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BOUNDS FOR CONVEX FUNCTIONS OF CEBYSEV
FUNCTIONAL VIA SONIN’S IDENTITY WITH APPLICATIONS

S. S. DRAGOMIR!:2

ABSTRACT. Some new bounds for the CebySev functional in terms of the
Lebesgue norms Hff ﬁ fff(t) dtH[ . and the A-seminorms ||f||ﬁ =
a,b],p

1
(f; ff lf @) — f(s)P dtds) P are established. Applications for mid-point and

trapezoid inequalities are provided as well.

1. INTRODUCTION

For two Lebesgue integrable functions f,g : [a,b] — R, consider the Cebysev
functional:

b b b
) =gy [ rwea o [ [ gt

In 1935, Griiss [7] showed that

1
(1.2) IC(f.9)l < 7 (M —m) (N —n),
provided that there exists the real numbers m, M, n, N such that
(1.3) m<f({t)<M and n<g()<N forae. tE€]la,b.

The constant i is best possible in (1.1) in the sense that it cannot be replaced by
a smaller quantity. i}

Another, however less known result, even though it was obtained by Cebysev in
1882, [5], states that
(14) CU 9] < 75 1 ol (b~ )
provided that f’, g’ exist and are continuous on [a,b] and || f'||, = sup,ejq4 [f' ()]
The constant ﬁ cannot be improved in the general case.

The Cebysev inequality (1.4) also holds if f,g : [a,b] — R are assumed to be
absolutely continuous and f’,g" € Lo [a,b] while || f']| = esssup,e(q ) [ ()] -

A mixture between Griiss’ result (1.2) and Cebysev’s one (1.4) is the following
inequality obtained by Ostrowski in 1970, [12]:

(15) CU9)l < 5 (b—a) (M —m) ...
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2 S.S. DRAGOMIRY2

provided that f is Lebesgue integrable and satisfies (1.3) while g is absolutely con-
tinuous and ¢’ € L [a,b]. The constant & is best possible in (1.5).

The case of euclidean norms of the derivative was considered by A. Lupas in [9]
in which he proved that

(1.6) C(f9)l < %Hf’llzllg’llz(b—a%

provided that f, g are absolutely continuous and f’, g’ € Lz [a,b]. The constant
is the best possible.
Recently, P. Cerone and S.S. Dragomir [1] have proved the following results:

N
dt> |

b
0 - 5 [ 1)ds

1 b
L7 |C(f9)l < infllg—ll, 5— (/

wherep>1and1%—|—%:10rp=1andq:oo,and

1 I
. < i — . _
(1.8) 1C(f.9) _ngﬁllg ol b_aesstgml f(t) b_a/a f(s)ds|,
provided that f € L,[a,b] and g € L [a,b] (p > 1, %4—% =1;p=1,¢g=oc0or

p=00,q=1).
Notice that for ¢ = co,p = 1 in (1.7) we obtain

b
£t~ b%/ £ (s)ds| dt

1 b
. < i — N
19 Gl <itlo- e 5= [

1 b
<Nl 5

and if g satisfies (1.3), then

dt

b
0 - [ F)as

b
f(t)—ﬁ/ £ (s)ds| dt

1 b
. < i — —
(110) (0ol < intlla e = [

n+ N 1 /b
g 2 w b—al/,

1 1 b
Z(N—=n) ——
2( n) bfa/a

The inequality between the first and the last term in (1.10) has been obtained by
Cheng and Sun in [6]. However, the sharpness of the constant %, a generalization
for the abstract Lebesgue integral and the discrete version of it have been obtained
in [2].

For other recent results on the Griiss inequality, see [8], [10] and [13] and the
references therein.

In this paper, some new bounds for the Cebysev functional in terms of the
Lebesgue norms Hf — ﬁ f;f(t) dt - and the A-seminorms are established.
a,b],p

Applications for mid-point and trapezoid inequalities are provided as well.

dt

10 -5 [ 1)

dt.
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2. SOME RESULTS VIA SONIN’S IDENTITY

The following result for convex functions of Cebysev functional holds:

Theorem 1. Let f,g : [a,b] — R be Lebesgue integrable functions on [a,b]. If
P : R — R 25 convex on R then we have the inequality

b b
(21) q’[C(f,g)}Sbia;rel%/ <I>l<f(x)b_la/ f(t)dt> <g(z>x>] o

5 inf / / @) (g(z) —\)]dtdz.

2 XeR

Proof. Start with Sonin’s identity [11, p. 246]

b b
Clro) =5 | (f(w)—b_la/ f(t)dt> (9(2) ~ \) do

that holds for any A € R.
If we use Jensen’s integral inequality we have

b b

2(C(f.9) = @[bi/ (fmbi@/f(t)dt)@(z)wx]
b b

bia/a<bl<f<x>— : dt)@(@—ﬂ]dx

- i @[bia/ [(f(x)—f(t))(g(w)—/\)]dt]dx

boopb
(b_laf/ / O [(f (x) = f (1) (9 (x) = N)] dtd
for any A € R.

Taking the infimum over A € R we deduce the desired inequalities (2.1). O

IN

IN

Remark 1. If we write the inequality (2.1) for the convex function ® (x) = |z|" ,p >
1 then we get the inequality

(2.2)

1 b 1 b P , 1/p
c<f,g>|s(b_)1/pigﬂg{/ f(x)—m/a 7@t 19 (@)~ dx}

1/p
= (b— 2/p irénfg{/ / f (= )" g (sc)M”dtda:} _




Utilising Holder’s integral inequality we have

/

b p
f@)- 5 [ 10 9 -\ ds

p
esssubeun | (@) = 55 [1 f (0)d]

X f: lg (x) — AP dz

(s - sts
X (ff|g(:c) —)\|padx)

IN

B 1/8
t)d4 dm)
1/

es5SUDe0y 9 () — AP
b b
< Jo [f (@) =525 [,

p
f-i i wa

p
t)dt‘ dzdz

lg = A% 41

—\IP
[a,b],pﬁ ||g ||[a7b]7pa

— P
[a,b],p ||g ||[a’b]’oo
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if fe Lola,b],g9€ Lyla,bl];

if feLpgla,b],g9 € Lpa[a,]
a>1,1/a+1/8=1;

it feLyla,bl,9€ Lo [a,b];
f € Lxla,b],g € Lyla,b];

iff S Lpﬂ [a,b],
g € Ly [a,b],a>1,
1l/a+1/8=1;

if felL,lab],
g € Lo [a,b].

Utilising the first inequality in (2.2) we can state the following result:

Theorem 2. Let f,g: [a,b] — R be Lebesgue measurable functions on [a,b]. Then

(2.3) 1C(f,9)]

infer [|g — Al f— 5=

[a,b],p

1
S b—a

[a,b],pa

infyer [|g — Al

[P (t)dt
=

infac 9~ Moo |/ — 72

f € L [a,b],
g€ Ly,la,b];

la,b],00

if f € Lpgla,b],

g € Lpa [a,b],
a>1,

1l/a+1/8=1;

I

£(t)dt

[a,b],pB

if feLyla,b],
g€ Ly la,b].

[P r@)dt

[a,b],p

We have the following particular cases of interest:
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Corollary 1. Let f,g: [a,b] — R be Lebesgue measurable functions on [a,b]. Then

1
24 1S
1 b 1 b f € L [av b} )
-1 t) dt — t)dt
Hg b—a fa g( ) [a,b],p f b—a fa f( ) [a,b],00 g < Lp [a, b] ;
if f € LPB [CL,b]a
1 b 1 b g€ Lpa [aa b] ’
- t) dt — t)dt
X Hg b—a fa g( ) [a,5],pax f b—a fa f( ) [a,b],p8 o > 1,
lja+1/B=1

if f€Lyla,b],
[a,b],p g€ LOO [aa b] .

Hg—ﬁffg(t)dt

- wa

[ab],
If one function is bounded, then we can state the following result:

Corollary 2. Assume that f,g : [a,b] — R are Lebesgue measurable functions on
[a,b] . If there exists the constant n, N such that n < g(t) < N for a.e. t € [a,b],
then

(25) 1C(f9l <5 (N -n)
Hf—ﬁfff(t)dt . f € Luola,b],
X if f € Lpgla,b],
x4 b |- L f @ at a1,

@IS a4 1/B = 1;

o [ - @ i e Lylat).

Proof. We observe that

1
n+ N b n+ N|P /P
9- 3 = g(t) = —5—| dt
[a,b],p a
1/p
b . P
< </ <N n> dt) =),
o 2
1/pa
n+ N b n—+ N|P¢ /P
93 = 9t) —— dt
[a,b],pax a
< N_n(b—a)l/pa
2
and
HgnJrN San
2 [a,b],00 2

Utilising (2.3) we deduce the desired result (2.5). O
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When one function is of bounded variation, then we can state the following
result:

Corollary 3. If f : [a,b] — R is Lebesgue integrable and g : [a,b] — R is of bounded
variation, then

(2.6) |C(f,9)l
Hf—ﬁfff(t)dt b f€ Lo [a,b],
’ if f € Lyga, 0],
<IN @ % g || - o 10 7 0 s

[a,b],pB 1/0[+1/6:1,

b .
(b_;)l/p f-= bia fa f (t) dt” if f e Lp [aa b] )
[a,b],p

b
where \/ (g) is the total variation of the function g on the interval on [a,b] .
a

Proof. Since g : [a,b] — R is of bounded variation, then for any ¢ € [a, b] we have

‘g(t) B g(a);rg(b)’ _ ‘g(t) —9(a) ;g(t) —9(b)
1 1’
<5lg®) —g(a)l+lg() —g @)l = 5\/(9)
Then
1/p
g(a)+g(b) ’ g(@)+g ()|
Hg - 2 [a,b],p N </a g (t) - 2 dt)
b 1 b p 1/p 1 b X
< (/a (2\Z(9)> dt) = §\a/(g)(b—a) ",
b
and
g(a) +9(b) Ly
Hg - f [a,b],00 = 5 \./ (g) '
Utilising (2.3) we deduce the desired result (2.6). O

For functions h that are Lipschitzian in the middle point with the constant LQTH)

and the exponent ¢ > 0, i.e., satisfying the condition

o (259

for any ¢ € [a, b], we have the following result as well.

a+bl?

2

b
a+ i
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Corollary 4. If f : [a,b] — R is Lebesque integrable and g : [a,b] — R is Lip-
schitzian in the middle point with the constant Latv and the exponent ¢ > 0, then
2

2.7) 1C(f9)l

(b—a)" S W
24 (gp+1)1/P f b—a fa f (t) dt [a,b],00 J €L [av b} ’
if f € Lpga,b],
(b_a)4171/p5 b
SLa;bX W f_ﬁfaf(t)dt O[>1,

wblpl 1 /a4 1/8 = 1;

e = f @t if f €Ly [ab).

[a,b],p
Proof. We have

1/p
a+b b a+b\|"
23) Hg—g( ) =</ s0-9("5) dt)
[a,b],p a
b qp 1/p
g(/ [P dt>
a 2
1/p
b qp
Lab</ poat?l dt) .
2 o 2

Observe that

1/p

atb ap b ap
/ <a+b—t> dt+/ (t—a+b> dt>
@ 2 atb 2

1/p 41 b

b qp a+b\49P

b t— 42

2/ (ta+ ) dt = 2%
agb 2 ap+1

a+b
2

1/ 1
o R N ) W e i
qp+1 29 (qp+1) 29 (qp +1)"/*

1/p

<
g
|

Then by (2.8) we have

_\gt1/p
Hg_g(a+b) <p, Dm0
2 lapp ~ F 20(gp+1)YP
Also ,
b b—a)’ti/Pe
Hgg<a+ ) <Lu, O
2 [a.b] pox 24 (gpa+1)7"
and .
a+b (b—a)
o= ()], 5 22
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Utilising the inequality (2.3)

1
IC(f,9)] < oo
b
Hg g( b)”ab _ﬁfaf(t)dt [a,b],00 fGLOO[a7b]7
b iffELpg [a,b],
X Hg g( )||abpa fﬁﬁfaf(t)dt b a>17
b ot 1/8 =1
lo =9 (5 i | F = 22 S F O] 6 f e Lylant).
1
<———Lan
(b— a)l/p p)
(b—a)9t1/P 1 b
24 (gp+1)1/P f b—a fa f (t) dt [a,8],00 f €Ll [a" b] )
if f S Lpg [CL, b] s
_ a4t/ pa b
XS e £k o £ (D dt . a>1,
s e+ 1/8 = 1;
—a b .
Gl N f— o [P f(t) dt ol if f € Lyab].
b—a)? b
sy |1~ fl Tl feLalat],
B iffGLpﬁ [a,b],
= Lass X 253;:)111)3; f—s [P f ()t s a>1,
2 i w7 1+ 1/8 =1
—aq)i"1/p b .
| skl wa e Ly,

and the inequa

lity (2.7) is proved.

Remark 2. If the function g is Lipshitzian with the constant L > 0, then

(2.9 |C(f9)
o |[f ~ma S Od S e Lo,
if f e Lpﬁ [a7b] )
(bia)lfl/:DB 1 b
< [ e | P U
L x 2pat1)i/re f b—a fa f@)dt [a,b],pB l/a i 1>/;’: 1:
_a)l—1/p b ;

B AL R S AL R
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3. A-SEMINORMS AND RELATED INEQUALITIES

For f € L, [a,b] (p € [1,00)) we can define the functional (see [3] and [4])

b b %
(3.1) 171l = (/ / f(t)f(S)Ipdtd8>

and for f € Ly [a,b], we can define

(3.2) IfIIS ==ess sup |f(t)— f(s)].

(t,s)€[a,b]?
If we consider fa : [a,b]® — R,

then, obviously

A
£l = lfall,, pell,o0],
where ||-[|,, are the usual Lebesgue p-norms on [a, b)°.

Using the properties of the Lebesgue p—norms, we may deduce the following

semi-norm properties for ||H§ :
(@) [If]5 > 0for f € L, [a,b] and [|f||5 = 0 implies that f = c (c is a constant)
a.e. in [a,bl;

(@) lf +gll, < IFl, + llglly it .9 € Ly [a,0];

(@id) llafll, = lal £, -

We call H||§ as A-seminorms.

We note that if p = 2, then,

b b
(3.3) ||f|§</ / (f(t)f(s))Zdtds>

b 2
— V3 (b o) IfI - (/ f(t)dt>

Using the inequalities (1.2), (1.4) and (1.6), we obtain the following estimate for

A
[Py

1
2

1
2

[S

2(M—-m)(b—a) if m<f<M;

(3.4) 715 <3 31 e b—a)® if [ € Loo[a,b];

ZIfl, -0t i f € Lalab],
since
A 1
IFlz = V20 -a)[C(f.)]*.
If f : [a,b] — R is absolutely continuous on [a, b], then we can point out the following
bounds for ||fH§ in terms of || '] ..

Theorem 3. Assume that f : [a,b] — R is absolutely continuous on [a,b].
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(1) If p € [1,00), then we have the inequality

22 oy i e Lol
[(p+1)(p+2)] 7
(26°)7 (b-a) P ¥
(3.5) 11 < —Hf’H if f'€Lala,b],
[(p+8)(p+28)]P
a>1, s +5=1
2 .
(b—a)* [l if f €Lifab].
(i¢) If p = oo, then we have the inequality
(b—a)[lf'le if f €Lcla,b;
L .
(3.6) 715 <S8 G=a) If | if f €Lalab]l, a>1, L+l=1
11, -

The following result of Griiss type holds, see [4]:

Theorem 4. Let f,g
inequality:

(3.7) IC(f,9)] <

2(b—a)

: [a,b] — R be measurable on [a,b].

Then we have the

A A
5 111 gl

wherep=1,q =00, orp>1, %—I—% =1o0rq=1 and p = oo, provided all integrals

involved exist.

The inequality is sharp in the sense that if we take f (z) =

with a = aT'H’, equality results.

Making use of the double integral inequality

1
(3.8) IC(fyg)I_(b 2/M€R{//|f

g (@) = sgn (v —a)

1/p
O lg () = A dtdw} :

obtained in (2.2) we can state the following result as well:

Theorem 5. Let f, g

1C(f:9)]

. A
a7 ek 19 = Mg ) 1115

(3.9)

IN

. A
(b_a)l}erl/pﬁ infxer [lg — /\H[a,b],pa Hf”p/g

. A
(b,;)zﬁp infrer [lg — )‘H[a,b],oo ||f||p

: [a,b] — R be Lebesgue measurable functions on [a,b] .

Then

if f € Loo [a,0],
g€ Lyla,b];

fo S Lpg [a,b],
g € Lyo [a, ]
a>1,1/a+1/8=1;

if f € Lpla,b],
g € Lo [a,b].
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Proof. Utilising Holder’s inequality for double integrals, we have

//|f 1o () -

IN

< (1715)" =)' g = I

AP dtdz
ess sup(x y)E[a b]z |f (z) = f @)
xf f lg ( |pdtdl’

1/B
ane )|pﬁdtdx)

AP dtdax) Y

< (fi J2 19 @)

€SS Supme a b |g( ) )\|P

X [P0\ f () = f ()] dtdz
(1712)" (b—a)\lg—AHfa,m,p

AP «
(1715)" 6 =) llg = Al 41

lg =M, 0 (17115)

p
(1712)" 6 = a)llg = ME,

AP
lg = A, (117)

A p
i (1712) g = A,

A P
=3 ot (17155) N9 = A

AP
e g = Mg, (17117)

[a,b],p

if f e Lo la,b],
g€ Lyla,b];

iff S Lpg [a,b],
g € Lpq [a,b]
a > 1,1/a+1/ﬁ:1;

if feLyla,b],
g € Lo [a,0];
if f € Lo |[a,b],
geL;D[avb};

if fe Lys [a,b],
g € Lpo [a, D]
a>1,1/a+1/8 =1,

if f € Lpla,b],
g € Lo [a,b].

if f€ Ly a,b],
g€ Ly,la,b];

iff S Lpg [a,b],
g € Lpo [a,b]
a > 1,1/a+1/ﬂ:1;

if feL,ab],
g € Lo [a,b].
if f € Lo [a,b],
g€ Ly,la,b];

iff S Lpﬁ [a,b],
g € Lypa [a,]]
a > 1,1/a+1/ﬂ=1;

if feL,la,b],
g € L la,b].

Taking the power 1/p and then the infimum over A € R, we get the desired result

(3.9).

O
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Some particular cases of interest are as follows:

Corollary 5. Let f,g: [a,b] — R be Lebesque measurable functions on [a,b]. Then
(3.10) |C(f,9)l

if f € Ly |a,b],
=IO TS J 10 b 0l

geLp[a,b];

1
(b—a)l/P

R if f € Lypgla,b],
X I£115 9 € Lpaa,b]
[a,8].pe a>1,1/a+1/8=1;

IN

b
m Hg — 52z Ja 9 () dtH

if f€Lyla,b],
g € Looa,b].

1

(b—a)?/?

b A
= R ICL A =

The case when one function is bounded is as follows:

Corollary 6. Assume that f,g : [a,b] — R are Lebesgue integrable functions on
[a,b] . If there exists the constant n, N such that n < g(t) < N for a.e. t € [a,b],
then

(3.11) C(f,9)
”f”A fo € L [avb} y
0 g€ Lyla,b];
1 N if f € Lpgla,bl,
< §(N—")>< WHJCHP@ 9 € Lpa la, b]

a>1,1/a+1/8=1;

iy TIE L e
G-y Wy e p la,b].

Proof. From (3.9) we have
(3.12)  [C(f.9)

1 N+n A lffeLOO [a,b]a
(b_”’)l/p ||g N 2 H[(Lb],p ||fHOO g S Lp [a, b] N
) Nin A if f S Lpg [a, b] s
< (b—a)l/Pt1/rB Hg T2 H[a,b],pa ”f”P,B S Lpa [a’ b]

a>1,1/a+1/8=1;

1 ||g_ N+n” ”fHA iffeLp [avb]’
(b—a)*/? 2 la,b00 17 1Ip g € Lo [a,b].
Since
R I
2 [a,b],p 2
Hg_n‘;N §N2_n(b—a)1/pa
[a,b],pcx
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and

n+ N
977

[a,b],00
then by (3.12) we get (3.11). O
The case when one function is of bounded variation, is as follows:

Corollary 7. If f : [a,b] — R is Lebesgue integrable and g : [a,b] — R is of bounded
variation, then

(3.13) IC(f.9)
”f”A foELoo [a'7b]7
oo g€ Lyla,b];
1 b foeLpﬁ[aab},
S IV@x] s IS g€ Lynlad

a>1,1/a+1/8=1;

el E e A
a7 Wl e L lab].

Proof. From (3.9) we have

(3.14) |C(f,9)]

1 g— g(a)+9(b)H HfHA if f € Loo [a,0],
(b—a)'/? 2 [ablp g€ Lyla,bl;
if f S Lpg [a,b] R
<\ Gt o - 10| il € Llod
ahhper a>1,1/a+1/8=1;
1 g-— g(a)+g(b) ‘ Hf”A if feL, [a, 0],
(b—a)?/? 2 (abl00 P g € Loo[a,b].
Since
b
gla)+g(b 1
W— WO <\ e-a
[a,b],p a
b
g(a)+g(b 1 a
lo- 2920 <V g -0
[a,b],pa a
and
b
g(a)+g(b 1
e !
[a,b],00 a

then by (3.14) we get the desired result (3.13). O
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Corollary 8. If f : [a,b] — R is Lebesque integrable and g : [a,b] — R is Lip-
schitzian in the middle point with the constant Latv and the exponent ¢ > 0, then
2

(3.15) 1C(f,9)]

(b— a)q ||f|| fo S LOO [aab]a
(qp+1)1““ g€ Lyla,b];
1 (b—a)a—2/P8 if f € Lys [a, ],
< gelage X { (arree 1115 9 € Lpa [a, 0]

a>1,1/a+1/8=1;

(b— a)q_2/p ||f||ﬁ ;féf Eoffa[»ab,]é] ’

Proof. From (3.9) we have
(3.16) [C(f,9)|

1 lg— g (et A if f € Lo [a,t],
(b,a)l/p Hg g( 2 )H[a,b],p Hf”oo g€ Lp [a,b];
A iffELpﬁ [a,b],
= m g = 9 (%5%) 10,61 |11 9 € Lpa[a, 0]
a>1,1/a+1/8=1;
1 a+b A lffGL [aab]a
—ay/? Hg —g(*) H[a,b],oo 171l g€ Lo I[)a,b].
Since
+b q+1/p
fo=s ()., =222
[a,b],p 29 (qp + 1)
b q+1/pa
Hgg<a+ ) SLa+b4( Y 1/pa
2 la,b],pc 224 (qué+1) p
and
_ .\
Hg_g(a—i—b) SLL(b a) ,
2 la,b],00 2 24
then from (3.16) we deduce the desired result (3.15). O

Remark 3. If the function g is Lipshitzian with the constant L > 0, then
(3.17) 1C(f.9)]

(p+1)1/p Hf” fo € Lo [CL, b] )
1 )L-2/p8 if f € Lyg|a,b]
< Z (b—a) /"7 pB 1% V]
>~ 2L>< (por‘rl)l/pa ||f||p/j’ Oé>1,1/0[—|—1/6=1,
(b=a)' " PIfly i f € Lyla,t].
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4. APPLICATIONS FOR MID-POINT INEQUALITIES

Consider the absolutely continuous function h : [a,b] — R. We have the following
well known representation

a+b I I
h - h(t)dt = K (t)h' (t)dt
(“37) - 52 [ e =2 [ w@wwa
where the kernel K : [a,b] — R is defined by

t—a ifte [a,“T“’];

K (t) =
t—b ifte (£,
Since fab K (t)dt = 0, then

1
b—a
Utilising the inequality (2.4) we have

/bK(t)h’(t)dt:C(K,h’).

a+b 1 b
4.1) |h — h(t)dt
an o () -5 [ e
h(b)—h(a)
HKH[a,b],p b — " b—a [a,b],00 h e Loo [a, b] )
if b’ € Lys(a,b],
< Ky | - 0@ a1,
(b—a)'/? o thpe e a8 _ 1.
1/0{ + 1/5 - 17
1K g [ = B0 w1y fat]
Observe that, for ¢ > 0 we have
[ b 1/q
1K g = /IK@Wd4
: a+tb b 1/q
2
= / (t_a)th+/+b (b—t)thl
[/ =
atb b 1/q
I N S T () K
B q+1 g+1 |,
2
1/q
GO R G i R e R
g+l q+1 2(q+ 1)V
Then
(b_a)1+1/p (b_a)l-i-l/pa
K = L, i/’ a o« -, d/pa’
Ky = 5 i Wtz = 5

We also have )
||K||[a,b],oo D) (b—a).
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Making use of (4.1) we get

a+b 1 b
4.2 h - — h(t)dt
(1.2 (%) - 52 [ no
b— 1 _ h(b)—h(a) /
W h b—a la,b],00 e LOO [a’ b] ’

i B € Lygla,b],
< (bia)l—i/zﬂﬁ r_ h(b)—h(a) o >pq7[ ]
= 2(pat1)1/Pe b—a [a,b],pB a+1/8=1;

Lo—a) - 2 if b € L, [a,b].
[a,b],p
For p = 1 we get the simpler inequalities
(4.3) Y —l/bh(t)dt
’ 2 b—a /,
Lo a) b - 2k S NS
<
Lo a) b - 2yt TR €Dl
a,b],p
Utilising the inequality (2.5) we have
(4.4) p(eEly o L bh(t)dt
’ 2 b—a/,
1 a6,
1 1 a>1,
Si(F*V) X mllKH[a,b],pﬁ 1Ja+1/8=1;

m 15 (0,4,

provided that v < k' (¢t) < T for a.e. t € [a,b].
Utilising the above calculations we then have:

a+b 1 b
4.5 h - h(t)dt
(15) (52) - 52 [ nw
3 (b—a)
1 (bfa)1+1/pafl/p/3 o > ]_,
< 5(1—‘_7) % 2(pa+1)t/re l/a+1/8=1,
b—a
2(p+1)1/P

provided that v < A/ (¢t) < T for a.e. t € [a,}].
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In particular, for p = 1 in the third inequality in (4.5) we have

a+b 1 b
h - — h(t)dt
< 2 ) b—a a ()

(4.6) <z T =7)(b-a),

1
8
).

which is the best inequality one can get from (4.5
If we use the inequality (2.6) and assume that b’ is of bounded variation on [a, ],

then
a+b 1 b
4.7 h —— | h(t)dt
(@7 CHE=TAL
% (b - CL) )
b
1 , (b—a)tt1/Po—1/pB a>1,
S5\/(]1)>< 2(pa+1)t/Pe 1/a+1/8=1;
b—a
2(p+1)'/7”

From the last inequality in (4.7) for p = 1 we get

n (A0S L ar
CYR=IAL

If we use the inequality (2.9) and assume that A’ is Lipschitzian with the constant
U > 0 then

a+b 1 b
h - — h(t)dt
(537) 5 [ o
In particular, we get for p =1

n (A L ar
CYR=TAL

5. APPLICATIONS FOR TRAPEZOID INEQUALITIES

1 b
<=0\ ).

(b—a)?
(p+1)1/7?

=

(b_a)Zfl/pﬁJrl/pa

1
(4.8) <U X 1 Gageme

< (b—a)U.

Consider the absolutely continuous function A : [a,b] — R. We have the following
well known representation

hp) +hia) 1 /bh(t)dt: ! /bva)h’(t)dt

2 b—a b—a
where the kernel V' : [a,b] — R is defined by
V)=t - 20

2
Since fab V (t) dt = 0, then

1
b—a

/bV(t)h’(t)dt:C(V,h’).
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Utilising the inequality (2.4) we have

S.S. DRAGOMIRY2

h(b)+ h(a) 1 b
51 - h(t) dt
(5.1) 5 bia/a (t)
1Vl W~ 25 W € Loofat,
1 if h/ € Lpﬁ [a‘v b] ’
< 1 \1/p x ”V”[a,b],pa n - W a>1,
(b—a) @HP8 o+ 1/8 =1,
||V||[a,b]7oo ‘ h/ _ W [a b] ) 1f hl c Lp [a,b] )

Observe that, for ¢ > 0 we have

[ b 1/(1
Whana = |/ |V<t>|"dt]
a atb 1/q
= fa+b a b a+b\?
= —t) dt t— dt
/a ( 2 ) +/H;b < 2 )
1/q
b q
b
- 2/ <t“+ > dt
a+b 2
L 2
205" -
B I q+1 _Q(q_,_l)l/tf
Then
(b_a)1+1/p (b_a)1+1/p(l
||V||[a,b},p T Nijp’ HVH[a,b],pa = ijpa’
2(p+1) 2(pa+1)
We also have
1
IV1la,b),00 = 5 (b—a).
Making use of (5.1) we get
h(b) + h(a) 1t
5.2 - h(t)dt
(5.2 e e
b—a r_ h(b)—h(a) /
2(p+1)1/1j h b—a [a,b],oo h € Loo [a’?b]7
it h' € Lygla,b],
<) o= hb) ) a;ﬁ[ ]
- 2(pa+1)1/p°‘ b—a [a,b],p3 1 ’7 )
Ja+1/B=1
1-1 h(b)—h(a .
Lo—a)' 7V |p — bl ha) i if h' € Ly [a,b].
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For p =1 we get the simpler inequalities

h(b) + h(a) 1 /b
. - h(t) dt
(5.3 o [
O e e AN
. )
%(b—a)’h’—% oy, TR € Lifad].
a,0f,p

Since the p-norms of the kernel V' are the same as of K, then we can state the

following results as well.
If v <k (t) <T for a.e. t € [a,b], then we then have:

h(b) +h(a) 1 b
A4 - h(t)dt
(54) e
2(b-a)
1 (b—a)tt1/Po—1/pB a>1,
< Q(F—W) X 2(pa+1)t/7e 1/a+1/8=1;
b—a
2(p+1)t/7”

In particular, for p = 1 in the third inequality in (5.4) we have

h(b) + h(a) 1 /b 1
. — h(t)dt) <= (T — b—
(55) i [ o) < 5= p-a),
which is the best inequality one can get from (5.4).
If 1’ is of bounded variation on [a, b] , then
h(b) + h(a) 1 /b
. — h(t)dt
(56) = [ no
$(b—a),
b
1 , (b—a)lt1/Pa—1/pB a>1,
<V X Seamme a4 1/8=1:
b—a
2(p+1)/P"

From the last inequality in (4.7) for p = 1 we get

b
(5.7) h(b)—;hm)—bia/h(t)dt

<

ool —

b
(b—a)\/(1).
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Assume that A’ is Lipschitzian with the constant U > 0 then

1 (b—a)2
4 (p+n)t/r?

(b—a)2~1/PB+1/pa
(part 1)/

=

1 (b—a)2
4 (p+n)t/re

In particular, we get for p =1

h(b)+h(a) 1 /bh(t)dt

1
(5.9) <lo-aru

2 b—a

Some similar inequalities may be stated in terms of the A-seminorms. However
the details are omitted.

6. SOME EXPONENTIAL INEQUALITIES
We can state the following result:

Theorem 6. Let f,g : [a,b] — R be Lebesgue integrable functions on [a,b]. If
P : R — R is conver and monotonic nondecreasing on R then we have the inequality

o [ (Wuﬂdz.

Proof. From Theorem 1 we have

(6.2) @[C(f9)]

b b b
<)o Oﬁﬂ—biaé.ﬂﬂﬁ><ﬂw—ﬂu+biallﬂwﬁ>1m

for any p € R.
Utilising the elementary inequality

2
s ()

(6.1) [C(f,9)] <

that holds for any «, 8 € R, we have

b b
(6.3) O@—JW/HMOG@%%+Jﬁ/f@@
f(x) +g(x) 2
< (F )

for any x € [a,b].
Since ® : R — R is monotonic nondecreasing on R then

b b
Qm—dgffmﬁ>G@—m+¢;/f®ﬂﬂ
§¢l<f@);9@)ﬂ>]

(6.4) )
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for any x € [a,b].
Integrating (6.4) over z in [a, b] and taking the infimum over y € R, we deduce
the desired result (6.1). O

Remark 4. Writing the inequality (6.1) for ® : R — R, ® (z) = expx we have
b 2
inf / exp <f<z>+9<z> _ N) d.

b—a pe 2

(6.5) exp [C(f,9)] <

This inequality can provide some exponential inequalitis as follows.
Assume that f : [a,b] — R is Lipschitzian with the constant L > 0 and g :
[a,b] — R is Lipschitzian with the constant K > 0. Then by taking

_ () +9 (%5

2
we have
T T ath atby)?
(6.6) (f();‘g()_f(z);g(z)
L+K\’ a+b\°
<(55) (=%

and by (6.5) we have

(6.7) exp[C(f,g)}gia/abexp <L2K>2<x—“;b>2 dz.
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