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ANOTHER OSTROWSKI TYPE INEQUALITY VIA POMPEIU’S
MEAN VALUE THEOREM

S. S. DRAGOMIR!:2

ABSTRACT. In this paper, a new Ostrowski type inequality via Pompeiu’s
mean value theorem is proved. Some applications for special means are also
given.

1. INTRODUCTION

In 1946, Pompeiu [6] derived a variant of Lagrange’s mean value theorem, now
known as Pompeiu’s mean value theorem (see also [8, p. 83]).

Theorem 1 (Pompeiu, 1946 [6]). For every real valued function f differentiable
on an interval [a,b] not containing 0 and for all pairs 1 # x2 in [a,b], there exists
a point & between x1 and xo such that

(1) ul e =2l @) _ p ) gpe).

r1 — T2
Following [6, p. 84 — 85], we will mention here a geometrical interpretation of
Pompeiu’s theorem.
The equation of the secant line joining the points (z1, f (z1)) and (z9, f (22)) is

given by
Y= f(z)+ f(~’02):f($1)
X9 X1

This line intersects the y—axis at the point (0,y), where y is
[ (@2) — [ (21)

(x —x1).

y=[f(z1)+ e (0 — 1)
_xf(w2) — o f (1)
h r1 — T2 ’

The equation of the tangent line at the point (&, f (£)) is

y=@-=8f )+ (&)
The tangent line intersects the y—axis at the point (0,y), where

y=—Ef )+ f().

Hence, the geometric meaning of Pompeiu’s mean value theorem is that the tangent
of the point (£, f (£)) intersects on the y—axis at the same point as the secant line
connecting the points (z1, f (x1)) and (22, f (z2)) .

In 1938, A. Ostrowski [4] proved the following result in the estimating the integral
mean:
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Theorem 2 (Ostrowski, 1938 [4]). Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) with |f'(t)] < M < oo for all t € (a,b). Then for any

x € |a,b], we have the inequality
2
1 x — atb
< 4+< b_;) M((b—a).

The constant i 1s best possible in the sense that it cannot be replaced by a smaller
quantity.

b
(1.2) ‘f(as)—bfa/ £ (t)dt

In order to provide another approximation of the integral mean, by making use
of the Pompeiu’s mean value theorem, the author proved the following result:

Theorem 3 (Dragomir, 2005 [3]). Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) with [a,b] not containing 0. Then for any = € [a,b], we have

the inequality
a+b f(x) 1 /b
. — t)dt
= 1

(1.3) T

2
b—a |1l x — atb
< 4+< b_;) 1 =l

where £(t) =t, t € [a,b].
The constant i is sharp in the sense that it cannot be replaced by a smaller
constant.

In [7], E. C. Popa using a mean value theorem obtained a generalization of (1.3)
as follows:

Theorem 4 (Popa, 2007 [7]). Let f : [a,b] — R be continuous on [a,b] and dif-
ferentiable on (a,b). Assume that a ¢ [a,b]. Then for any x € [a,b], we have the
inequality

(1.4) ’(a;ba>f(a:)+(;:z/abf(t)dt

2
1 x — atb

where £y, (t) =t —a, t € [a,b].

In [5], J. Pecari¢ and S. Ungar have proved a general estimate with the p-norm,
1 < p < oo which for p = co give Dragomir’s result.

Theorem 5 (Pecari¢ & Ungar, 2006 [5]). Let f : [a,b] — R be continuous on [a, b]
and differentiable on (a,b) with 0 < a < b. Then for 1 < p,q < oo with % + % =1
we have the inequality

b
(15) = AL
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for x € [a,b] , where

14 a?—9 — p2—4 220 _ gltag1-2q\ /4
PU (z,p) : =(b—a)r l<<1_2q)(2_q) + 02 (010 >

< p2—a _ p2—a x2 q _ pltagl— 2q) 1/q

+ .
0202 -q  (-20(+0q

In the cases (p,q) = (1,00), (00,1) and (2,2)

as the limit as p — 1,00 and 2, respectively.

the quantity PU (x,p) has to be taken

For other inequalities in terms of the p-norm of the quantity f — £, f’, where
ly (t) =t —a, t €la,b] and « ¢ [a,b] see [1] and [2].

In this paper, a new Ostrowski type inequality via Pompeiu’s mean value theorem
is proved. Applications for special means are also given.

2. ANOTHER OSTROWSKI TYPE INEQUALITY VIA POMPEIU’S RESULT

The following new result holds.

Theorem 6. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b)
with b > a > 0. Then for any x € [a,b], we have the inequality

Sl 1 "
x _b—a/a t dt
2 , T b _ g
Sl)_a”f—efﬂoo(ln\/%*‘ Qx >,

where £ (t) =t, t € [a,]].
The constant 2 is best possible in (2.1).

(2.1)

Proof. Applying Pompeiu’s mean value theorem [6] (see also [8, p. 83]), for any
x,t € [a,b], there is a & between x and ¢ such that

tf (@) —af @) =[f () =& (O] (t— )
giving
tf (@) —af (@O < sup [f (&) = &f )|z —t] = [If — £f' [l |2 — ¢

£€[a,b]

for any ¢,z € [a,b], or, by dividing with z,¢ > 0, equivalently to

1

(2:2) 29O < a3 - 3]

for any t,z € [a, b].

Integrating over ¢ € [a, b] , we get
b

(2.3) )—/ @dt < (@—ff)’dt

111
<l el [ |5 7] a
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and since

for any x € [a,b], then we deduce from (2.3) the desired result (2.1).
Now, assume that (2.1) holds with a constant k > 0, i.e.,

fl@ 1 [Pf@
T _bfa/a t dt

k x ath _ g
< ——|If —ef =
< £ s ef||oo<nﬁ+ : )
for any x € [a,b].
Consider f : [a,b] — R, f(t) = 1. Then

e = 1/”f<t)_1 b
||f gf”oo_l’bia u tdt_bf lna’

and by (2.4) we deduce

1 1 b
In—

< k <ln T +‘12+b—m>

al " b—a Vab x

for any x € [a,b].
If we take in this inequality z = a, we get

11 1b < k (ln a +b—a)

“b—-a Vab 2a
716 <lna2+b_a)

2(b—a) ab a

__ k(e bme
-~ 2(b—a) b a )’

In we multiply (2.5) with 2 (b — a) we get

Q‘balnb'gk(balnb)
a a a a

which implies that k > 2.

(2.4)

r b—a

2.5
(2:5) a b—ana

The following interesting particular case holds.

Corollary 1. With the assumptions in Theorem 6, we have

(a+b f a+b
(2.6) ‘ / b < 2 yp-er ( m)‘

—a —a
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Remark 1. If we consider the function 1 : [a,b] — R given by

a+b

T -z
=In —— + -2 ,
O
then we observe that
o — atb

which shows that

. _ a+b\ “7%
@ = (s )‘“1(@)’

meaning that the inequality (2.6) is the best possible one can get from (2.1).

Remark 2. We can state from (2.1) the following inequality as well:

f( f a+b \/%
(27) i [0l < iy, <ﬁ>

Corollary 2. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b)
with b > a > 0. Then we have the inequality

b

b? 2\ Inb—1n
Sllf—ff’llooK ”) “_1].

(2.8)

2 b—a

Proof. Utilizing (2.1) we have

a+b

(2.9) z)dz —

S
/fT
( xlndm—&-/ﬂb(a;—b—x)dm)

—||f 0f o /xln\/%da:.
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Since
b 2 b b
T T T 1
zln —dr = —In— —7/ xdx
a Vab 2 Vabl, 2Ja
b2 b a? a 1
= —1In —1In b—a
S TR R A
b? b a? a 1
=—1 - — =1 ——=(b—
2 Va2 n\/; 5 (b—a)
b? 4+ a? b 1
b? 2 b
:( Za>lna—(b—a),
then
2 bxln T do — b% + a? lnb—lna_
b—a J, Vab 2 b—a
and by (2.9) we deduce the desired result (2.8). O

3. THE WEIGHTED CASE

We consider now the weighted integral case.

Theorem 7. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b)
with [a,b] with b > a > 0. If w: [a,b] — R is nonnegative integrable on [a,b], then
for each x € [a,b], we have the inequality:

(3.1)

/(@) /bw(t)dt—/bfit)w(t)dt

T
T b
<l -tfl [/ wlt [y




ANOTHER OSTROWSKI TYPE INEQUALITY 7

Proof. Using the inequality (2.2), we have

f(x)/ /f

<lbff>_fpkmﬂﬁ

<IIf - €F / ’ ) dt

— 1= [ L (““+[(;‘Dw“”%
—f e | [0 [ wwar

e /1

:w—w%m[m - [

+é (/bw(t)dt dt)]

from where we get the desired inequality (3.1 [l

Remark 3. If we take in (3.1) w(t) = t, then we have the following estimate for

the integral mean
P —a’ flz) [
- t) dt
L2 [re

<[ 532) '+ (52)]

for x € (a,b), that is equivalent to (2.1) for 0 < a < b.
If we take in (3.1) w (t) = t2, then we have

3 _
b“. /f £) tdt

-3z (a® + b?) + 2 (b* + a®)
6x

R

(3.2)

<f = 2f Mo [

for x € (a,b).
4. APPLICATIONS FOR SPECIAL MEANS

In the following we will use the following inequality obtained in Corollary 1,

a+b a+b
HC - [0 < i - <¢m>

provided 0 < a < b.

(4.1)
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(1) Consider the function f : [a,b] C (0,00) — R, f(¢) =, p € R\ {-1,0}.

Then
f(a;—b) _a/ EAOFm. Ly~y, peR\{0,1},
| (1—p)ar lpr( 00, 0)\ {1},
| [a,b],00 = { |1 —plb? if pe (0,1)U(1,00),
where

pptl _ gptl »
L,=1L, =|— -1
p »(a,b) {(p—i—l)(b—a)} , p€ R\{-1,0}, a,b>0, a#b

is the p- Logarithmic mean and A = A(a,b) := GTH’7 a,b > 01is the arithmetic

mean.
Consequently, by (4.1) we deduce

an  fr-rfston(G)
{ (1-p)a? if p€ (-00,0)\{-1},
X

1 —plb? if pe(0,1)U(1,00).

(2) Consider the function f : [a,b] C (0,00) — R, f(t) = 1. Then

by _1 1 [

where
G(a,b) ;== +/ab, a,b > 0,

is the Geometric mean.
Consequently, by (4.1) we deduce

4 A
<A -GP< ———AG?In| = ).
054 -0 < 6 3
b C (0,00) = R, f(¢) =Int. Then

In?b—1n%a

a+by) 1 IO
f( 2 >—1nA, bfa/,,, t dt = 2(b—a) ’

1 = €8 e = n (2)] i (2) [}

bb ﬁ
> , a,b>0, a#b

(4.3)

(3) Consider the function f : [a,

where

is the Identric mean.
Consequently, by (4.1) we deduce

< pegma{n (B Jn (2|} (3)-

(2

2, 1.2
(4.4) Milnb In“a
A 2(b—a)
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If we use the Logarithmic mean, i.e.

L=—27% o hs0 ath,

(e (2):
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then (4.4) can be written as

InA InG 2 a

— = —| < max ‘ln(f)‘,
b—a e
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