
A Functional Generalization of Trapezoid Inequality

S. S. Dragomir1;2

Abstract. We show in this paper amongst other that, if f : [a; b] ! R is
absolutely continuous on [a; b] and � : R! R is convex (concave) on R then

�

�
(x� a) f (a) + (b� x) f (b)

b� a
� 1

b� a

Z b

a
f (t) dt

�
� (�) x� a

(b� a)2
Z b

a
� [f (a)� f (t)] dt+ b� x

(b� a)2
Z b

a
� [f (b)� f (t)] dt

for any x 2 [a; b] :
Natural applications for power and exponential functions are provided as

well. Bounds for the Lebesgue p-norms are also given.

1. Introduction

Inequalities providing upper bounds for the quantity

(1.1)

����� (x� a) f (a) + (b� x) f (b)b� a � 1

b� a

Z b

a

f (t) dt

����� ; x 2 [a; b]

are known in the literature as generalized trapezoid inequalities,
It has been shown in [3], see also [1] that����� (x� a) f (a) + (b� x) f (b)b� a � 1

b� a

Z b

a

f (t) dt

�����(1.2)

�
"
1

2
+

�����x� a+b
2

b� a

�����
#

b_
a

(f)

for any x 2 [a; b] ; provided that f is of bounded variation on [a; b] :
In particular, we have the trapezoid inequality

(1.3)

�����f (a) + f (b)2
� 1

b� a

Z b

a

f (t) dt

����� � 1

2

b_
a

(f) :

The constant 12 is the best possible.
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If f is absolutely continuous on [a; b] ; then (see [2, p. 93])

(1.4)

����� (x� a) f (a) + (b� x) f (b)b� a � 1

b� a

Z b

a

f (t) dt

�����

�

8>>>>>>>><>>>>>>>>:

�
1
4 +

�
x� a+b

2

b�a

�2�
(b� a) kf 0k[a;b];1 if f 0 2 L1 [a; b] ;

1
(q+1)1=q

��
x�a
b�a

�q+1
+
�
b�x
b�a

�q+1� 1q
(b� a)1=q kf 0k[a;b];p if f 0 2 Lp [a; b] ;

p > 1; 1
p +

1
q = 1;h

1
2 +

���x� a+b
2

b�a

���i kf 0k[a;b];1
for any x 2 [a; b] :

We used here the Lebesgue norms

kgk[a;b];1 := ess sup
t2[a;b]

jg (t)j

and

kgk[a;b];p :=
 Z b

a

jg (t)jp dt
!1=p

for p � 1:

In particular, we have�����f (a) + f (b)2
� 1

b� a

Z b

a

f (t) dt

�����(1.5)

�

8>>>><>>>>:

1
4 (b� a) kf

0k1 if f 0 2 L1 [a; b] ;

1
2(q+1)1=q

(b� a)1=q kf 0kp if f 0 2 Lp [a; b] ;
p > 1; 1

p +
1
q = 1;

1
2 kf

0k1

The constants 1
4 ;

1
2(q+1)1=q

and 1
2 are the best possible.

Finally, for convex functions f : [a; b]! R, we have [5]

1

2

h
(b� x)2 f 0+ (x)� (x� a)

2
f 0� (x)

i
(1.6)

� (b� x) f (b) + (x� a) f (a)�
Z b

a

f (t) dt

� 1

2

h
(b� x)2 f 0� (b)� (x� a)

2
f 0� (a)

i
for any x 2 (a; b), provided that f 0� (b) and f 0+ (a) are �nite. As above, the second
inequality also holds for x = a and x = b and the constant 1

2 is the best possible
on both sides of (1.6).
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In particular, we have

1

8
(b� a)2

�
f 0+

�
a+ b

2

�
� f 0�

�
a+ b

2

��
(1.7)

� f (a) + f (b)

2
� 1

b� a

Z b

a

f (t) dt

� 1

8
(b� a)

�
f 0� (b)� f 0� (a)

�
:

The constant 18 is best possible in both inequalities.
For other recent results on the trapezoid inequality, see [4], [6], [7], [8] and [9].

2. Generalized Trapezoid Inequalities

The following result holds:

Theorem 1. Let f : [a; b] ! R be a Lebesgue integrable function on [a; b] : If
� : R! R is convex (concave) on R then we have the inequalities

�

 
(x� a) f (a) + (b� x) f (b)

b� a � 1

b� a

Z b

a

f (t) dt

!
(2.1)

� (�) x� a
(b� a)2

Z b

a

� [f (a)� f (t)] dt+ b� x
(b� a)2

Z b

a

� [f (b)� f (t)] dt

for any x 2 [a; b] :

Proof. We have

(x� a) f (a) + (b� x) f (b)
b� a � 1

b� a

Z b

a

f (t) dt(2.2)

=
1

b� a

Z b

a

�
(x� a) f (a) + (b� x) f (b)

b� a � f (t)
�
dt

=
1

b� a

Z b

a

(x� a) [f (a)� f (t)] + (b� x) [f (b)� f (t)]
b� a dt;

for any x 2 [a; b] :
Using Jensen�s inequality for the convex function � : R! R we have

�

 
(x� a) f (a) + (b� x) f (b)

b� a � 1

b� a

Z b

a

f (t) dt

!
(2.3)

= �

 
1

b� a

Z b

a

(x� a) [f (a)� f (t)] + (b� x) [f (b)� f (t)]
b� a dt

!

� 1

b� a

Z b

a

�

�
(x� a) [f (a)� f (t)] + (b� x) [f (b)� f (t)]

b� a

�
dt

for any x 2 [a; b] :
By the convexity of � we also have

�

�
(x� a) [f (a)� f (t)] + (b� x) [f (b)� f (t)]

b� a

�
(2.4)

� x� a
b� a� [f (a)� f (t)] +

b� x
b� a� [f (b)� f (t)]
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for any x; t 2 [a; b] :
Integrating (2.4) over t 2 [a; b] we get

1

b� a

Z b

a

�

�
(x� a) [f (a)� f (t)] + (b� x) [f (b)� f (t)]

b� a

�
dt(2.5)

� x� a
(b� a)2

Z b

a

� [f (a)� f (t)] dt+ b� x
(b� a)2

Z b

a

� [f (b)� f (t)] dt

for any x 2 [a; b] :
Utilising (2.3) and (2.5) we deduce the desired result (2.1). �

Remark 1. If we write the inequality (2.1) for the convex function � : R! [0;1) ;
� (x) = jxjp ; p � 1 we have����� (x� a) f (a) + (b� x) f (b)b� a � 1

b� a

Z b

a

f (t) dt

�����
p

(2.6)

� x� a
(b� a)2

Z b

a

jf (t)� f (a)jp dt+ b� x
(b� a)2

Z b

a

jf (b)� f (t)jp dt

for any x 2 [a; b] :
If we assume that f : [a; b]! R is of bounded variation on [a; b] ; then

jf (t)� f (a)j �
t_
a

(f) and jf (b)� f (t)j �
b_
t

(f)

and by (2.6) we get����� (x� a) f (a) + (b� x) f (b)b� a � 1

b� a

Z b

a

f (t) dt

�����
p

(2.7)

� x� a
(b� a)2

Z b

a

 
t_
a

(f)

!p
dt+

b� x
(b� a)2

Z b

a

 
b_
t

(f)

!p
dt

�

8>>>>>>>>>><>>>>>>>>>>:

1
b�a

R b
a

" 
t_
a

(f)

!p
+

 
b_
t

(f)

!p#
dt

�
�
1
2 +

jx� a+b
2 j

b�a

�
;

1
b�a max

(R b
a

 
t_
a

(f)

!p
dt;
R b
a

 
b_
t

(f)

!p
dt

)
:

For p = 1 we have from (2.6) that����� (x� a) f (a) + (b� x) f (b)b� a � 1

b� a

Z b

a

f (t) dt

�����(2.8)

� x� a
(b� a)2

Z b

a

jf (t)� f (a)j dt+ b� x
(b� a)2

Z b

a

jf (b)� f (t)j dt
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for any x 2 [a; b] ; while from (2.7) we have����� (x� a) f (a) + (b� x) f (b)b� a � 1

b� a

Z b

a

f (t) dt

�����(2.9)

� x� a
(b� a)2

Z b

a

 
t_
a

(f)

!
dt+

b� x
(b� a)2

Z b

a

 
b_
t

(f)

!
dt

�

8>>>>>><>>>>>>:

�
1
2 +

jx� a+b
2 j

b�a

� b_
a

(f) ;

1
b�a

 
1
2

b_
a

(f) (b� a) + 1
2

�����R ba
"
t_
a

(f)�
b_
t

(f)

#
dt

�����
!
;

for any x 2 [a; b]

Remark 2. If there exists La; Lb > 0 and �; � 2 R with �p+1; �p+1 > 0 and
such that

jf (t)� f (a)j � La (t� a)� for any t 2 (a; b]
and

jf (b)� f (t)j � Lb (b� t)� for any t 2 [a; b)
then by (2.6) ����� (x� a) f (a) + (b� x) f (b)b� a � 1

b� a

Z b

a

f (t) dt

�����
p

(2.10)

� La
(�p+ 1)

(x� a) (b� a)�p�1 + Lb
(�p+ 1)

(b� x) (b� a)�p�1

for any x 2 [a; b] :
If f : [a; b] ! R is Lipschitzian with the constant L > 0; then from (2.10) we

have

(2.11)

����� (x� a) f (a) + (b� x) f (b)b� a � 1

b� a

Z b

a

f (t) dt

����� � L1=p

(p+ 1)
1=p

(b� a)

for any x 2 [a; b] :

Corollary 1. Let f : [a; b]! R be an absolutely continuous function on [a; b] :
If � : R! R is convex (concave) on R then we have the inequalities

�

 
(x� a) f (a) + (b� x) f (b)

b� a � 1

b� a

Z b

a

f (t) dt

!
(2.12)

� x� a
(b� a)2

Z b

a

�
1

t� a

Z t

a

� [(a� t) f 0 (s)] ds
�
dt

+
b� x
(b� a)2

Z b

a

 
1

b� t

Z b

t

� [(b� t) f 0 (s)] ds
!
dt

for any x 2 [a; b] :
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Proof. By Jensen�s integral inequality we have

� [f (a)� f (t)] = �
�
�
Z t

a

f 0 (s) ds

�
(2.13)

= �

�
1

t� a

Z t

a

[(a� t) f 0 (s)] ds
�

� 1

t� a

Z t

a

� [(a� t) f 0 (s)] ds

for any t 2 (a; b] and

� [f (b)� f (t)] = �
"Z b

t

f 0 (s) ds

#
(2.14)

= �

"
1

b� t

Z b

t

[(b� t) f 0 (s)] ds
#

� 1

b� t

Z b

t

� [(b� t) f 0 (s)] ds

for any t 2 [a; b) :
Integrating the inequalities (2.13) and (2.14) over t we get

(2.15)
Z b

a

� [f (a)� f (t)] dt �
Z b

a

�
1

t� a

Z t

a

� [(a� t) f 0 (s)] ds
�
dt

and

(2.16)
Z b

a

� [f (b)� f (t)] dt �
Z b

a

 
1

b� t

Z b

t

� [(b� t) f 0 (s)] ds
!
dt:

By making use of (2.1), (2.15) and (2.16) we get the desired result (2.12). �

Remark 3. Let f : [a; b]! R be an absolutely continuous function on [a; b] : If
we write the inequality (2.12) for the convex function � (x) = jxjp ; p � 1 we have����� (x� a) f (a) + (b� x) f (b)b� a � 1

b� a

Z b

a

f (t) dt

�����
p

(2.17)

� x� a
(b� a)2

Z b

a

�
(t� a)p�1

Z t

a

jf 0 (s)jp ds
�
dt

+
b� x
(b� a)2

Z b

a

 
(b� t)p�1

Z b

t

jf 0 (s)jp ds
!
dt

:= K (x)

for any x 2 [a; b] ; provided f 0 2 Lp [a; b] :
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We also have the bounds

K (x)(2.18)

�

8>>>>>>>>><>>>>>>>>>:

1
b�a

R b
a

h
(t� a)p�1

R t
a
jf 0 (s)jp ds+ (b� t)p�1

R b
t
jf 0 (s)jp ds

i
dt

�
�
1
2 +

jx� a+b
2 j

b�a

�
1
b�a max

nR b
a

�
(t� a)p�1

R t
a
jf 0 (s)jp ds

�
;R b

a

�
(b� t)p�1

R b
t
jf 0 (s)jp ds

�
dt
o

for any x 2 [a; b] :
SinceZ t

a

jf 0 (s)jp ds � kf 0kp[a;b];p and
Z b

t

jf 0 (s)jp ds � kf 0kp[a;b];p ; t 2 [a; b] ;

then we have

K (x) � (b� a)p�1

p
kf 0kp[a;b];p ;

which is giving the simpler inequality

(2.19)

����� (x� a) f (a) + (b� x) f (b)b� a � 1

b� a

Z b

a

f (t) dt

����� � (b� a)1�1=p

p1=p
kf 0k[a;b];p

for any x 2 [a; b] :
If we assume that f 0 2 L[a;b];1 thenZ t

a

jf 0 (s)jp ds � (t� a) kf 0kp[a;b];1

and Z b

t

jf 0 (s)jp ds � (b� t) kf 0kp[a;b];1 :

From the de�nition of K (x) we have

K (x) � (b� a)p

p+ 1
kf 0kp[a;b];1 ;

which is giving the simpler inequality

(2.20)

����� (x� a) f (a) + (b� x) f (b)b� a � 1

b� a

Z b

a

f (t) dt

����� � (b� a)
(p+ 1)

1=p
kf 0k[a;b];1

for any x 2 [a; b] :

We also have the following inequality for absolutely continuous functions:

Theorem 2. Let f : [a; b] ! R be an absolutely continuous function on [a; b] :
If � : R! R is convex (concave) on R then we have the inequalities

�

 
(x� a) f (a) + (b� x) f (b)

b� a � 1

b� a

Z b

a

f (t) dt

!
(2.21)

� 1

b� a

Z b

a

� ((t� x) f 0 (t)) dt:
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Proof. Integrating by parts we have the equality, see also [1]

(x� a) f (a) + (b� x) f (b)
b� a � 1

b� a

Z b

a

f (t) dt(2.22)

=
1

b� a

Z b

a

(t� x) f 0 (t) dt

for any x 2 [a; b] :
Using Jensen�s integral inequality we have

�

 
(x� a) f (a) + (b� x) f (b)

b� a � 1

b� a

Z b

a

f (t) dt

!

= �

 
1

b� a

Z b

a

(t� x) f 0 (t) dt
!

� 1

b� a

Z b

a

� ((t� x) f 0 (t)) dt

for any x 2 [a; b] ; and the result is proved. �

Remark 4. Let f : [a; b]! R be an absolutely continuous function on [a; b] : If
we write the inequality (2.21) for the convex function � (x) = jxjp ; p � 1 we have

����� (x� a) f (a) + (b� x) f (b)b� a � 1

b� a

Z b

a

f (t) dt

�����
p

(2.23)

� 1

b� a

Z b

a

jt� xjp jf 0 (t)jp dt := T (x)

for any x 2 [a; b] :
Utilising Hölder�s integral inequality we have

T (x)(2.24)

�

8>>>>>>>>>>>><>>>>>>>>>>>>:

1
p+1

��
x�a
b�a

�p+1
+
�
b�x
b�a

�p+1�
� (b� a)p kf 0kp[a;b];1

if f 0 2 L1 [a; b] ;

1
(�p+1)1=�

��
x�a
b�a

��p+1
+
�
b�x
b�a

��p+1�1=�
� (b� a)p kf 0kp[a;b];p�

if f 0 2 Lp� [a; b] ;

� > 1; 1
� +

1
� = 1;h

1
2 +

���x� a+b
2

b�a

���ip kf 0kp[a;b];p
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and then����� (x� a) f (a) + (b� x) f (b)b� a � 1

b� a

Z b

a

f (t) dt

�����(2.25)

�

8>>>>>>>>>>>><>>>>>>>>>>>>:

1
(p+1)1=p

��
x�a
b�a

�p+1
+
�
b�x
b�a

�p+1�1=p
� (b� a) kf 0k[a;b];1

if f 0 2 L1 [a; b] ;

1
(�p+1)1=p�

��
x�a
b�a

��p+1
+
�
b�x
b�a

��p+1�1=p�
� (b� a) kf 0k[a;b];p�

if f 0 2 Lp� [a; b] ;

� > 1; 1
� +

1
� = 1;h

1
2 +

���x� a+b
2

b�a

���i kf 0k[a;b];p
for any x 2 [a; b] :

3. Trapezoid Inequalities

Let f : [a; b] ! R be a Lebesgue integrable function on [a; b] : If � : R! R is
convex (concave) on R then by taking x = a+b

2 in by (2.1) we have

�

 
f (a) + f (b)

2
� 1

b� a

Z b

a

f (t) dt

!
(3.1)

� (�) 1

(b� a)

Z b

a

� [f (a)� f (t)] + � [f (b)� f (t)]
2

dt:

We can re�ne this inequality as follows:

Proposition 1. Let f : [a; b] ! R be a Lebesgue integrable function on [a; b] :
If � : R! R is convex (concave) on R, then

�

 
f (a) + f (b)

2
� 1

b� a

Z b

a

f (t) dt

!
(3.2)

� (�) 1

b� a

Z b

a

�

 
(x� a) f (a) + (b� x) f (b)

b� a � 1

b� a

Z b

a

f (t) dt

!
dx

� (�) 1

b� a

Z b

a

� [f (a)� f (t)] + � [f (b)� f (t)]
2

dt:

Proof. Integrating the inequality (2.1) over x 2 [a; b] ; we get

1

b� a

Z b

a

�

 
(x� a) f (a) + (b� x) f (b)

b� a � 1

b� a

Z b

a

f (t) dt

!
dx(3.3)

� (�) 1

b� a

Z b

a

"
x� a
(b� a)2

Z b

a

� [f (a)� f (t)] dt

+
b� x
(b� a)2

Z b

a

� [f (b)� f (t)] dt
#
dx

=
1

(b� a)

Z b

a

� [f (a)� f (t)] + � [f (b)� f (t)]
2

dt:
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By Jensen�s integral inequality we also have

�

 
1

b� a

Z b

a

"
(x� a) f (a) + (b� x) f (b)

b� a � 1

b� a

Z b

a

f (t) dt

#
dx

!
(3.4)

� 1

b� a

Z b

a

�

 
(x� a) f (a) + (b� x) f (b)

b� a � 1

b� a

Z b

a

f (t) dt

!
dx

and since

1

b� a

Z b

a

"
(x� a) f (a) + (b� x) f (b)

b� a � 1

b� a

Z b

a

f (t) dt

#
dx

=
f (a) + f (b)

2
� 1

b� a

Z b

a

f (t) dt;

then by (3.3) and (3.4) we get (3.2). �

We denote by e : [a; b] ! R the identity function, i.e., e (x) = x: If we write
the inequality (3.2) for the convex function � (x) = jxjp ; p � 1; then we have the
p-norm inequalities

(b� a)1=p
�����f (a) + f (b)2

� 1

b� a

Z b

a

f (t) dt

�����(3.5)

�





 (e� a) f (a) + (b� e) f (b)b� a � 1

b� a

Z b

a

f (t) dt







[a;b];p

� 1

21=p

h
kf (a)� fkp[a;b];p + kf (b)� fk

p
[a;b];p

i1=p
where f is a Lebesgue integrable function.

Proposition 2. Let f : [a; b] ! R be an absolutely continuous function on
[a; b] : If � : R! R is convex (concave) on R, then we have the inequalities

�

 
f (a) + f (b)

2
� 1

b� a

Z b

a

f (t) dt

!
(3.6)

� (�) 1

b� a

Z b

a

�

 
(x� a) f (a) + (b� x) f (b)

b� a � 1

b� a

Z b

a

f (t) dt

!
dx

� (�) 1

2 (b� a)

Z b

a

�
1

t� a

Z t

a

� [(a� t) f 0 (s)] ds

+
1

b� t

Z b

t

� [(b� t) f 0 (s)] ds
!
dt:

The proof follows (2.12) and the Jensen inequality.
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If we write the inequality (3.6) for the convex function � (x) = jxjp ; p � 1; then
we have the p-norm inequalities

(b� a)1=p
�����f (a) + f (b)2

� 1

b� a

Z b

a

f (t) dt

�����(3.7)

�





 (e� a) f (a) + (b� e) f (b)b� a � 1

b� a

Z b

a

f (t) dt







[a;b];p

� 1

21=p

"Z b

a

 
(t� a)p�1

Z t

a

jf 0 (s)jp ds+ (b� t)p�1
Z b

t

jf 0 (s)jp ds
!
dt

#1=p
� 1

p1=p
(b� a) kf 0k[a;b];p :

Let f : [a; b] ! R be an absolutely continuous function on [a; b] : If � : R! R
is convex (concave) on R then from (2.21) for x = a+b

2 we have the inequality

�

 
f (a) + f (b)

2
� 1

b� a

Z b

a

f (t) dt

!
(3.8)

� 1

b� a

Z b

a

�

��
t� a+ b

2

�
f 0 (t)

�
dt:

Utilising Jensen�s inequality and (2.21) we also have:

Proposition 3. Let f : [a; b] ! R be an absolutely continuous function on
[a; b] : If � : R! R is convex (concave) on R then we have the inequalities

�

 
f (a) + f (b)

2
� 1

b� a

Z b

a

f (t) dt

!
(3.9)

� (�) 1

b� a

Z b

a

�

 
(x� a) f (a) + (b� x) f (b)

b� a � 1

b� a

Z b

a

f (t) dt

!
dx

� (�) 1

(b� a)2
Z b

a

Z b

a

� ((t� x) f 0 (t)) dtdx:
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If we take the convex function � (x) = jxjp ; p � 1; then

Z b

a

Z b

a

� ((t� x) f 0 (t)) dtdx(3.10)

=

Z b

a

Z b

a

jt� xjp jf 0 (t)jp dtdx

=

Z b

a

 Z b

a

jt� xjp dx
!
jf 0 (t)jp dt

=

Z b

a

 Z t

a

(t� x)p dx+
Z b

t

(x� t)p dx
!
jf 0 (t)jp dt

=

Z b

a

 
(t� a)p+1 + (b� t)p+1

p+ 1

!
jf 0 (t)jp dt

=
1

p+ 1

Z b

a

�
(t� a)p+1 + (b� t)p+1

�
jf 0 (t)jp dt

=
1

p+ 1




h(e� a)1+1=p + (b� e)1+1=pi f 0


p
[a;b];p

and then from (3.10) we have the p-norm inequalities

(b� a)1=p
�����f (a) + f (b)2

� 1

b� a

Z b

a

f (t) dt

�����(3.11)

�





 (e� a) f (a) + (b� e) f (b)b� a � 1

b� a

Z b

a

f (t) dt







[a;b];p

� 1

(p+ 1)
1=p
(b� a)1=p




h(e� a)1+1=p + (b� e)1+1=pi f 0



[a;b];p

:

4. Inequalities for the Exponential

Let g : [a; b] ! R be a Lebesgue integrable function on [a; b] : If we take � :
R! (0;1) ; � (x) = expx in the inequality (2.1) then we have the inequality

exp

 
(x� a) g (a) + (b� x) g (b)

b� a � 1

b� a

Z b

a

g (t) dt

!

� x� a
(b� a)2

Z b

a

exp [g (a)� g (t)] dt+ b� x
(b� a)2

Z b

a

exp [g (b)� g (t)] dt

=

"
x� a
(b� a)2

exp [g (a)] +
b� x
(b� a)2

exp [g (b)]

#Z b

a

exp [�g (t)] dt
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for any x 2 [a; b] ; which is equivalent with

exp
h
(x�a)g(a)+(b�x)g(b)

b�a

i
exp

h
1
b�a

R b
a
g (t) dt

i(4.1)

�
"
x� a
(b� a)2

exp [g (a)] +
b� x
(b� a)2

exp [g (b)]

#Z b

a

exp [�g (t)] dt

for any x 2 [a; b] :

Proposition 4. Let f : [a; b] ! (0;1) be a Lebesgue integrable function on
[a; b] : Then

[f (a)]
x�a
b�a [g (b)]

b�x
b�a

exp
h

1
b�a

R b
a
ln f (t) dt

i(4.2)

�
��
x� a
b� a

�
f (a) +

�
b� x
b� a

�
f (b)

�
1

b� a

Z b

a

dt

f (t)

for any x 2 [a; b] :

The proof follows by (4.1) on taking g = ln f:
Let g : [a; b] ! R be an absolutely continuous function on [a; b] : If we take

� : R! (0;1) ; � (x) = expx in the inequality (2.1) then we have the inequality

exp
h
(x�a)g(a)+(b�x)g(b)

b�a

i
exp

h
1
b�a

R b
a
g (t) dt

i(4.3)

� x� a
(b� a)2

Z b

a

�
1

t� a

Z t

a

exp [(a� t) g0 (s)] ds
�
dt

+
b� x
(b� a)2

Z b

a

 
1

b� t

Z b

t

exp [(b� t) g0 (s)] ds
!
dt:

Moreover, if we assume that there exists the constants 
 and � such that

(4.4) 
 � g0 (s) � � for almost every s 2 [a; b]

then Z t

a

exp [(a� t) g0 (s)] ds �
Z t

a

exp [(a� t) 
] ds

= (t� a) exp [(a� t) 
]

and Z b

t

exp [(b� t) g0 (s)] ds �
Z b

t

exp [(b� t) �] ds

= (b� t) exp [(b� t) �] :
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ThereforeZ b

a

�
1

t� a

Z t

a

exp [(a� t) g0 (s)] ds
�
dt �

Z b

a

exp [(a� t) 
] dt

=
1



� exp [� (b� a) 
]




and Z b

a

 
1

b� t

Z b

t

exp [(b� t) g0 (s)] ds
!
dt �

Z b

a

exp [(b� t) �] dt

= � 1
�
+
exp [(b� a) �]

�
:

We can state the following proposition:

Proposition 5. Let g : [a; b] ! R be an absolutely continuous function on
[a; b] : If we assume that there exists the constants 
 and � such that (4.4) holds
true, then

exp
h
(x�a)g(a)+(b�x)g(b)

b�a

i
exp

h
1
b�a

R b
a
g (t) dt

i(4.5)

� b� x
(b� a)2

�
exp [(b� a) �]

�
� 1

�

�
+

x� a
(b� a)2

�
1



� exp [� (b� a) 
]




�
for any x 2 [a; b] :

Let g : [a; b] ! R be an absolutely continuous function on [a; b] : If we take
� : R! (0;1) ; � (x) = expx in the inequality (2.21) then we have the inequality

(4.6)
exp

h
(x�a)g(a)+(b�x)g(b)

b�a

i
exp

h
1
b�a

R b
a
g (t) dt

i � 1

b� a

Z b

a

exp ((t� x) g0 (t)) dt:

If we assume that there exists the constants 
 and � such that (4.4) holds true,
then Z b

a

exp ((t� x) g0 (t)) dt

=

Z x

a

exp ((t� x) g0 (t)) dt+
Z b

x

exp ((t� x) g0 (t)) dt

�
Z x

a

exp ((t� x) 
) dt+
Z b

x

exp ((t� x) �) dt

=
1



� exp (�
 (x� a))



+
exp (� (b� x))

�
� 1

�
:

We can state then the following result:

Proposition 6. Let g : [a; b] ! R be an absolutely continuous function on
[a; b] : If we assume that there exists the constants 
 and � such that (4.4) holds
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true, then

exp
h
(x�a)g(a)+(b�x)g(b)

b�a

i
exp

h
1
b�a

R b
a
g (t) dt

i(4.7)

� exp (� (b� x))
�

� 1

�
+
1



� exp (�
 (x� a))



;

for any x 2 [a; b] :

The interested reader may state some similar inequalities by using the convex
function � : R! (0;1) ; � (x) = cosh (x) := ex+e�x

2 : The details are omitted.
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