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A Functional Generalization of Trapezoid Inequality

S. S. Dragomir®?

ABSTRACT. We show in this paper amongst other that, if f : [a,b] — R is
absolutely continuous on [a,b] and ® : R — R is convex (concave) on R then
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b—a
T —a
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for any = € [a,b].
Natural applications for power and exponential functions are provided as
well. Bounds for the Lebesgue p-norms are also given.
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1. Introduction
Inequalities providing upper bounds for the quantity

(x—a) f(a)+ (b—2)f (D) _bia/abf(t)dt

(1.1) —

, x € [a, b]

are known in the literature as generalized trapezoid inequalities,
It has been shown in [3], see also [1] that
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for any « € [a,b], provided that f is of bounded variation on [a, b].
In particular, we have the trapezoid inequality
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The constant % is the best possible.
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If f is absolutely continuous on [a,b], then (see [2, p. 93])

- f@+G-fb) 1 [
(1.4) o ’b—a/a () dt
atb \ 2
G ()] - 01 e if [ € Lo a1
+1 +1 %
<3 () ()] 00 1y L,
p>1, %—Fé:l;
3+ |52 18 g

for any « € [a, ] .
We used here the Lebesgue norms

19/lfab],00 7= €55 sup |g ()]
t€la,b]

and

b 1/p
gmﬂp:</iwﬁﬂmﬁ> for p > 1.

In particular, we have

b
5) ‘f(a);f(b)_bia/ Iy

Lo-a)lfl if 7€ Loofo, 1]

<{ sy 0=, i e Lylasd],
p>17+7:1

3 171,

1 .
The constants 4, m and 35 are the best possible.

Finally, for convex functions f : [a,b] — R, we have [5]

(16) (ARSI Ae]
<b-z)fb)+(x—a)f /f
<se-o2 o)~ @—a? s )

for any x € (a,b), provided that f’ (b) and f) (a) are finite. As above, the second

inequality also holds for x = @ and = = b and the constant % is the best possible
on both sides of (1.6).
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In particular, we have

(17) é(b—a)2 [f'+ (a;b> -5 (aj;bﬂ
<fﬁw;ﬂm_biaAV@Mt
— f (a)

1
<L(b-a) [/ ()~ . (@)
The constant % is best possible in both inequalities.

For other recent results on the trapezoid inequality, see [4], [6], [7], [8] and [9].

2. Generalized Trapezoid Inequalities

The following result holds:

THEOREM 1. Let f : [a,b] — R be a Lebesgue integrable function on [a,b]. If
®: R — R is convex (concave) on R then we have the inequalities

—a a — X b
1) @<@ M@+ )f@_bim/f@ﬁ>

T—a b b—x b
<@g [e@— ol =5 [elre) - sw)e
for any z € [a,b].

PrROOF. We have

—a a — X b
b —Qa a — X
bia/“vx nngéb )f@)f@ﬂm
1 Pa—a)fla) = f@O]+b—2)[f () - f()]
_b—a/a b—a at,

for any z € [a,b].

Using Jensen’s inequality for the convex function ® : R — R we have

—a a — X b
) ¢Cx )+ 0 )f@_wia/f@mo

_ 1 (P@—a)lfla) = fO]+b—2)[f () = f )
(% J

—a b—a
L "o (@=a)f (@)~ fO1+b-2)[f ()~ f (1)
<b—a/aq)< b—a )dt
for any z € [a,b].
By the convexity of ® we also have
o) o (L0l =0+ 6 =07 0) = @)
Sx—a b—=x
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for any z,t € [a, b] .
Integrating (2.4) over ¢ € [a, b] we get

(2.5) 1 /b@((w—a)[f(a)—f(t)]+(b—w)[f(b)—f(ﬂ])dt

—-af, b—a
T—a b b—=z b
<o [ e @ swlae = [Celre) - sl
for any x € [a,b].
Utilising (2.3) and (2.5) we deduce the desired result (2.1). O

REMARK 1. If we write the inequality (2.1) for the convez function ® : R — [0, 00) ,
® (z) = |z|”,p > 1 we have

(x*a)f(a)ﬂ
b_a/f dt

b—a

i /|f Wﬁ+— /|f ()P dt

for any x € [a, bl.
If we assume that f : [a,b] — R is of bounded variation on [a,b], then

(2.6)

¢ b
1F () = f @I <\ (f) and [f(0) = f (O <\ ()
and by (2.6) we get

(2.7)
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For p =1 we have from (2.6) that

(x—a)f(a)+(b-2)f(b) 1mﬁf@ﬁ

(2.8) —

b
|dt+ /|f ()] dt
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for any x € [a,b], while from (2.7) we have

—a a — X b
YO LGRS (RE G Wy

IN

for any x € [a,b]
REMARK 2. If there exists Ly, Ly > 0 and o, 8 € R with ap+1,8p+1 >0 and
such that
[f () = f(a)] < La (t —a)* for any t € (a,b]
and
() = F (B < Ly (b—1)" for any t € [a,0)
then by (2.6)

—a a — X b
210 SV IOE L VIR Wy
La —a —a ap—1 Lb — —a Bp—1
g(ap+1)(x ) (b—a) +(5p+1)(b ) (b—a)

for any = € [a,b] .
If f : [a,b] — R is Lipschitzian with the constant L > 0, then from (2.10) we

have
(z—a)f(a)+(b-
b—a fa/f REURS

Li/p

(2.11) T (b—

a)

for any x € [a,b].

COROLLARY 1. Let f : [a,b] — R be an absolutely continuous function on [a,b] .
If & : R — R is convex (concave) on R then we have the inequalities

b
R (S T s YIRS
—a [P t
S(bx—a)2/a (t_l(l/atb(a—t) "(s ds)dt
b—z

[ [ (s)]
b b
+(ba)"’/ (bl—t t @[(bﬂf’(s)]ds)dt

for any x € [a,b].
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PrOOF. By Jensen’s integral inequality we have

(2.13) ®lf@-r0=2|- [ () s

I ,
<o [ lla—nr s
for any t € (a,b] and
b
(2.14) SLf(L)—f)] =2 t f'(s) dS]
b
=¢ bit/t [(b—t)f’(S)]dS]

IN

b
= [ B0 s el

for any t € [a,b).
Integrating the inequalities (2.13) and (2.14) over t we get

(2.15) /abé[f(a)—f(t)}dtélb<t ! /:@Ka—t)f'(s)]ds) a

—a
and
b b b
1) [l -fwlas [ (b_t [ elo-nre) ds> dt.
By making use of (2.1), (2.15) and (2.16) we get the desired result (2.12). O

REMARK 3. Let f : [a,b] — R be an absolutely continuous function on [a,b] . If
we write the inequality (2.12) for the convex function ® (z) = |z’ ,p > 1 we have

P

—a a — X b
o17) /@000 L[

b—a
o /ab (- I (9 ds) at
! (:__;2 /ab <(b_ ! /tb If' (s)I ds> dt

=K (x)

<

for any x € [a,b], provided ' € L, [a,b].
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We also have the bounds
(2.18) K (z)

IN

for any x € [a,b].
Since

Q)P [ If (s
biamax{f (tf )P 1f If (s |pds>,
(=00 01 ()P ds) dt

|pds+

_a;rb
ba

plft'-f, |pds]

t b
[ @ s < 1F 1y and [ 17 P ds < 1£1, 0 t € lab],
a t

then we have

(b
K(z) <
which is giving the simpler inequality

(2.19) (x—a)f(a)+(b—2a)f

—a)P!
T 1 M

)1 1/p

b—a

for any z € [a,b].
If we assume that f' € Ljg ) 00

then

/fdt

1/p ||f/||[a,b],p

/ F ()P ds < (t— ) |1,

and

b
/t I ()7 ds < (b— 1)

From the definition of K (x) we have

K (z) <

which is giving the simpler inequalzty

(2.20) (x—a)f(a)+(b—2)f

(b

P
[a,b],00

)
1 e .00 »

_(b—a)

b—a

for any € [a,b].

/fdt

)w T

We also have the following inequality for absolutely continuous functions:

THEOREM 2. Let f

: [a,b] = R be an absolutely continuous function on [a,b].

If @ : R — R is convex (concave) on R then we have the inequalities

b—a

(2.21) o (Wa)f(a) + (b —=) f(b)

1

ia/abfa)dt)

b
<y [ ee—a s o
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PROOF. Integrating by parts we have the equality, see also [1]

—a a — X b
022) (x—a)f (@) + (b )f(b)—bfa/f@dt

for any x € [a,}].
Using Jensen’s integral inequality we have

¢<(w_a)f(a)+(b_m)f(b)—bfa/abf@)dt)

b—a

b
@(bial(tmf%wﬁ>

1
<

b
e L G TROL

for any « € [a,b], and the result is proved. O

REMARK 4. Let f : [a,b] — R be an absolutely continuous function on [a,b] . If
we write the inequality (2.21) for the convex function ® (z) = |z|” ,p > 1 we have

P
(@—a)f(@)+(b—2)f(b) 1 [
2.23 - t)dt
(223) * L L
1 ’ P|gl p
S [t —z|”[f @) dt:=T ()
for any x € [a,b].
Utilising Hélder’s integral inequality we have
(2.24) T (x)
1 r—a p+1 b p+1
P+l [(b“) + (b*“) if f'€ Lyla,b];
X (b - a’)p Hf/HI[ja’b],oo
1/«
1 r—a ap+tl b—x ap+l
<t |(22)7 (=) i 5 € Lyt
X (b= 1%y
B>1 s+5=1L
{l + ot }p ”f/”p
2 b—a [a,b],p
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and then
(x—a)f@+(b-2)f(b) 1 /b
(2.25) T . f(t)dt
1/p
1 r—a ptl b—x ptl
(D)7 {(ba) * (m) if ['€ Los|a,b];
X (b= a) [lf'll{a,),00
1/pa
1 i—a ap+1 bz ap+1
< (ap+1)t/Pe [(b“> + (b*“) if f€ Lygla,b],
x (b—a) ||f/||[a,b],pﬁ
B>1, s +5=1
1 w*a%rb /
3+ 5 [ 1

for any x € [a,b].
3. Trapezoid Inequalities

Let f : [a,b] — R be a Lebesgue integrable function on [a,b]. If ® : R — R is
convex (concave) on R then by taking z = “E* in by (2.1) we have

b
(3.1) i) (f(a);f(b) - bia/a f(t)dt)
1 PP[f (a) = FO+R[f(b) — f ()]
< (2) (b—a) /a 9 dt.

We can refine this inequality as follows:

PROPOSITION 1. Let f : [a,b] — R be a Lebesgue integrable function on [a,b].
If ® : R — R is convex (concave) on R, then

b
(3.2) @(f(a);f(b)—bia/f(t)dt>

b —a a —x b
S(Z)bia/ (I,<(x )f(b)jéb )f(b)*bia/ f(t)dt)dz

1 /bq’[f(a)—f(f)]Jr‘I)[f(b)—f(t)]d
“a ), 2

<(>) 2 t.

PRrROOF. Integrating the inequality (2.1) over z € [a,b], we get

b —a a —-x b
53) b_ch/‘D<(x )@+ )f(b)—bia/f@)dt)dx

1 "l z—-a b
<@ | [(baf/a ®1f (@)~ (0] de

b—x b
+(b—a)2/a @[f(b)—f(t)]dt] dx
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By Jensen’s integral inequality we also have

b —a a — X b
(3.4) @(bia/ [(x )f(b)jéb )f(b)—bia/f(t)dt]dx>

b —a) f(a -z b
Sbia/a@<($ )f(b)jéb )f(b)—bia/(lf(t)dt>d:c

and since

(x—a)f(a)+(b—2x)f(b) _bfa/abm)dt] dz

1 b
b—a/a b—a

b
@01,

then by (3.3) and (3.4) we get (3.2). O

We denote by e : [a,b] — R the identity function, i.e., e (z) = z. If we write
the inequality (3.2) for the convex function ® (z) = |z|”,p > 1, then we have the
p-norm inequalities

(3.5) (b—a)*/?

b
POl [ rwa

(e—a)f(a)+(b—e)f(b)_bla/ubf(t)dt

b—a

[a,b],p

1 1/
< s 1 @ = FI g+ 1F ) = FIy,]

where f is a Lebesgue integrable function.

PROPOSITION 2. Let f : [a,b] — R be an absolutely continuous function on
[a,b]. If ® : R — R is convex (concave) on R, then we have the inequalities

b
(3.6) @(f(a);rf(b)bia/f(t)dt>

b —a a — X b

<Gy [ (7 [ #ta-nr s

b
o [ oo 0 L) a

The proof follows (2.12) and the Jensen inequality.
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If we write the inequality (3.6) for the convex function ® (z) = |z|”,p > 1, then
we have the p-norm inequalities

b
3.7 (b—a)'/? f(“);rf(b) —bia/ () dt

(e—a)f(a)+(b—e)f (b) _bia/bm)dt

syl/pl/ab<t—a“/|f ()" ds + (b ’”/|f |”ds)dt]

1
< 7 O —a) 1 qp0. -

/P

Let f : [a,b] — R be an absolutely continuous function on [a,b]. If & : R — R
is convex (concave) on R then from (2.21) for z = “E® we have the inequality

(3.8) @(f(a);f(b)—bia/abf(t)dt>
< bla/:@«t—a;rb) f’(t))dt.

Utilising Jensen’s inequality and (2.21) we also have:

PROPOSITION 3. Let f : [a,b] — R be an absolutely continuous function on
[a,b]. If @ : R — R is convex (concave) on R then we have the inequalities

(3.9) @(f(a);f(b)—bla/af(t)dt>
b —a)f(a —x b
<yl | (I)<(w )f(gjib o1 f(t)dt) "

< b_a// ((t— 2) f' (t)) dtda.
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If we take the convex function ® (x) = |z|”,p > 1, then

(3.10) / b / "ot~ ) f (1) dede
:// t— o | () dtda
=/ab (/abu—mv’dm) P dt
=/ab ([Zt(t—x>de+/tb(w—t>pdx> O

Y A N G S S CRt ) S NN
-/ ( . >|f 0 d

1 b p+1 p+1 ’ P
= ] (= o-0) I @
_ 1 _\1+1/p e P
= ¥ H {(e a) +(b-e) } f il

and then from (3.10) we have the p-norm inequalities

(3.11) (b—ay/r | LSO bia/abf(t) dt

2

(e—a)f(a)+(b—e)f(b)_bia/abf(t)dt

b—a

[a,b],p

1 7@)1+1/p+(bie)l+l/p} f/

= (p+1)"7 (b—a)'/? H {(e

[a,bl,p

4. Inequalities for the Exponential

Let g : [a,b] — R be a Lebesgue integrable function on [a,b]. If we take @ :
R — (0,00), @ (x) = expx in the inequality (2.1) then we have the inequality

exp<<x—a>g<a>+(b—x>g(b>_ 1 /bg(@dt)

b—a b—a

r—a

< b—x
T (b-a)?

(b—a)®

b b
/ explg (a) — g ()] dt + / exp g (b) — g (1)) dt

Tr—a ’
= [(ba)? exp g (a)] + b =P lg (b)]] /a exp [—g (¢)] dt



A FUNCTIONAL GENERALIZATION OF TRAPEZOID INEQUALITY 13

for any x € [a, b] , which is equivalent with

exp {@ﬂ)g(agibﬂ)g(b)]

exp[b af gt dt]

< [(bx__;;? exp g (a)] + b;xg exp g (b)]] /a b exp [—g (¢)] dt

(4.1)

for any x € [a,b].

PROPOSITION 4. Let f : [a,b] — (0,00) be a Lebesgue integrable function on
[a,b]. Then

[f (@)= [g (b)]*==
(4.2)
exp[ 1af:1nf t)dt]

<[(G=2) o (20) ol

for any x € [a,b].

The proof follows by (4.1) on taking g = In f.
Let g : [a,b] — R be an absolutely continuous function on [a,b]. If we take
®:R —(0,00), ¢ () = expx in the inequality (2.1) then we have the inequality

exp {(%@g(agibﬂ)g(b)]

exp{b af gt dt}

= (Z—_ac;2 /ab (tia/:eXp[(a—t) (s )]ds) dt
’ (:;)2 /ab<bit/tbe’{p[(bt)g’(s)}ds> dt.

Moreover, if we assume that there exists the constants v and I' such that

(4.3)

(4.4) v < g (s) <T for almost every s € [a, b]

then

/ exp|(a—1t)g' (s)]ds </ exp[(a —t)~]ds
= (t—a)exp((a—1t)]
and

b b
/texp[(b Bg ()]ds</t exp[(b— #)T] ds
— (b—t)exp[(b—1)T].
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Therefore

and

We can state the following proposition:

PROPOSITION 5. Let g : [a,b] — R be an absolutely continuous function on

[a,b] . If we assume that there exists the constants v and T' such that (4.4) holds
true, then

exp [(m—a)g(ab)j-éb—z)g(b)}

exp [ﬁ fab g(t) dt}

< () (i)
for any x € [a,b].

(4.5)

Let g : [a,b] — R be an absolutely continuous function on [a,b]. If we take
®:R —(0,00), ¢ (z) = expx in the inequality (2.21) then we have the inequality

exp [(r—a)g(ab)jéb—r)g(b)

exp [ﬁ ff g(t) dt]

If we assume that there exists the constants v and I" such that (4.4) holds true,
then

(4.6)

} < blalbexp<<t—w>g'<t>>dt.

b
/ exp ((t — ) g/ (1)) dt
b

= [[ewe-ag @a+ [ ew(@-o0d @)
exp((t—x)*y)dt—&—/ exp ((t —=)T)dt

x

L_ep(r@-a)  expb-a)

x

<

S~

1
5 v I r

We can state then the following result:

PROPOSITION 6. Let g : [a,b] — R be an absolutely continuous function on
[a,b] . If we assume that there exists the constants v and T' such that (4.4) holds
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true, then

exp [(x—am(agib—x)g(b)}

exp [ﬁ ff g(t) dt}

ceplb-2) 1. 1 exp(=y(z—a)
- Tr ' ~ v ’
for any x € [a,b].

(4.7)

The interested reader may state some similar inequalities by using the convex
function ® : R — (0,00), ® (z) = cosh (x) := % The details are omitted.
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