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HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES FOR
n-TIMES DIFFERENTIABLE m-PREINVEX FUNCTIONS

M. A. LATIF AND S. S. DRAGOMIR!:2

ABSTRACT. In this paper we establish inequalities of Hermite-Hadamard type
for functions whose nth derivatives in absolute value are m-preinvex functions.
The established results generalize several recent results proved for functions
whose derivatives in absolute value are m-convex functions.

1. INTRODUCTION
A function f: I CR — R is said to be convex if

flz+ A =t)y) <tf(x)+ (1 —1)f(y)

holds for every z, y € I and t € [0, 1].
The following celebrated double inequality

(1.1) f(a;b> < bia/abf(x)dxg M

holds for convex functions and is known as the Hermite-Hadamard inequality. Both
of the inequalities in (1.1) hold in reversed direction if f is concave.

The inequalities Hermite-Hadamard inequalities (1.1) have been a source of in-
spiration for many mathematicians and hence its various refinements and its variant
forms have been obtained in the literature by many researchers (see [6, 7, 11, 12,
28, 29] and [37]) and the references therein.

The classical convexity that is stated above was generalized as m-convexity by
G. Toader in [33] as follows:

Definition 1. [33] The function [0,b*], b* > 0, is said to be m-convex , where
m € [0,1], if we have

flz+m1—t)y) <tf(z)+m1—1t)f(y)
for all x,y € [0,b*] and t € 0,1] . We say that [ is m-concave if —f is m-convez.

Obviously, for m = 1 the Definition 1 recaptures the concept of standard convex
functions on [0, b*].

The notion of m-convexity has been further generalized in [17] as it is stated in
the following definition:
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Definition 2. [17] The function [0,b*], b* > 0, is said to be («,m)-convex , where
(a,m) € [0,1]%, if we have

flz+m1—t)y) <t*f(z)+m 1 —1t%) f(y)
for all x,y € [0,b*] and ¢t € 0,1] .

It can easily be seen that for a = 1, the class of m-convex functions are derived
from the above definition and for & = m = 1 a class of convex functions are derived.

For several results concerning Hermite-Hadamard type inequalities for m-convex
and (o, m)-convex functions we refer the interested reader to [5, 8, 9, 23, 24, 25,
26, 31, 32, 34] and [36].

More recently, a number of mathematicians have attempted to generalize the
concept of classical convexity. For example in [10], Hason gave the notion of in-
vexity as significant generalization of classical convexity. Ben-Israel and Mond [4]
introduced the concept of preinvex functions, which is a special case of invex func-
tions.

Let us first restate the definition of preinvexity as follows:

Definition 3. [35] Let K be a subset in R™ and let f : K - R andn: K x K — R"
be continuous functions. Let x € K, then the set K is said to be invexr at x with

respect ton (-, -), if
z+in(y,z) € K,Vo,y € K,t € [0,1].

K is said to be an invex set with respect to n if K is invex at each x € K. The
invex set K is also called a n-connected set.

Definition 4. [35] The function f on the invex set K is said to be preinvex with
respect to m, if

flu+tn(v,u)) < (1 —1) f(u) +tf(v),Vu,v € K,t € [0,1].
The function f is said to be preconcave if and only if —f is preinvex.

It is to be noted that every convex function is preinvex with respect to the map
n(xz,y) = —y but the converse is not true see for instance [35].

For several new results on Hermite-Hadamard type inequalities for preinvex func-
tions, we refer the interested reader to [2, 3, 14, 15, 21, 22] and [30], and the
references therein.

In the present paper, we first give the concept of m-preinvex and («, m)-preinvex
functions in Section 2, which generalize the concept of preinvex functions and then
we will present new inequalities of Hermite-Hadamard for functions whose deriva-
tives in absolute value are m-preinvex. It can be viewed that our results generalize
those results presented in recent paper [15] and some of the results given in [11]
concerning Hermite-Hadamard type inequalities for functions whose nth derivatives
in absolute value are m-convex functions and convex functions respectively. It can
also be observed that some the the results from [15] have also been extended.

2. MAIN RESULTS

To establish our main results we first give the following essential definitions and
a Lemma:
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Definition 5. Let K C [0,b*]" C [0,00)", b* > 0 be an invex set with respect to
n:Kx K —R". A function f : K — [0,00)" is said to be m-preinvex with respect
ton on K if

v
< (11— el
Fluttn(o,u) < (1=1) flu) +mtf (=)
holds for all u,v € K, t € [0,1] and m € (0,1].The function f is said to be m-
preconcave if and only if —f is m-preinvex.

Definition 6. Let K C [0,b*]" C [0,00)", b* > 0 be an invex set with respect to
n:Kx K — R" A function f: K — [0,00)" is said to be (o, m)-preinvez with
respect to n if

v
< _ 4 « .
Flu+tn(o,u) < (1=1%) f(u) +mtf (=)
holds for all u,v € K, t € [0,1] and (a,m) € (0,1] x (0,1]. The function f is said
to be (o, m)-preconcave if and only if —f is (o, m)-preinvex.

Remark 1. If in Definition 5, m = 1, then one obtain the usual definition of
preinvezity. If « = m = 1, then Definition 6 recaptures the usual definition of the
the preinvex functions. It is to be noted that every m-preinvex function and (a, m)-
preinvex functions are m-convexr and («, m)-convex with respect to n(v,u) = v — u
respectively.

Lemma 1. [15] Let K C R be an open invexr subset with respect ton: K x K — R
and a, b € K with a < a+n (b,a). Suppose f : K — R is a function such that f™)
exists on K forn € N, n.> 1 and f™ is integrable on [a,a + 1 (b, a)], we have the
following equality:

a a a atn(b,a)
(LY (LT N

9 n (b, a)
n—1 k i
# 3 CUE DO 0O 100 1,0

k=2

n—1 n 1
_ (=1 253 (b,a)) /0 =1 (n = 2t) £ (a + tn (b, a))dt,

where the sum above takes 0 when n =1 and n = 2.

Now we establish results for functions whose derivatives in absolute values raise
to some certain power are m-preinvex.

Theorem 1. Let K C [0,b*], b* > 0 be an open invex subset with respect to
n: KxK —Randa, b€ K witha < a+n(b,a). Suppose [ : K — R is a
function such that f) exists on K and f" is integrable on [a,a + n(b,a)] for
neN, n>2. If |f(”)|q is m-preinvex on K forn € N, n > 2, q € [1,00), we have
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the following inequality:
2 1 (b,a)

n—1 (_1)k (k—1)(n(b,a))
-3 2(k+1)!

a a a a+n(b,a)
oy [[OHS@ba) L,

k
Ff*a+mn(b,a))

k=2

_(ba)" (n-n' lnf" ()| +m (v —2) | " (::L)\T
- 2(n+1)! n+2 '

Proof. From Lemma 1 and the Holder integral inequality, we obtain

2 1 (b, a)

n—1 (=) (k= 1) (1 (b, a))
-3 2(k+1)!

a a a atn(b,a)
23) 'f()+f( tn(ba) 1 / f(a) da

k
F¥(a+1 (b, a))

k=2

< W </01t"_1(n—2t)dt>

.14
Since ‘f ‘ is m-preinvex on K, ¢ > 1, for every a, b € K, t € [0,1] and m € (0, 1],

)

1—1

d (/01 t" 1 (n — 2t) ‘f(n)(a + tn (b, a))‘q dt>

1
q

we have

q

(2.4) /" (a+tn(b,a)" < (L= t)[f" (@) +mt

Hence we have

(2.5) /01 =1 (n — 2t) ‘f(")(a + 1 (b, a))‘q dt

< [ mea [(1 )1 @] 4 mt

()
e <a>|‘1/01 (=it -2t (1) q/;mn%)dt

nlf* @ ome =2 Gl
(n+1)(n+2) (n+1)(n+2)

By using (2.5) and the fact

n—1

1
"l n—20)dt = ——=
| rto—ma =,

we get the desired inequality from (2.3). This completes the proof of theorem 1. [J
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Corollary 1. Under the assumptions of Theorem 1, If ¢ =1, we have

a a a atn(b,a)
PR AGET LRSI N T

2 n (b, a)
n—1 k i
_;2 (—1) (5(;;28}!(1)’&)) F® (a4 1 (b.a))
<(77(b,a))n n|fn(a)|+m(n2_2)|fn(sl)|1
~2(n+1)! —— .

If n =2, we obtain the following result:

fa)+ fla+n(ba)) 1 atn(b,a)
= ' 2 “eal @

_ ) [|f @]+ m
- 24

il

Corollary 2. Under the assumptions of Theorem 1, if m =1, we have

a a a a+n(b,a)
28) 'f( )+f(2+n<b, ))_n(;a)/ f (@) de

n=l, Nk a))”
k=2 .

(n(b,a))" (n—1)' "7 ln 17 ()| + (n? - 2) | f" (b)‘J]
2(n+1)! n+2

Q=

<

Corollary 3. Under the assumptions of Theorem 1, if n = 2, we have

fla)+ fla+tn(ba) 1 oo
2 wal), @

_ () lf (@) +m|f (&)\q]

(2.9)

Q=

- 12 2

Theorem 2. Let K C [0,b*], b* > 0 be an open invex subset with respect to
n: KXxK —Randa, b€ K witha < a+n(b,a). Suppose [ : K — R is a
function such that f) exists on K and f" is integrable on [a,a + n(b,a)] for
neN, n>2 If |f(”)|q is m-preinvex on K forn € N, n > 2, g € (1,00), we have
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the following inequality:

a a a atn(b,a)
210) ‘f()Jrf( +n(ba) 1 / f (@) d

2 1 (b, a)

(=) (k= 1) (7 (b,a))
- 2(k+1)!

k
F®a+n(b,a))

k=2

(n(b.a))" (q=1\"
= 2n! (nq— 1) {
nit2 — (n—2)77 (2 + n + 2)

4g+1)(a+2)

nt (2 —n+4) + (n —2)"?
4(g+1D)(e+2)

1 /" ()]

G

Proof. From Lemma 1 and the Holder integral inequality, we have

+m

a a a atn(b,a)
2.11) |f<>+f<2+n<b, ) s [

n—1 k i
_Z (—=1)" (k=1)(n(b,a)) f(k)(a+77(b,a))
k=2

2(k+1)!

< n@Ga)f ( / ltqu"ll)dt>1_; ( / - 207 £ a4t 0, a))}th); -

By the m-preinvexity of ‘f(")|q on K forn e N, n>2, g€ (1,00), we have

(2.12) /1 (n —2t)7

7@+t (b,))|" dt

§|f”(a)|q/01(n—2t)q(1—t)dt+m fr (:1) q/olt(n—Qt)th

— nq+1(2q_n+4)+(n_2)iﬁ‘2 n q

‘l e+ Dlar?) ]'f @l

ntt — (n —2)72 (2 + n + 2)
4(g+1)(¢+2)

q

+m

()

By (2.12) and

1
/ t(I(;*ll)dt _ q 1 :
0 ng—1

we get the required inequality from (2.11). This completes the proof of the Theorem.
|
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Corollary 4. Under the assumptions of Theorem 2, if m = 1, we have

a a a atn(b,a)
(213 ‘f()+f( +n(ba) 1 / f (@) d

5 n (b, a)
n—1 k i
k=2 '

it (2g —n4+4) +m -2 L,
a0+ ]'f )
nit2 — (n —2)72 (2 + n + 2)

G+ D@+?) 'f"(b)'q} |

Corollary 5. If assumptions of the Theorem 2 are satisfied and n = 2, we have
the following inequality:

<G ()

+

a a a a+n(bva)
(214) ‘f( >+f<2+n<b, ))_n(;a)/ f (o) d
_ n(6,0)? = ) @+ D] @] +mf () ]
= 2 2 —1 4(g+1)(g+2 '

A similar result may be stated as follows:

Theorem 3. Let K C [0,b*], b* > 0 be an open invexr subset with respect to
n:KxK —Randa, b€ K witha < a+mn(b,a). Suppose f : K — R is a
function such that f) exists on K and f") is integrable on [a,a + 1 (b,a)] for
neN,n>2 If ’f(”)’q is m-preinvex on K forn € N, n > 2, g € (1,00), we have
the following inequality:

a a a atn(b,a)
2.15) |f()+f( +n(ba) 1 / f (@) do

2 7 (b,a)

()R (k= 1) (n(ba))F
_;2( )" (k=1) (n(b,a))

FP(a+n(ba)

3(k+ 1)!
) [@=D (0 =) @ (g - g+ 1) (4)]1]
= op 2(2¢—1) (ng—q+1)(ng—q+2) '

Proof. From Lemma 1 and the Hélder integral inequality, we have

a a a atn(b,a)
216) ‘f()+f( tn(ba) 1 / f (@) de

2 1 (b, a)
n—1 (_1)k (k; — 1) (77 (b, a))k (k)

-2 2(k+1)! et
k=2

1

< W (/01 (n— 20)7 dt)l‘l’ (/01 1|0 (gt (b,a)))th>q.
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By the m-preinvexity of |f(")’q on K forne N, n>2, g€ (1,00), we have

(2.17) /01 ¢n=1)q )f“” (a -+t (b, a))‘q dt

! b q rl
<|fm (a)|q/ +(n—1)q A—t)+m|f" <> / $(n=1)a+1 34
0 m 0

@+ m g —g+ 1) |1 ()]
(ng—q+1)(ng—q+2) '

Applying (2.17) and

1 L (o))
/0(n72t)‘?* dt = 23— 1)

n (2.16), we get the required inequality. This completes the proof of the Theorem.
O

Corollary 6. Under the assumptions of Theorem 3, if m = 1, we get the following
inequality:

(2.18) ‘f (@) + f(a+n(b,a)) 1 /a+n(b,a) f(a) da

2 7 (b, a)
i TEaie ITETA
=2
_ ()" @D (nH - -9¥) q{lf"m)m(nqq+1>|f“<b>|q :
- 2n/ 2(2¢-1) (ng—qg+1)(ng—q+2)

Corollary 7. Under the assumptions of Theorem 3, if n = 2, we get the following
inequality:

a a a atn(b,a)
219) |f()+f( tn(ba) 1 / f (@) d

2 7 (b, a)
<(n(b,a))2{q1} H @ e m@en | @)
-2 L2l (@+1)(a+2) '

Theorem 4. Let K C [0,b*], b* > 0 be an open invex subset with respect to
n: KXxK —Randa, b€ K witha < a+n(b,a). Suppose [ : K — R is a
function such that f() exists on K and f" is integrable on [a,a + n(b,a)] for
neN, n>2 If |f(”)|q is m-preinvex on K forn € N, n > 2, g € (1,00), we have
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the following inequality:

a a a atn(b,a)
CESICERTI NRERY Y

(2.20) | 5 Toa)

n—1 k
SFe (k(lﬁ)i)( D" (0 (0 1 (b))

< OGN DT =2 } G = 2) 1" (@' + m(@n = 9| ()]
- 2n! (ng—1)(ng+q—2) 6

Proof. From Lemma 1 and the Hélder integral inequality, we have

a a a a+n(b,a)
(2.21) ‘f()+f(2+n(b7 ) (bla)/ f (@) de

n—1, \k

< W (/01 (n— 2t)tQ(qn—11)dt>1; (/01 (n—2t)

By the m-preinvexity of |f(")’q on K forne N, n> 2, qe€(1,00), we have

1
(2.22) / (=D
0

§|f"(a)|q/01(n—2t)(1—t)+m ”(i) q/ol(n—2t)tdt

_ GBn-2) | @]+ m @ - 4) [ ()]
- .

¢ \1@
(")(a—i-tn(b,a))‘ dt) .

q
£ (a + tn (b, a))‘ dt

Using (2.22) and

L =) g-2)(n-1)
|| et = R

in (2.21), we get the required inequality. This completes the proof of the Theorem.
([l

Corollary 8. Under the assumptions of Theorem 4, if m =1, we have

a a a atn(b,a)
L)L,

(2.23) ‘ 5 e

F®a+mn(ba))

S (-DF (k= 1) (n(b,0))"
-2 2(k+1)!

k=2

(n(b;a))" (n—1)
= 2n! [(nql) (ng+q —

(q—1) (ng—2) } [(3n—2)|f" (@) + (3n —4) | /7 (0)]"] 7
2) 6 '



10 M. A. LATIF AND S. S. DRAGOMIR*'?

Corollary 9. Under the assumptions of Theorem 4, if n = 2, we obtain the fol-
lowing inequality:

a a a atn(b,a)
(2.24) ‘f<>+f<2+n<b, ) n(bla)/ f (@) de

"

_ ke’ [ 2(-1)7 L2 @) | )|
- 4 (2¢—1)(3¢—2) 3 '

Theorem 5. Let K C [0,b*], b* > 0 be an open inver subset with respect to
n:KxK —Randa, b€ K witha < a+mn(b,a). Suppose f : K — R is a
function such that f™) exists on K and f") is integrable on [a,a + 1 (b,a)] for
neN,n>2 If ’f(”)|q is m-preinver on K forn € N, n > 2, q € (1,00), we have
the following inequality:

a a a a+n(b,a)
(2.25) ‘f()+f(2+n(b7 ) s [

n—1 (=1)" (k= 1) (1 (b, a))
-3 2(k+1)!

k
Ff®a+mn(ba))

k=2

(1 (5,0))" {<q D[lg-)n¥F (g —1) ~2(0-2) (n -2 %] }

<

on! 4(29-1)(3¢-2)

[ @I 4 mng 204 2) | ()]
(nq —2q+2) (ng —2¢ +3) '

Proof. From Lemma 1 and the Hélder integral inequality, we have

a a a atn(b,a)
(2.26) |f<>+f<2+n<b, ) n(bla)/ f (@) da

n—1 k *
k=2

1—1

q 1 i
</ $14—2q+1 ’f(”)(a +tn(b,a)) ‘q dt) .
0

on K forne N, n>2, qe€ (1,00), we have

< o) (g;j))n (/01 t(n —2)7T dt>

By the m-preinvexity of | f(|*

(2.27) /1 (=D ’f(") (a+tn(b,a))| dt

‘q
0
1 b q 1
S |fn (a)lq/ tnq—2q+1 (1 _ t) +m fn () / tnq_2q+2dt
0 m 0

@I+ mng —2q+2) |5 ()]
(ng —2q +2) (ng —2q + 3)
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Utilizing (2.27) and

U @D [T @) - (-9 (g - 1) - 23 - 2)
/0 (n = )T ds= 4(2¢ —1) (3¢ - 2)

in (2.26), we get the required inequality. This completes the proof of the Theorem.

O
Corollary 10. If in theorem 5, we take m = 1, we get the following inequality:
a+n(b,a)
(2.28) ‘““) +ila+nba) n(; . [ row
DR (k= 1) (9 (b, 0))*
DR <k+)§7>7!( D8 0t (5,0)
k=2
3q—2 2g-1 1_%
_ e [@ D[ )0 1) -260-2) (12 ]

2n! 4(29—1)(3¢—-2)

Q=

o {If” ()" + (ng — 29 +2) |f" (b)lq}
(ng —2q+2) (nqg — 29 + 3)
Corollary 11. Suppose the assumptions of Theorem 5 are fulfilled and n = 2, we
get the following inequality:

a a a a+n(b,a)
(2.20) |f()+f( tn(ba) 1 / f (@) d

2 1 (b, a)

O

_aa? [ @ [ @] e

=2 {4(2q—1)(3q—2)} 6

Remark 2. If we take m = 1 in Theorem 1 and its related Corollaries, we get [15,
Theorem 2.4] and the related Corollaries of [15, Theorem 2.4].

Remark 3. If we take n(b,a) = b — a in all the results presented above, we get
those results proved in [34].
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