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SOME INEQUALITIES OBTAINED FOR POSITIVE POWER
SERIES

LOREDANA CIURDARIU

ABSTRACT. The aim of this paper is to provide some inequalities starting from
several classical inequalities like Young’s inequality, Bergstrom’s inequality,
Radon’s inequality, Heinz’s inequality, by using power series.

1. Introduction

In order to prove several inequalities starting from several classical inequalities
like Young’s inequality, Bergstrom’s inequality, Radon’s inequality, Heinz’s inequal-
ity, by using power series we need to recall the following results.

If z; € R, then a particularization of a theorem given in [10] can be formulated
as below and will be used in next section.

Theorem 1. ([10]) Ifn € N, n > 2, x1,23,...,x, € Ry, and a1, as, ...,a, € R\{0}
with a1 + as + ... + a, # 0 then,

2 2 2 2
T T T T t+ro+ ...+
e SN S IR )" _
a1 a9 (025 ar+as+...+a,

_ 1 3 (aizj — ajx;)?
ay+ag+...+a, I<ici<n a;a;
The scalar Young inequality says that if a,b > 0 and 0 < v < 1 then we have
a’b 7" <wva+ (1 —v)b
with equality if and only if a = b.
The scalar Heinz’s inequality says that if a,b > 0 and 0 < v < 1 then,
a’bt v + a7V < a+b.
The next result is a reverse of an inequality obtained by Kittaneh and Manasrah,
see [5] or [2], who obtained a refinement of Heinz inequality.
Theorem 2. (12]) If a,b >0 and 0 < v <1, then
(2.3) (a+b)? < (a”b ™" +a'7"b")? + 250(a — b)?,

where sg = max{v,1 — v}.
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Theorem 3. ([2]) If a,b>0 and 0 < v <1 then
(2.2) (va+ (1 —v)b)? < (b ") + s2(a — b)?,

where so = max{v,1 — v}.

In the next section we will use the following inequality, see [6]:

Proposition 1. ([6]) If {z1,22,...,2p}, T; € RT and p are real, positive numbers
and m € N then we have:

P P m
e —(p-1am < (Y ai—(p-1a) |
i=1 i=1
where a = min{z1, 2, ..., Tp}.
It is necessary also to recall a refinement of the Kittaneh-Manasrah inequality
given by N. Minculete in [7], in some special cases as an application:

Proposition 2. For0<a,b<1 and X € (0,1) we have:

r(va — Vb) + A(\)ablog? (%) <Aa+(1—ANb—ab = <

< (1 -7)(va— Vb)?+ B()\ablog? (%) ,

where r = min{\, 1 — A}, A(\) = 7)‘(12_)‘) — 4 and B()\) = Ll{” -1

The last result which will be used below was given in [1].
Theorem 4. ([1]) If n € N* — {1}, a,b,z, € R, k € {1,...,n}, X,, = >}, =k
and m,t,u € [1,00), such that aX}, > bmaxi<x<y, %, then:
m —m+tu+1

3) 2 P L S

t _ t
k:l (aXt —bzt)" ~ (an

2. Some inequalities deduced using a power series method

Using Theorem 1, see [10] we will give below two inequalities for power series.
Proposition 3. Let z; > 0, for alli =1,n and a; € Ry — {0} with 3. a; # 0.
If x; < 1 for all i = 1,n then the following inequality holds:

n 1 1 > 1 a; 1 n a; 1 5 1
=1 @i 1 - l’? B Z?:l a; 1<i<j<n a‘j ]' - I? a; ]- - «IZQ ]. — I’zx]

1 n?
+==

i1 (zz;m)”




Proof. Replacing x; by z! when z; > 0 for i = 1,n, in equality

ﬁ+£§+ +ﬁ_($1+l’2++$n)2 - 1 Z (aixj 7aj$i)2
a1 as an, (a1 +as+...+ay a1 +as+ ... +an, < Ten a;a; ’

see [10], we obtain,

l 1\2
x%l+—x%l+ R G Rt L Y 1 (aiz; — a;;)
a9 Ay (a1 +as + ... +ay, a1 +ag + ... +a, 1<i<j<n a;Qj
or l l l
2 2 2
Ty | T T
+=+..+ "=
ai az Qn,
l l 132
Ty +a5+ ...+ 1
_(1 2 n) + 31_,'_ x21—2xéxﬁ )
(a1 +ag + ... + ay aL+as+..+a, < en a] a;

Using as in [8], inequality

k
Ty + 22+ ...+, 1
(1 2 )<n(x’f+x§+...+xf;)

- <
which takes place when x; > 0, k € N* we have,

21 21 21 2 n A 2l
x| a3 Tn n <Z¢_1$2> n

+ + ...+ =
a1 as A, ar+as+...+a, n

1 a; a;
+ E —Zx?l + —jx?l — 2xéx£ .
ay+ag+...+a, I<ici<n a; a;

Summing when [ € {1,2,...,p} and then considering in last inequality p — oo, we
find the inequality from the conclusion, taking into account that 0 < z; < 1, 7 €
{1,2,...,n} involves w < 1 and that warrants the convergence of the
respective series.

n=1"n

Theorem 5. Let the power series Yoo, a,z" with a,, > 0, (¥) n € N* which is
convergent and has the sum f(x), when x € (—R, R), where R = lim,,_,o, = and
At
R#0.If0 < x; < VR, i€ {l,...,n} then it holds
1 1 a; 2 @ 2
il & 2y 4 2 _ 2 f(x;2
> | E e s - 2| +

a; o a
i=1 " Zl 1% i Tien LY

*zzf«znx))

Proof. By the same reason we get,

’ 2l ’ 2l ’ 21 2 n N 2
a; Ty a,T5 UL n a; Do T
a1 ao a, ~ a1+ ax+..+ay n

+

1 a;
+ FRpT— g —lalle + al:vzl — 2al:c al ).
a1 +ax+...+a a;
12 " <i<j<n N



4 LOREDANA CIURDARIU

Summing when [ € {1,2,...,p} we can notice that the power series obtained are
N
convergent because z? € (0, R), z;x; € (0, R) and (Z:Tlgj> <R.
|
The next result is based on the inequality from Proposition 1.

Theorem 6. Let the power series S oo, a,z" with a,, > 0, (¥) n € N* which is

n=1"n

convergent and has the sum f(z), when z € (—R, R), where R = lim,,_, o afl" and
nt1
R#0. If {z1,22,...,xp}, x; € RT are p real, positive numbers with0 < z; < R, i €

{1,..,p} and >0, 2, < (p — 1)a + R then we have:

> @) = (= Df(@) < F(Y a0~ (b= Da).

Proof. Using the inequality,

Zx?”*(pfl)am < <in(p1)a> 7

and summing then like below,

> (Z apef — (p - 1)aka’“> <Y, (ij zi— (p - 1)a>k

k=0
we obtain

P m m m D k
D) TR SR o (zxi—@—na)
1=1 k=0 k=0 k=0 =1

and then when m tends to infinity we have the inequality from the conclusion. I

Remark 1. Taking into account the expansions of some well-known power series
like e*, coshz, sinhx (for the last two x must be x < 1) we have for the numbers
{z1,22, ... T}, T € RT which are n real, positive numbers the inequalities:

1 1 i j
E —-cosh(2?) > —=7——- E {a -cosh(x?) + Y - cosh(z?) — QCosh(xixj)} +
i i1 i 1<i<j<n LY

i=1 =19 @i

(1) —|—E£21aicosh ((%”)7

a; . 2 a; . 2 .

— -sinh(x%) + —= - sinh(z3) — 2sinh(x;z;) | +
L a; Zi:1ai - |:aj ( J) a; ( z) ( T J):|
i=1 1<i<j<n

2) +Z’?_21a sinh ((2_”1;5)") .

n

1 2 1 a; 2 aj 2
L () > e - [-exp<xl>+~exp<xi>2exp<mv> 4

- 7 ()
=1

n



(3) +Z:’ia exp <(Zn;1x)2> .

The following result presents two inequalities for power series starting from in-
equalities from Theorem 2 and 3.

Theorem 7. Let the power series Y.°0 | a, x" with a, > 0, (¥) n € N* which is

n=1"n

convergent and has the sum f(z), when x € (=R, R), where R = lim,,_,» —— and
an+1
R #0. (i)]f0§a<\/ﬁ,0§b<\/ﬁand0§z/§1 then
f(a2) +f(b2) < f(a2ub2(17u)) +f(a2(lfz/)b2u) +250 (f(aQ) +f(b2) —2f(ab)),

and

4f(<a;b> ) < f(a21/b2(171/))+f(a2(171/)b21/)+2SO (f(CLQ) +f(b2))+2(1750)f(ab),

where so = max{r,1 — v}.
(i) If0<a<vVR,0<b< VR and 0 <v <1 then

V2 f(a®) + (1 —v)*f(0°) + 2v(1 — v) f(ab) <
< f(@®0* 7)) + s2(f(a®) + F(b%) — 2f(ab)),

where so = max{v,1 — v}.

Proof. We will use the same method as in previous theorems. (i) Therefore from
inequality (2.3) where we replace a and b by a' and b’ and multiply by a;, l e
{1,2,...,n} we have,
Za;(al + bl)z < Za;(al”bl(l_”) + al(l—y)bly)Z + 2280a;(al _ bl)2.

1=0 1=0 1=0
By computation we obtain,

n n n
Za;(aﬂ + b2l) < Za;(aﬂubﬂ(lfu) + a2l(17u)b2lu) + 250 Z az(a2l + p2l _ 2albl)
1=0 1=0 1=0
and when n tends to infinity, we find the first inequality. For the second one, using
the generalized means inequality, we find that

n

n , b 21 , n ,
42”1 (a—Qi— ) < Zal(an”b2l(1_”)+a2l(1_”)b2h’+2albl)+230 Zal(a”—i—bzl—Qalbl),
1=0

and when n tends to infinity, we obtain the second inequality.

(i) We will use inequality (2.2) from Theorem 2.1(Theorem 4), see [2] with a'
instead of a and V' instead of b, we multiply by a27 le{1,2,..,n} (2.2) and then
summing when [ = 1, n we will obtain:

Zal V2a21—|— —v) b2l—|—21/ abl 1< Z 2l"bzl =) 4 g (a21—|—b2l 2albl)].
1=0

From hypothesis, 0 < a < v/R and 0 < b < VR it follows when n tends to infinity
the desired inequality.
|
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Remark 2. Taking into account the expansions of some well-known power series

like e”, coshx, sinhx, (for the last two x < 1) if {x1,29,...,2p}, x; € Ry arep
real, positive numbers then we have:

(4) >_exp(i) = (p = 1) exp(a) < exp( Zx

(5) Zcosh(aci) — (p—1)cosh(a) < cosh(z x; — (p—1)a).
(6) Zsinh(xi) — (p— 1) sinh(a) < sinh(z x; — (p—1)a).

Remark 3. Taking into account the expansions of some well-known power series
like €*, cosha, sinhx, (for the last two x < 1) we have for a,b > 0 the variant for
sinh, cosh of some generalizations of Young’s and Heinz’s inequalities:

(7) sinh(a?) + sinh(b?) <
< sinh(a?p*1 7)) + sinh (a2 0% + 254 (sinh(a®) + sinh(b%) — 2sinh(ab)) ,
The following result will give an inequality obtained for real power series by using
the inequality from Proposition 2.
Theorem 8. Let the power series Yoo | anz™ with a, > 0, (¥) n € N* which is
convergent and has the sum f(z), when z € (—R, R), where R = lim,,_, « 74 and

n+1
R #0.
For 0 <a,b< R and X\ € (0,1) the following inequality holds:

r7(@)+ F(6) = 2f(a2b2)] + AN)S(ab)log® () <
<Af(a) + (1= NF(b) — F(@ b ) <
< (1=7)[f(@) + F(0) —2/(a363)] + BO)S(ab) log? (5 )
where r = min{\, 1 — A}, A(\) = % -5 ) = )‘(1 A) — L

B(A
S(z) = a(f (z) + of" ()

and

Proof. We put a' instead of a and b! instead b in inequality from Proposition 2, see
[7] and obtain,

ra;(Val = VB)? + ¢ log’ (%) AN 2ald <
< )\a;al +(1— /\)a;bl _ a;al’\bl(l—A) <
< (1= r)g(Val = Vb)? + a;log” (%) B(\)%d'Y.
When [ = 1,n we have,

rZal (Val — Vbh)? + log? ( ) Zall2albl



<)\Zala +(1-=A Zalb —Za aP =N <

=0

(1—r Xn:a —|—1og ( ) Zalzalbl
1=0

Therefore if n tends to infinity, we have

r[F(@)+ £6) = 2f(ab6¥)] + A S(ab) log? (§) <
< M(a)+ (1 =N fb) — fa*b™ <

a
< (1=1)[f(a) + £(b) = 2 (ab3)] + BOYS(ab)log” (3 ) -
l2 !, This series has the same con-
vergence radius, R as the power series le alx which has the sum f(z). In or-
der to compute this sum, we denote by D(z) the sum of the convergent series
SO0, @122 with the same radius R. Then

where S(z) is the sum of the series Y ;2 q;

S(x) =xD(x)

and we denote by F(x),
/D(gc)dx = Za}lwl.
=1

We also denote by K(z) the sum of the convergent series >~ a,lz'=" with the
same radius R and we notice that F'(z) = 2K (x). Because

/K(x)dx = Zagaﬁl = f(z)
=1

we have K( ) = f ( ) and thus F(z) = xf( (x). By gerivation we have D(x) =
F'(@) = £ (2) + o () and then 8(z) = 2(f (z) + 2/ (2).
|

Last result was obtained for power series starting from the inequality from The-
orem 4.

Theorem 9. Let the power series Yoo a,z" with a,, > 0, (¥) n € N* which is

n=1"n
convergent and has the sum f(x), when € (—R, R), where R = lim,,_,o, = and
Ayt
R#0.
Ifn e N* = {1}, a,b,z, € R, k€ {1,...,n}, X,, =Y ;_, 2 and t,u € [1,00),
such that aX! > bmaxi<p<n xh, and x < R, k € {1,...,n} then:

n f(-Tk) ntu+1 Xn
; (X}, — baf)" - (ant —b)" Xfi‘f (n) '
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