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INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
h~-CONVEX FUNCTIONS ON LINEAR SPACES

S. S. DRAGOMIR!:2

ABSTRACT. Some inequalities of Hermite-Hadamard type for h-convex func-
tions defined on convex subsets in real or complex linear spaces are given.
Applications for norm inequalities are provided as well.

1. INTRODUCTION

The following inequality holds for any convex function f defined on R

L)) (b—a)f <“+b> /f yiz < (h—a)lQESO) R

2 )

It was firstly discovered by Ch. Hermite in 1881 in the journal Mathesis (see [41]).
But this result was nowhere mentioned in the mathematical literature and was not
widely known as Hermite’s result.

E. F. Beckenbach, a leading expert on the history and the theory of convex
functions, wrote that this inequality was proven by J. Hadamard in 1893 [5]. In
1974, D. S. Mitrinovi¢ found Hermite’s note in Mathesis [41]. Since (1.1) was
known as Hadamard’s inequality, the inequality is now commonly referred as the
Hermite-Hadamard inequality.

For related results, see [10]-[19], [22]-[24], [31]-[34] and [44].

Let X be a vector space over the real or complex number field K and z,y €
X, = # y. Define the segment

[z,y] = {1 —t)z +ty, t €[0,1]}.
We consider the function f : [z,y] — R and the associated function
9(z,y) - [0,1] = R, g(z,y)(t) := fI(1 = t)z +ty], ¢ € [0, 1].

Note that f is convex on [z,y] if and only if g(x,y) is convex on [0, 1].
For any convex function defined on a segment [z,y] C X, we have the Hermite-
Hadamard integral inequality (see [20, p. 2], [21, p. 2])

(1.2) f(mJ’y) /f 1—t)x+ty]dt<w,

which can be derived from the classical Hermite-Hadamard inequality (1.1) for the
convex function g(z,y) : [0,1] — R.
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Since f(x) = |jz||” (r € X and 1 < p < o0) is a convex function, then for any
x,y € X we have the following norm inequality from (1.2) (see [45, p. 106])
p 1 p p
(1.3) 2yl o / (1 = )z + ty||Pdt < w
0

Motivated by the above results, in this paper we extend the concept of h-
convexity introduced for functions of a real variable in [51] to functions defined
on convex subsets of real or complex linear spaces and provide some Hermite-
Hadamard type inequalities generalizing and improving (1.2). Natural applications
that refine the norm inequality (1.3) are also given.

2. h-CoNVEX FUNCTIONS ON LINEAR SPACES

We recall here some concepts of convexity that are well known in the literature.
Let I be an interval in R.

Definition 1 ([36]). We say that f : I — R is a Godunova-Levin function or that
f belongs to the class Q (I) if f is non-negative and for all z,y € T and t € (0,1)
we have

(21) Flte+ (1 =0)9) < S @)+ 1/ )

Some further properties of this class of functions can be found in [27], [28], [30],
[42], [45] and [46]. Among others, its has been noted that non-negative monotone
and non-negative convex functions belong to this class of functions.

The above concept can be extended for functions f : C C X — [0,00) where C
is a convex subset of the real or complex linear space X and the inequality (2.1) is
satisfied for any vectors z,y € C and ¢ € (0,1). If the function f: C C X — R is
non-negative and convex, then is of Godunova-Levin type.

Definition 2 ([30]). We say that a function f : I — R belongs to the class P (I)
if it is nonnegative and for all x,y € I and t € [0,1] we have

(2.2) fle+A=t)y) < f(z)+f ().

Obviously @ (I) contains P (I) and for applications it is important to note that
also P (I) contain all nonnegative monotone, convex and quasi convex functions, i.
e. nonnegative functions satisfying

(2.3) [tz 4+ (1—t)y) <max{f(z),f(y)}

forall z,y € I and t € [0,1].

For some results on P-functions see [30] and [43] while for quasi convex functions,
the reader can consult [29].

If f:CC X —[0,00), where C is a convex subset of the real or complex linear
space X, then we say that it is of P-type (or quasi-convex) if the inequality (2.2)
(or (2.3)) holds true for z,y € C and t € [0, 1].

Definition 3 ([7]). Let s be a real number, s € (0,1]. A function f : [0,00) — [0, 00)
is said to be s-convex (in the second sense) or Breckner s-convex if

flte+(1-t)y) <t°f(z) +(1-1)°f(y)
for all z,y € [0,0) and t € [0,1].
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For some properties of this class of functions see [1], [2], [7], [8], [25], [26], [37],
[39] and [48].

The concept of Breckner s-convexity can be similarly extended for functions
defined on convex subsets of linear spaces.

It is well known that if (X, |-||) is a normed linear space, then the function
f(z)=|z||”,p>1is convex on X.

Utilising the elementary inequality (a + b)® < a® + b® that holds for any a,b > 0
and s € (0, 1], we have for the function g (z) = ||z||® that

gtz +(1—-1)y) [tz + (1= yl” < (¢l + (1 =) yl)
Nz + (L= &)yl
= tg(x)+(1-t)g(y)

for any z,y € X and t € [0, 1], which shows that g is Breckner s-convex on X.

In order to unify the above concepts for functions of real variable, S. Varosanec
introduced the concept of h-convex functions as follows.

Assume that I and J are intervals in R, (0,1) C J and functions h and f are real
non-negative functions defined in J and I, respectively.

Definition 4 ([51]). Let h : J — [0,00) with h not identical to 0. We say that
f:1—10,00) is an h-convex function if for all z,y € I we have

(2.4) e+ (1 =t)y) <h(t) f(z)+h(1—-1)f(y)
for allt € (0,1).

For some results concerning this class of functions see [51], [6], [40], [49], [47] and
[50].

This concept can be extended for functions defined on convex subsets of linear
spaces in the same way as above replacing the interval I be the corresponding
convex subset C of the linear space X.

We can introduce now another class of functions.

Definition 5. We say that the function f : C C X — [0,00) is of s-Godunova-
Levin type, with s € [0,1], if

IA

(25) 4 (1= 01) < 21 @)+ el ),

forallt € (0,1) and z,y € C.

We observe that for s = 0 we obtain the class of P-functions while for s = 1
we obtain the class of Godunova-Levin. If we denote by @, (C) the class of s-
Godunova-Levin functions defined on C', then we obviously have

P(C)=Qo(C)CQs (C) SR (C)CQ1(C)=Q(C0)
for 0 < s; <s9 < 1.
We can prove now the following generalization of the Hermite-Hadamard in-
equality for h-convex functions defined on convex subsets of linear spaces.

Theorem 1. Assume that the function f : C C X — [0,00) is an h-convex function
with h € L[0,1]. Let y,z € C with y # x and assume that the mapping [0,1] > ¢ +—
F1(1 —t)z + ty] is Lebesgue integrable on [0,1]. Then

20 grpd (5Y) < [ ra-nesnla<r@ o) [ o
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Proof. By the h-convexity of f we have

(2.7) fle+ A=ty <h(@)f(@)+h(1-1t)f(y)

for any t € [0,1].
Integrating (2.7) on [0, 1] over ¢, we get

/Of(ter(l—t)y)dtSf(w)/o h(t)dt+f(y)/0 h(1—t)dt

and since fol h(t) fo (1 —t)dt, we get the second part of (2.6).
From the h—convex1ty of f we have
z+w 1
(2.9 F(E2) <n(3) v+ s

for any z,w € C.
If we take in (2.8) z =tz + (1 —t)y and w = (1 — t) z + ty, then we get

T+y

29 r(55) =n(y) Wt a-n+ - go )

for any t € [0, 1].
Integrating (2.9) on [0, 1] over ¢ and taking into account that

1 1
/ fltz+(1 —t)y)dt:/ FU(L=t) 7 +ty) dt
0 0
we get the first inequality in (2.6). O

Remark 1. If f : I — [0,00) is an h-convex function on an interval I of real
numbers with h € L[0,1] and f € L]a,b] with a,b € I,a < b, then from (2.6) we
get the Hermite-Hadamard type inequality obtained by Sarikaya et al. in [47]

2h1() (a+b) /f Jdu <[ ()‘l‘f(b)]/olh(t)dt.

If we write (2.6) for h(t) = t, then we get the classical Hermite-Hadamard
inequality for convex functions 1.2.

If we write (2.6) for the case of P-type functions f : C — [0,00), i.e., h(t) =
1,t € [0,1], then we get the inequality

(2.10) f(“y)s [ rla-0srulas @+ ),

that has been obtained for functions of real variable in [30].
If f is Breckner s-convex on C, for s € (0,1), then by taking h () = t* in (2.6)
we get

(2.11) 2°" 1f<x+y> /f 1—t)x+ty]dt<w’

that was obtained for functions of a real variable in [25].
Since the function g (x) = ||z||° is Breckner s-convex on on the normed linear
space X, s € (0,1), then for any z,y € X we have

]I + [|]I"

1 1
2.12 = o< 1—t ty||” dt <
(212) ool < [ 10— 0o+ ey a< L
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If f:C — [0,00) is of s-Godunova-Levin type, with s € [0,1), then
1 1
(2.13) f(x;ry)g/ FlA-t)a+ty)dt< LD TG
0

2s+1 1—s

We notice that for s = 1 the first inequality in (2.13) still holds, i.e.

Tty

)g/olf[(lt)z+ty]dt.

The case for functions of real variables was obtained for the first time in [30].

(2.14) % f (

3. REFINEMENTS
The following representation result holds.

Lemma 1. Let f: C C X — C where C is a convex subset of the real or complex
linear space X. Let y,x € C with y # x and assume that the mapping [0,1] > t —
Fl(1=t)x +ty] is Lebesgue integrable on [0,1]. Then for any A € [0,1] we have
the representation

(3.1) /Of[(l—t)x+ty]dt:(1—/\)/0 FIO =) (1= N 2+ ) + ty] dt

+)\/1f[(1—t)a:+t((1—)\)m+)\y)]dt.
0

Proof. For A =0 and A = 1 the equality (3.1) is obvious.
Let A € (0,1). Observe that

/0f[(l—t)()\y+(1—)\)$)+ty]dt=/0 A=A+ y+(1—1)(1—A)z]dt
and
/f[t()\y—l—(l—)\):c)—l—(l—t)x}dt:/f[t)\y—i—(l—)\t)x}dt.

If we make the change of variable u := (1 —¢)A + ¢ then we have 1 — u =
(1—-t)(1=X) and du = (1 — A) du. Then

1 1 1

/ FllA=-DA+)y+ 1 —-t) (1= z]dt = ﬁ/ fluy + (1 —w)z] du.
0 — A

If we make the change of variable u := A\t then we have du = Adt and

1 1 A
/0 f[t)\y—&—(l—)\t)m]dtzx/o Fluy + (1 u) 2] du.

Therefore

1 1
(1—)\)/0 f[(l—t)()\y+(1—)\)m)+ty]dt+)\/0 FIEOw+ (1 =N a) +(1— 1) a]dt

1 A 1
=/A f[uy+(1—U)x]dU+/0 f[uy+(1—u)fv]dU=/0 £y + (1 - )] du

and the identity (3.1) is proved. O
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Theorem 2. Assume that the function f : C C X — [0,00) is an h-convex function
with h € L[0,1]. Let y,z € C with y # x and assume that the mapping [0,1] > ¢ —
Fl(1 —t)z + ty] is Lebesgue integrable on [0,1]. Then for any A € [0,1] we have
the inequalities

< FlA=t)z+ty]dt
0

gU«l—Mw+Aw+wl—nfun+AfmﬂAiuwﬁ
SN @+ BN+ 1N 7)) [ B

Proof. Since f: C C X — [0,00) is an h-convex function, then by Theorem 1 we
have

1 1-Nz+A+1)y !
(3.3) %@ﬁ[ . }SAfWUMMxMw+Mﬁ
1
SU«1—Mx+Aw+f@HAfM®ﬁ
and
(3.4) th(%)f{@—mfmy%/o FIA =Bz +t((1— N+ ) dt

< [f(x)+f((1—A):c+Ay)]/O h () dt.

Now, if we multiply the inequality (3.3) by 1 — A > 0 and (3.4) by A > 0 and add
the obtained inequalities, then we get

1=, [@X=Nz+AN+1)y A 2-=XNz+ Xy
69 gy [ e [

g(px)/o FIO=6) (1= N o+ \y) + ty] dt

+)\/1f[(1—t)9c+t((1—)\)x+)\y)]dt
0
gu—Anﬂu—Anwww+f@ﬂAfmaﬁ

+)\[f(;v)+f((1—)\)x+)\y)]/0 h(t)dt

and by (3.1) we obtain the first two inequalities in (3.2).
The last part is obvious. O

Remark 2. With the assumptions from Theorem 2, we observe that if we take
either A\ =0 or A =1 in the first two inequalities in (3.2), then we get (2.6).
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If we take X\ = % and use the h-convexity of f, then we get from (3.2) that
1 T+y 1 z 4+ 3y 3r+vy
00 gy’ () <mp U (7)) (7))
/ [(1—1t)x+ty]dt
z+y (y)} L d
<|f(52) ] [ rom

<[h<z)+ﬂ[f<>+f<>]/ol (1) dt.

In general, if h(X\) > 0 for A € (0,1), then

IN

(1_)\)f{(1—>\):c42r(A+1)y}+)\f[(2—)\)2x+)\y]
v |y
Jrh?)\)ho\)f[(Q/\)er)\y]

>m% , }

{h(l—A)f[(l (“1) ]+h<A)f[W]}

( /\ +( Dy \@- )$+Ay}
2 2

xf[( \

:mm{h(ll_x),hg)}f(m;y)

and from (8.2) we get the sequence of inequalities

67 ey ) ()
< w{(lA)f {(1A):c42r()\+1)y] S [W]}

1
g/o FI0—t)a+ ty) de

<P L=Na+rg)+ (L= N7+ (@) /1h ) di

SN +NT@ BTN [ 5

Corollary 1. Let f : C C X — [0,00) be a convex function on the conver set
C in a linear space X. Then for any y,xz € C and for any A € [0,1] we have the
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inequalities

38 f(T5) <aon g [EERE R [ EoN ]

g/o £l =)+ ty) dt

<FA=Nz+xy)+ A=A fy)+Af(z)

W+
- 2

Remark 3. The inequality (5.8) has been obtained for functions of a real variable
by A. El Farissi in [35].

The inequality (3.8) provides the following norm inequality:

p

3.9 ||Z ;L Y : ( :

p<(1_)\)H(1—)\)x+ A+ 1)y

P 2— Nz + A
+AH( )z + Ay

1
< [ la=te ) a
0

yll” + ll”

SNA =Nz +Ml"+ @ =)yl + Az]” < > ;

that holds for any z,y € X, a normed space, p > 1 and A € [0,1].

Corollary 2. Assume that the function f : C C X — [0,00) is a Breckner s-
convez function with s € (0,1). Let y,x € C with y # x and assume that the
mapping [0,1] 3¢t — f[(1 —t) x + ty| is Lebesgue integrable on [0,1]. Then for any
A € (0,1) we have the inequalities

(3.10) 2% (; _ ‘; _ ADI_Sf (m+y>

2
g25—1{(1—x)f[(I‘A)x‘;(”l)y] Hf{(g_x);ﬂy“

sALHu—ﬂx+wwt
1

s+1
1

~s+4+1

F(A=Naz+xy)+ 1= F(y) +Af (2)]

{A=N"+ANf@)+ N +1=-X2)f ()}
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The inequality (3.10) provides the following norm inequality:
1 1 3
(3.11) 2ot (— ‘—/\ I“’H

1—-s
2 ) 2

<2S‘1{(12—A)H(1_*)$"2F(A+1)y

+)\H(2—)\)2x+>\y

)

1
< [ la-0w )
0

< 0= N+ Ml + (0= V)l + A el
< (1= A el + O+ 1= ) [l

that holds for any z,y € X, a normed space, s € (0,1) and A € (0,1).
In particular, we have
o] |

1
g/ (1 —t)x + ty||” dt
0

s s s 1-s
o1 { Iyl +|x||]< 142
T s+1 -

+ 2 (s+1)2s
for any z,y € X and s € (0,1).

S

T+ 3y
4

3r+y

3.12 451
(3.12) y

rry
2

r+y
2

(1" + 11yl

Remark 4. Similar inequalities can be stated for functions of s-Godunova-Levin
type, with s € [0, 1), however the details are omitted.
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