
sition 1, see [8] and obtain,

r(Val — Vih)? + log? <b>A(A)l2albl§
<)\al+( —)\)bl— lAbl(l—)\) S
< (1—r)(Val = VB)? + log? (b)B()\)lzalbl.

When [ = 1,n we have,
rZ\F VI +1og” () A( Zz%%l

n

< )‘Zal""( Z Zal)\bl(l N <
1=0

=0

g(l—r)Z(\F Vi) 4 1og” (7)) B( lealbl
1=0
Therefore if n tends to infinity, we have

r<1 +1ib* : >+A(A)S(ab)log2((g)§

1—a 1—a%b%

1 1 1
< A— 1-X — <
- 1—a+( )1—b 1—a?*bl=> —

<(1-7) <1ia + lib - 1—c2zéb§) + B()\)S(ab) log? (%),
because the fractions which appear are the sums of some convergent geometric
series and S(z) = Y - n?z" has the sum (1(1;;2, for x € (0,1).
For the second inequality we proceed like before, we multiply by [ the same
inequality from Proposition 1, but we consider the sum from [ = 1 to n and then
when n tends to infinity, we have

a b 2a2b2 ,/a
' (“ —a? =P _a;b;P) +ANGla 108’ () <
a b a b=
= Am =4 (1-0)2 (1—a bl—2)2 <

a b 2a2b2 a
<@=r) ((1 ) E PR TR aéb;)z> +BG(ab og? (7).

where G(z) = Y o, n3z™ for x € (0, 1) and has the sum = (?1(1_23”2 )I ,i.e. %‘gfl).
In order to compute the sums of two uniform convergent series on (0,1) let us
notice that (E) =Y yn?z" ! and if we denote [ @dm by A(x) then A(z) =
Yooy na” Therefore % = > nz" ! and then [ #dax =3 2" = =
for « € (0,1). This result let us to find A(z) by derivation and then S(z).
For the second sum, we can also see that G(w) =0 n3z" ! and then f =
Yoo nfat = :(”(H;”) for z € (0,1).
|
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As a particular case of previous theorem, we have a power series variant of
inequality from the Proposition 1.1, see [5].

Consequence 1. If0 < a,b <1 and r = min{v,1 — v} then we have,

(1-) 1 tu 1 S 1 +r 1 n 1 o 1
1—a 1—b = 1—al—vv l—a 1-5 1—q3bs )’

In the above theorem if we take v = 2%, a? instead of a and b7 instead of b then

1—-v= % and the following result, Theorem 1, [10], holds:

Nl=
Nl=

Consequence 2. If0 < a,b <1 and p,q > 0 with % + % =1 we have:

q + p > pq
1—a? 1—-02 ~ 1—ab

and
aP bP ab

P =)l g — b2 = (1—ab)?’

Another variant of inequality from Lemma 2.1, see [2], deduced by power series
method, will be presented also below.

Consequence 3. Forv € (0,1) and a,b € (0,1) the following inequality holds:

PR B 1 . L1,
T2 IR S 1oty O\ T T T w )

where so = max{v,1 — v}.

A power series variant of Corollary 2.2 (ii), see [6], is given below:
Proposition 2. Fora,b € (0,1) and X € [0,1] the following inequality takes place:

l-—a 1—-b~ 1—al=?*
where dy = max{a, b}.

Proof. We use the same technique and the fact that the sum of the series, ZZO:O n2x"
is ”(”1(1_232 when z € (0,1). I
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