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A FUNCTIONAL GENERALIZATION OF OSTROWSKI
INEQUALITY VIA MONTGOMERY IDENTITY

S. S. DRAGOMIR!:2

ABSTRACT. We show in this paper amongst other that, if f : [a,b] — R is
absolutely continuous on [a,b] and ® : R — R is convex (concave) on R then

é(f(x)—%/bf(t)dt)

<@ [ ele-ar t)dt+/ [(t—b) s (1) e

for any = € [a,b].

Natural applications for power and exponential functions are provided as
well. Bounds for the Lebesgue p-norms of the deviation of a function from its
integral mean are also given.

1. INTRODUCTION

Comparison between functions and integral means are incorporated in Ostrowski
type inequalities as follows.
The first result in this direction is due to Ostrowski [20].

Theorem 1. Let f : [a,b] — R be a differentiable function on (a,b) with the
property that |f' (t)| < M for all t € (a,b). Then

(1) ‘f(fc)—a @t

for all x € [a, b].
The constant i s the best possible in the sense that it cannot be replaced by a
smaller quantity.

The following results for absolutely continuous functions hold (see [16] — [18]).
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Theorem 2. Let f : [a,b] — R be absolutely continuous on [a,b]. Then, for all

x € [a,b], we have:
1 b
— / () dt

z—otb 2
1 (5 e-anri if € Loofab];

@[(fg)a+l+(u)a+l]a if f'eLslab],
x (b ayt

(1.2)

f(x) -

IN

s
=1,

R e~

+
>

Hm\'—‘

o atb
3+ 5= 1
where |||/ 4, (€ [L,00]) are the usual Lebesgue norms on Ly [a,b], i.e.,

191010 = 55 51, lo ()

t€la,b]

”gH[a bl,r (/ ‘g | dt) » T € [1,00).

and % respectively are sharp in the sense presented in

and

The constants %, —1
(p+1)?
Theorem 1.

The above inequalities can also be obtained from the Fink result in [19] on
choosing n = 1 and performing some appropriate computations.

If one drops the condition of absolute continuity and assumes that f is Holder
continuous, then one may state the result (see for instance [14] and the references
therein for earlier contributions):

Theorem 3. Let f : [a,b] — R be of r — H—Hdolder type, i.e.,
(13) |f(m)_f(y)| §H|{E—y‘T7 fOT’ all T,y € [avb]a
wherer € (0,1] and H > 0 are fized. Then, for all x € [a,b], we have the inequality:

- [rwal < 2 () oo

The constant ﬁ 18 also sharp in the above sense.

(1.4)

Note that if » = 1, i.e., f is Lipschitz continuous, then we get the following
version of Ostrowski’s inequality for Lipschitzian functions (with L instead of H)

(see for instance [6])
2
1 x — ofb
4+< b—; ) (b—a)L,

b
(1.5 |f<x>—bfa/ OE

where z € [a,b]. Here the constant % is also best.
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Moreover, if one drops the condition of the continuity of the function, and as-
sumes that it is of bounded variation, then the following result may be stated (see

[8])-

Theorem 4. Assume that f : [a,b] — R is of bounded variation and denote by
b
V (f) its total variation. Then

b
bia/ F(b)dt

for all x € [a,b]. The constant  is the best possible.

T — a+b

2
b—a

<

b
(16) ‘f(fc) - S+ ] V()

If we assume more about f, i.e., f is monotonically increasing, then the inequality
(1.6) may be improved in the following manner [5] (see also the monograph [15]).

Theorem 5. Let f : [a,b] — R be monotonic nondecreasing. Then for all x € [a,b],
we have the inequality:

b
(17) |f(w)— el RAOL

b
<5 [2w—(a+b)]f(:c)+/asgn(t—w)f(t)dt}
<A@ [ @)~ @]+ -2 70 - @)}
1 T QTH’
slz — ][f(b)f(a)]

All the inequalities in (1.7) are sharp and the constant % is the best possible.
The case for the convex functions is as follows [11]:

Theorem 6. Let f : [a,b] C R — R be a conver function on [a,b]. Then for any
x € (a,b) one has the inequality

(18) o2 @) - - r @)

b
<[ foa-0-0s@
1

<5 |0-27 L0 - (@-a) £L ()]
The constant % is sharp in both inequalities. The second inequality also holds for

r=aorx=m>o.

For other Ostrowski’s type inequalities for the Lebesgue integral, see [1]-[6] and
[12]. Inequalities for the Riemann-Stieltjes integral may be found in [7], [9] while the
generalization for isotonic functionals was provided in [10]. For the case of functions
of self-adjoint operators on complex Hilbert spaces, see the recent monograph [13].
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2. A GENERALIZATION OF OSTROWSKI’'S INEQUALITY
The following result holds:

Theorem 7. Let f : [a,b] — R be absolutely continuous on [a,b]. If ®: R — R is
convezx (concave) on R then we have the inequalities

b
(2.1) @(fuw—bia/“fwdg

1
b—a

< (=)

T b
/“¢Kt®f%0hﬁ+/ﬁ©Kt®f%md%

for any € [a,b].
Proof. Utilising the Montgomery identity

b
(22) f@ - [ o

@ b
- bia [/ (t—a)f’(t)dt+/z (t—b)f’(t)dtl

_ oo (xla/:(t—a)f’(t)dt)

+Z_a<bixL;@Mf%wﬁ>,

which holds for any = € (a,b) and the convexity of ® : R — R, we have

(2.3) @<fw)—bialff@do
<i=to (o [ a-araw)

— X b
+zaq><b1x/$ (t—b)f’(t)dt)

for any x € (a,b), which is an inequality of interest in itself as well.
If we use Jensen’s integral inequality

d d
cp(dicfc g(t)dt> gdic/c ® [g ()] dt
we have

(2.4) <1>< ! /ax(ta)f’(t)dt)g

[ ele-arwa

Tr—a r—a

and

b b
(2.5) @QfouMW@szbfwé¢WMf@Mt

for any z € (a,b).
Making use of (2.3)-(2.5) we get the desired result (2.1) for the convex functions.
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If x = b, then

b b
10— [ twa=— [t-a £ @

and by Jensen’s inequality we get

<I><f(b)—b1a/ f(t)dt) sﬁ/ B((t—a) f (1) dt,

which proves the inequality (2.1) for = b.
The same argument can be applied for x = a.
The case of concave functions goes likewise and the theorem is proved.

Corollary 1. With the assumptions of Theorem 7 we have

bia/ab<1><f(x)—b_1a/abf(t)dt> dz

b
U (b—2)®[(x —a) f' (2)] de

(2.6) (0) < (>)

b
+f (:va)@[(:rb)f’(x)]dx]-

Proof. By Jensen’s integral inequality we have

ﬁ ab<I><f(sc)—b_1a/abf(t)dt>dm
b b
z(g)@[bfa/a <f<x>b_1a/af<t>dt>dx]

= (0) )
which proves the first inequality in (2.6).
Integrating the inequality (2.1) over = we have

b b
2.7) ﬁ @(f(m)b_la/ f(t)dt)d:c

S(Z)(bla)g/ab l/a <1>[(ta)f’(t)}dtJr/:@[(tb)f/(t)]dt] dx.

Integrating by parts we have

/ab </r [t —a) /' ()] dt) dz

- b
=x/ B((t—a) f (1)) dt

- /a” zd (/ [t —a)f (®) dt)

5 b
b [ ®lt-a)f Ot~ [ 200 (2))do
b

:/ (b—2)®[(z —a) f ()] dx

a
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and
b b
/ (/ S(t—10) f (1) dt) dx
b b b b
- (/ @[(t—b)f’(t)]dt)‘ —/ zd (/ @[(t—b)f’(t)}dt)
b ’ b
S (/ @[(t-b)f’(t)]dt) +/ 20 [(z — b) f' (2)] da
b
- [ @-aee-n s @)
Utilising the inequality (2.7) we deduce the desired inequality (2.6). O

Remark 1. If we write the inequality (2.1) for the convex function ® (x) = |z|" ;p >
1 then we get the inequality

P

b
(28) ‘ﬂm—bfa/f@Mt

- b
Sbiall @aff%wfa+”£<bwva”Wﬁ]

for x € [a,b].
Utilising Hélder’s inequality we have

T b
(2.9) Bcw::/ a—awv%wfa+:/<b—wpv%nfﬁ

C N e S € Lo [a,2];

if I' € Lyp la, ],

(z—a)Ptl/« ypt1/e

< 111,
(pat+1)t/e laalpB o >1,1/a+1/8 =1;
(= —a)’ 1f'IIf..
rp+ X
e WY e i f € Loo [, B];
N if € Lys [a,b),

(pat1)/® ||f||a:b],pﬁ a>1,1/o¢+1/,8:1;

b= 2)" 1 0.

for x € [a,b].
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Utilising the inequalities (2.8) and (2.9) we have for x € [a,b] that

(2.10) ‘ _a/ f(t dt

@i}ﬂ;IBIW—GVHHfMM] (0= LI o

T —aq p+1 b—x p+1
(=2) +(=5) |01l

“(pt+1)

provided f' € L [a,b],

(2.11)
1P !
f(z) - T f@)dt
1
< (@ = @1 W+ O = 21 Wy

(b—a) (po+ 1)
1

z—a\PTV/e b— g \PT/e
_(poz—|—1)1/a <b—a> +<b—a>

provided ' € Lygla,bl,a>1,1/a+1/8=1 and

b p
S = AL
1

—— @ = @ I g+ © =) 1 W)
<me{(5=0) - (555) om0 s
1 a+b p
—{2+ } (b—a)p_l

r—=
b—a
provided f' € Ly [a,b].
Remark 2. If we take p = 1 in the above inequalities (2.11)-(2.12), then we obtain
some inequalities similar to the Ostrowski type inequalities from Theorem 2, namely

i o

s—@izjﬁ D 17 a0+ 6= 11030
l(j:g)2+(zjj)1<banummww

o — atb 2
+( b;) (b= ) 1l 0100

3
(b—a)* PN FIIE,

(2.12)

[a,b],p

(2.13) (z)

Il
— NN
| =



8 S.S. DRAGOMIRY2

for x € [a,b], provided [’ € Ly [a,b],

b
(214) ‘f@)—bf [ rwa

a
1 o [0
= (b—a)(a+ 1) [(m =) s+ 0= 2) T e 6
1 T —a 1+1/a+ b—J 1+1/Oz (b_ )1/a ||f/||
et |\—a b a a 1,6

for x € [a,b], provided f' € Lg[a,b],a>1,1/a+1/8=1 and

b
(2.15) ‘f @~ [ foa
< o [ = D 1 Mg + = 2) 1 ]
b—a i o
1 — atb ,
= §+ b a ||f||[a,b],1

for x € [a,b].

3. APPLICATIONS FOR p-NORMS

We have the following inequalities for Lebesgue norms of the deviation of a
function from its integral mean:

Theorem 8. Let f : [a,b] — R be absolutely continuous on [a,b].

(i) If f' € Lo [a,b], then

2 1/p 141 ,
S[<p+1><zo+2>] (b=a)rlif

la,b],00 °

b
(31) Hf— | o

[a,b],p

(ii) If f' € Lpg|a,b], with > 1,1/a+1/8 =1 then

b
(32) Hf S e RACL.

[a,b},p
1/p

2 14+ L
||f/||[a,b],pﬁ (b - a) Tar :

<
(pa + 1)1/a (p+1/a+1)

(iii) We have

b p+1l _ 1\ 1/P
(33) Hf—bi/ row|  =5(E50) T 0- 0l

[a,b],p
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Proof. Integrating on [a, b] the inequality (2.10) we have

(3.4) /abfm—bia/abf(t)dtp

1 . b , )
< W\lf ||[a,b],oo/a {(x_a) () +1} "

I |2
(b—a)(p+1) " Mabhoo |12
2
T+ Dp+2)

which is equivalent with (3.1).
Integrating the inequality (2.11)

dz

1 00 (b= )"

b
(3:5) / / f(t)dt daﬁ
b
= (b—a) (pl )1/a [Pl ab,pﬁ/ [(aﬁ —a)p+1/"‘ + (b—a:)p"'l/a di
— 1 2(b— a)p+1/a+1
_(b_a)(p )1/(1 HfHab,pﬁ M—QH

2
B (pa—l—l)l/a (p+1/a+1)

which is equivalent with (3.2).
Integrating the inequality (2.12) we have

(3.6) / ’

)p-i-l/oc

I fa,b],pﬁ (b —a

Since

p+1 p+1 p+1 p+1

1 ortl 1 1
s (2) (b= o)™

then from (3.6) we get
b b p p+1
1 1 207 —1
- < - = _ p
[ -5t [raa as 0 (25 00

[a,b],p
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which is equivalent with (3.3). O

4. APPLICATIONS FOR THE EXPONENTIAL

If we write the inequality (2.1) for the convex function ® (z) = exp (z) then we
get the inequality

A1) exp [f(m)— bia/ f(t)dt]

b

<b1aVa exp[(t—a)f’(t)]dt+/ exp [(t —b) f' (t)]dt

x

for z € [a,b].
If we write the inequality (2.1) for the convex function ® (z) = cosh (z) :=
then we get the inequality

b
(4.2) cosh lf (z) — 5 i . / f @ dt]

" b
<3 : l/ cosh (t —a) f ()] dt + / cosh [(¢ — b) ' (1)) dt

—a .
for x € [a,b].
Utilising the inequality (4.1) we have the following multiplicative version of Os-

trowski’s inequality:

Theorem 9. Let f : [a,b] — (0,00) be absolutely continuous on [a,b]. Then we
have the inequalities

f ()
exp [b% [P f (1) dt]

gﬁ V:exp [(t_a)];((;))}dt_‘_/:exp [(t—b) J;/((f))]dt]

for any z € [a,b] and

(4.3)

Ju /(@) da
exp {ﬁ ff In f (t) dt}

< bia [/ab(b—w)exp [(m—a) f/((m)}dx

Jr/ab(l’a)exp {(mb) f/(x)}dz].

(4.4)
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Proof. If we replace f by In f in (4.1) we get

b
(4.5) exp [lnf () — ﬁ/ In f (¢) dt]

< bia [/;exp [(t—“)];((f))} d”/:exp [(t_b)?((tt))] dt]

for any x € [a,}].
Since

b
exp llnf (z) — ﬁ/ In f () dt‘|

= exp llnf () —In {exp (bla/ In f (¢) dt) }]

= eX n f(x)
- [l (exp(bia fjlnf(t)dt))]

f(x)
exp (545 [ f () dt)

for any « € [a,b], then we get from (4.5) the desired inequality (4.3).
If we integrate the inequality (4.3) we get

J; f () du
(4.6) a
exp {ﬁ f; In f (t) dt}

< bia/ab Mexp {(t—a) J;/((tt))]dt—k/:exp {(t—b){;(%)} dt] dz.

Integrating by parts we have
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and
[[([owlenTig]a)e
=7 /b e (¢ -0 J5 ] - /: o </b e -0 5 dt)
- ‘“/ab e {(t ~b) J;%(f))} e /ab“"p [(”” ~%) j;f/((f))} e
_ / (o~ a)exp [(:c _b) ; ((;“))} dz,
then by (4.6) we deduce the desired inequality (4.4). O

5. APPLICATIONS FOR MIDPOINT-INEQUALITIES

We have from the inequality (2.1) written for — f the following result:

Proposition 1. Let f : [a,b] — R be absolutely continuous on [a,b]. If ® : R — R
is convex (concave) on R then from (2.1) we have the inequalities

(5.1) CIJ(b_la/abf(t)dtf<a;rb>>

<)

a+b
2

b
L O[(b—1t)f (1) dt+/ ®[(a—1t)f ()] dt] .

+b
Pl a

If f:[a,b] — R is convex on [a,b], then by Hermite-Hadamard inequality we

have
1 b a+b
ba/af(t)dtzf< : )

We can state the following result in which the function ® is assumed be convex
only on [0, 00) or (0,00).

Proposition 2. If f : [a,b] — R is convex on [a,b], monotonic nondecreasing on
[a, “7“’} and monotonic nonincreasing [a, “TH’] Af®:[0,00),(0,00) — R is convex

(concave) on [0,00) or (0,00), then (5.1) holds true.

If f : [a,b] — R is strictly convex on [a, b] , monotonic nondecreasing on [a, “£2]
and monotonic nonincreasing [a, ‘%b] , then by taking ® () = Inz, which is strictly
concave on (0,00), we get the logarithmic inequality

(5.2) In <b1a/:f(t)dt—f<a_2'—b>>

1
>
_ba[

If f: [a,b] — R is convex on [a,b], monotonic nondecreasing on [a, “F2] and

monotonic nonincreasing [a, “TH’} , then by taking ® (x) = 29, with ¢ € (0,1) we

a+b
2

[, l(o— 1) f (1) de + / Inf(a—t) f (£)]dt|.

) a
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also have

a+b

! Lﬂ m—awwfw+/2[m—wfwfw

(5.3)

]

>
“b—-a +b
2
If @ :[0,00),(0,00) — R is convex (concave) on [0,00) or (0,00), and if we take
P p>1, then we get from (5.1)
p—1
a+ b) 1 gt
2

[Lbb@lp(bt) (t

atb
2

(t—a) <‘“2Lb t)pll dt

f@t):=|t— ot

60 o (gt ) <@,

Let us recall the following means:
(a) The arithmetic mean

A= A(a,b):= a+b,a,b20;

(b) The geometric mean
G =G (a,b) = Vab;a,b > 0;

(¢) The harmonic mean

H =H (a,b) := l+l;a’b>0;
a b
(d) The logarithmic mean
L=L(ab):= { ?nﬁifna i;‘;z a,b> 0;
(e) The identric mean
aifa=>5
I=1(ab):= i(i’—i)ﬁifa#b ;
(f) The p-logarithmic mean
aifa = b
Ly =1Ly (a,b) = [E,;ill),(zil)} " ifatb

where p € R\ {0, -1} .
The following inequality is well-known in the literature:

H<GLSLLSI<LA

It is also well-known that L, is monotonically increasing over p, assuming that

LO =1 and L_1 = L.
Assume that ® : R — R is convex (concave) on R.
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Now, if we take f (t) = 1 in (5.1), where ¢ € [a,b] C (0,00), then we have

A(a,b) — L(a,b)
(5:5) ® ( A(@b) L (a.h) )

1 b t—b = [t—a
g(z)b_a /a;bq>< = )dt+/a <1>( - )dt

If we take f (t) = —Int in (5.1),
b

(5.6) > <ln <‘;1((Z§))>

1 t—b T [(t-a
< (> _
<(2);— /z;bq>< : )dt—&—/a c1>( : )dt

If we take f(t) = t?, p € R\ {0,—1} in (5.1), where ¢t € [a,b] C (0,00), then we
have

where t € [a,b] C (0,00), then we have

(5.7) ® (LY (a,b) — AP (a,b))
b gt
g(z)bia /m@[p(b—t)tf’*]dw/ P [pla—t)tP~"]dt
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