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NORM INEQUALITIES OF CEBYSEV TYPE FOR POWER
SERIES IN BANACH ALGEBRAS

S.S. DRAGOMIR2, M. V. BOLDEA3, AND C. BUSE*

ABSTRACT. Let f(XA) =372, anA™ be a function defined by power series with
complex coefficients and convergent on the open disk D (0, R) C C, R > 0 and
z,y € B, a Banach algebra, with zy = yx.

In this paper we establish some upper bounds for the norm of the Cebysev
type difference

F ) f Qzy) — f () f (Ay)

provide that the complex number X\ and the vectors x,y € B are such that the
series in the above expression are convergent. Applications for some funda-
mental functions such as the exponential function and the resolvent function
are provided as well.

1. INTRODUCTION

For two Lebesgue integrable functions f,g : [a,b] — R, consider the Cebysev
functional:

1 b 1 b b
L) Clhg) =5y [ fOe0it - ——— [ st [ g
b—a a (b - a) a a
In 1935, Griiss [18] showed that
1
(1.2) IC(f,9)l = 7 (M =m) (N —n),
provided that there exists the real numbers m, M, n, N such that

(1.3) m< ft)<M and n<g(t)<N forae. tE€]alb].

The constant i is best possible in (1.1) in the sense that it cannot be replaced by
a smaller quantity.

Another, however less known result, even though it was obtained by Cebysev in
1882, [4], states that

(14) CU 9] < 75 1 o Il (0~ )

provided that f’, g’ exist and are continuous on [a,b] and || f'||, = sup,ejq4 [f' ()]

The constant 1—12 cannot be improved in the general case.

The Cebysev inequality (1.4) also holds if f,g : [a,b] — R are assumed to be
absolutely continuous and f’,g" € Lo [a,b] while || f']|, = esssup,e(qp [f* ()] -
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A mixture between Griiss’ result (1.2) and Cebysev’s one (1.4) is the following
inequality obtained by Ostrowski in 1970, [23]:

(15) C ()l < 5 (6= a) (M —m) g

provided that f is Lebesgue integrable and satisfies (1.3) while g is absolutely con-
tinuous and ¢’ € L [a,b]. The constant & is best possible in (1.5).

The case of euclidean norms of the derivative was considered by A. Lupag in [21]
in which he proved that

(16) CUal < 17111, 0~ a)

provided that f, g are absolutely continuous and f’, g’ € L [a,b]. The constant -
is the best possible.
Recently, P. Cerone and S.S. Dragomir [2] have proved the following results:

AN
dt>,

b
bia/ f(s)ds

=1l;p=1g=o00o0r

b
0 - [ 1)as

1 b
L7 (gl < infllg =y 5, (/a

Wherep>1and%—I—%:lorp:landq:oo,and

ft) =

)

1
. < i — .
(1 8) |C (fv g)' = ’361{@ ||g ’7”1 b aess t:];}?b]

provided that f € L,[a,b] and g € L, [a,b] (p > 1, 1%—!—

p=o00,q=1).
Notice that for ¢ = co,p = 1 in (1.7) we obtain

1
q

b
£(t) — b%/ f(s)ds| dt

1 b
. <] — —_
19 Ul = [

1 b
Slglee 35—
a

and if g satisfies (1.3), then

b
10 - 5 [ 1 (s)asa

dt

b
10 - [ 1)as

1 b
. <inf lg =) - ——
110) 10Ul intlo - s [

< 7n-|-N 1 /b
=7 2 w b—all,

1 1 b
< =(N -n)-
_2( n) b—a/a

The inequality between the first and the last term in (1.10) has been obtained by
Cheng and Sun in [5]. However, the sharpness of the constant %, a generalization
for the abstract Lebesgue integral and the discrete version of it have been obtained
in [3].

For other recent results on the Griiss inequality, see [1], [6]-[11], [17], [19], [22],
[24], [25] and the references therein.

b
f6 - 5 [ £o)ds|ar

b
£(t) — ﬁ/ £ (s)ds| dt.
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In order to consider a Cebysev type functional for functions of vectors in Banach
algebras, we need some preliminary definitions and results as follows.

2. SOME FACTS IN BANACH ALGEBRAS

Let B be an algebra. An algebra norm on B is a map ||-|| : B—[0, 00) such that
(B, ||]]) is a normed space, and, further:
[labl| < llall 6]

for any a,b € B. The normed algebra (B, ||-||) is a Banach algebra if ||-|| is a complete
norm.

We assume that the Banach algebra is unital, this means that B has an identity
1 and that ||1|| = 1.

Let B be a unital algebra. An element a € B is invertible if there exists an
element b € B with ab = ba = 1. The element b is unique; it is called the inverse of
a and written a~! or % The set of invertible elements of B is denoted by Inv3. If
a,b €InvB then ab €lnvB and (ab) ™" = b~ta" 1.

For a unital Banach algebra we also have:

(i) If a € B and lim,, ||a”|\1/" <1, then 1 — a €lnvB;
(ii) {a € B: ||1 —b|| < 1} CInvB;
(iii) InvB is an open subset of B;
(iv) The map InvB 3 a — a~! €InvB is continuous.

For simplicity, we denote A1, where A\ € C and 1 is the identity of B, by A. The

resolvent set of a € B is defined by
pla) ={AeC: X—acInvB};
the spectrum of a is o (a) , the complement of p (a) in C, and the resolvent function
of ais Ry : p(a) —InvB, Ry (N) := (A\—a)~'. For each A,y € p(a) we have the
identity
Ro (7) = Ra (A) = (A =) Ra (A) Ra (7) -
We also have that o (a) C {A € C: |\ < ||a||}. The spectral radius of a is defined
asv(a) =sup{|A|: A€o (a)}.
If a,b are commuting elements in B, i.e. ab = ba, then
v(ab) <v(a)v(b) and v(a+b) <v(a)+v(d).
Let B a unital Banach algebra and a € B. Then
(i) The resolvent set p (a) is open in C;
(ii) For any bounded linear functionals A : B —C, the function Ao R, is analytic
on p(a);
(iii) The spectrum o (a) is compact and nonempty in C;
(iv) For each n € N and r > v (a), we have
= [ e

20 J gl
(v) We have v (a) = lim, o [|a”]|"/".

Let f be an analytic functions on the open disk D (0, R) given by the power series
FON) =237 0a;N (] <R). If v(a) < R, then the series 377 aja’ converges
in the Banach algebra B because >_72 |a;] ||| < 0o, and we can define f (a) to
be its sum. Clearly f (a) is well defined and there are many examples of important
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functions on a Banach algebra B that can be constructed in this way. For instance,
the exponential map on B denoted exp and defined as

o0
1 .
expa := Z —a’ for each a € B.

— j!

=0
If B is not commutative, then many of the familiar properties of the exponential
function from the scalar case do not hold. The following key formula is valid,
however with the additional hypothesis of commutativity for a and b from B

exp (a 4+ b) = exp (a) exp (b) .

In a general Banach algebra B it is difficult to determine the elements in the range of
the exponential map exp (B), i.e. the element which have a "logarithm". However,
it is easy to see that if a is an element in B such that |1 —a| < 1, then a is in
exp (B) . That follows from the fact that if we set

n=1

then the series converges absolutely and, as in the scalar case, substituting this
series into the series expansion for exp (b) yields exp (b) = a.

It is known that if z and y are commuting, i.e. xy = yx, then the exponential
function satisfies the property

(1 70’)717

S|

exp () exp (y) = exp (y) exp (z) = exp (z +y).
Also, if z is invertible and a,b € R with a < b then

b
/ exp (tx) dt = 2! [exp (bx) — exp (ax)] .

Moreover, if z and y are commuting and y — x is invertible, then

/exp((l—s)x+sy)ds:/ exp (s (y — z)) exp (z) ds
0 0

_ ( / ' exp (s (o - x))ds) exp (1)

=(y—=) ' [exp(y — ) — I]exp (2)
= (y— )" [exp (y) — exp ()]

Let f(A) = Y07 A" be a function defined by power series with complex
coefficients and convergent on the open disk D (0, R) C C, R > 0 and z,y € B with
xy = yx. In this paper we establish some upper bounds for the norm of the Cebysev
type difference

(2.1) F) f Qay) = f(Az) f(Ay)

provide that the complex number A and the vectors z,y € B are such that the series
in (2.1) are convergent. Applications for some fundamental functions such as the
exponential function and the resolvent function are provided as well.

Inequalities for functions of operators in Hilbert spaces may be found in the
recent monographs [12], [13], [16] and the references therein.
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3. THE RESULTS

We denote by C the set of all complex numbers. Let «, be nonzero complex
numbers and let

1
R =

lim sup |an|% .
Clearly 0 < R < oo, but we consider only the case 0 < R < oo.
Denote by:

ze€C:lz| < R}, if R < oo
D(O’R):{ <{c, A= if R = o0,

consider the functions:

A= f(A):D(0,R) — C, f(A) := i ap A"
n=0

and
oo

A fa(N) : D(0,R) — C, fa(A) := Y |an| \".

n=0

Let B be a unital Banach algebra and 1 its unity. Denote by

x € B:|z|| < R}, if |z|| < R
s - { S g

We associate to f the map:

x> f(x): B(O,R) — B, f(z) := Z anz™.
n=0

Obviously, f is correctly defined because the series oo o ana™ is absolutely con-
. 0o n oo n
vergent, since Y~ o (o, @™ || < D007 o | |||
In addition, we assume that s := Y n?|a,| < 0o. Let so:= Y oo |an| < o0
and s1 1= > oo n|a,| < co.
With the above assumptions have that:

Theorem 1. Let A € C such that max{|A|,|\]*} < R < co and let z,y € B with
Izl s lyll <1 and xy = yx. Then:

(i) We have
(3.1) [f (N1 f Qay) = f(Aa) £ ()]
< vagmin {lo — 1, lly = 1} £ (1AF)
where:
(3.2) Y2 = 5089 — 52,
(ii) We also have
(3.3) [f (X-1) F Qay) = f (M) f ()|

< V2min {|lz — 1|, ly = L]} £a (IA])

QD [T G+ 2 25 AD] = 01 £ (i}
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Proof. For m > 1 and since xy = yx we have

(3.4) Em: Em: anaj)\")\j (x" — xj) y"

= Z Z R AN 2y — Z Zanaj)\”)\jmjy"

§=0 n=0j=0

; m m
- Z Za Aty Zaj)\jxj Zan)\"y”
i=0 7=0 n=0
i Zan zy)" — iaj)\jxj ian)\"y"
j=0 n=0

7=0
for any A € C.
Taking the norm in (3.4) we have
(3.5) Zaj)\j Z an\" (zy)" — Zaj)\ja?j Z ap\"y"
7=0 n=0 7=0 n=0
<30 ol g | A AP [| (& = 09) 7|
n=0 j=0
<D Nl g A AP [Ja™ =27 ||y
n=0 j=0
<D lanl g A AP [Ja™ = 27|yl
n=05=0
<D0 lanllag| AT AP [[a" — 27|
n=0 j=0
=2 | g [ A" (A [
0<j<n<m
for any A € C and m > 1.
Observe that
(36) L= Y fanllog A AP o — 2]
0<j<n<m

i
L

Yo laallagl AT AP [ (2~ )

0<j<n<m J

~
I

3
—_

Yo laallagl AT Y2t (@ - 1)

0<j<n<m =3
n—1
5 e
<llz =1 > laallag| A AP el
0<j<n<m b=y

for any A € C and m > 1.
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‘We have
n—1
¢ . . . ¢
x|l < (n— max x|l < (n— max x
;” "= ])56{.7',-..,71—1} ™= ])Ze{l,...,m—l} il
and then
4 n 7 .
37 L<llz—1, max |z S danl gl I AP (n = 5).
e{1,....m—1} -
0<j<n<m

From the first inequality in (3.7) and since ||z|| < 1 we have

(3.8) Za]/V Zoc A" (xy)" Zoc N ) Zan/\” "

<2e =1 D fanllogl NP (=)
0<j<n<m
m m

= e =113 > lanl lag A" AP | = j].

n=0 j=0
(i) Using the Cauchy-Bunyakovsky-Schwarz inequality for double sums

1/2 1/2

m m
Z an j@n, b < Z an,jand Z an,jbij

n=0 j=0 n=0 j=0 n=0 j=0

where py, j, @y j,bn ; > 0 for n,j € {0,...,m} ,we have

(3.9) YD lanllag A" [ — ]

n=0 j=0

1/2 1/2

2n 27 .12

<D0 Dleml eyl AP A S lanl eyl n 4

n=0 j=0 n=0 j=0
57 1/2
2n
:ﬂ(zmnw ) Z%IZW%—(Z |an|)
n=0 n=0

for any A € C and m > 1.
From (3.8) and (3.9) we get the inequality

m

(3.10) ZaJ/\J Zan)\" xy)" Zoz N g Z ap \"y"
<V2]lz -1 (Z |t | |>\|2n>
n=0

97 1/2

m m m
X Z || ZnQ || — (Zn ozn|>
n=0 n=0 n=0



8 S.S. DRAGOMIRY2 M. V. BOLDEA®, AND C. BUSE*

Since the series
o0 o0 o0 (o]
E a; N, g an N (zy)", g a; N, E an \"y
7=0 n=0 7=0 n=0

. o . -
are convergent in B, >~ |a,||A|”" is convergent and the limit

m m m 2
lim Z |y | Zn2 lan| — (Zn |an|>
m—00

n=0 n=0

n=0

1/2

exists, then by letting m — oo in (3.10) we deduce the desired result in (3.1) for
x. Due to the commutativity of z with y, a similar result can be stated for y, and
taking the minimum, we deduce the desired result.

(ii) Using the Cauchy-Bunyakovsky-Schwarz inequality for double sums

1/2 1/2

m m m m m m
Zzpn,jan,j < ZZPW‘ Zzpn,jai,j

n=0 j=0 n=0 j=0 n=0 j=0

where py, j,a,,; > 0 for n,j € {0,...,m}, we also have

(B11) D> lanl gl A" [AF [~ ]

n=0 j=0
1/2 1/2

n j n j .2

< D2 lanl g A" AP Do lanl g AT AP [n— ]
n=0 j3=0 n=0 j5=0
=2 <Z || |>‘")
n=0
97 1/2

n=0 n=0 n=0

XD lanl MY n® fan] A" — (ZnanI IA">

for any A € C and m > 1.
From (3.8) and (3.11) we have

(3.12) i ;N i an\" (zy)" — i a; N i ap\"y"
7=0 n=0 =0 n=0

< V2| -1 (Z || |A|”>
n=0
2 1/2

XD lanl ™D n® fan] A" = (Zn |an| IA">
n=0 n=0

n=0

for any A € C and m > 1.
If we denote f (u) := Y > apu™, then for |u| < R we have

o0
Z na,u” = uf' (u)
n=0
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and
Z n2anu™ = u(ug' (u)) .
n=0
However
u(ug' (u) = ug' (u) +u’g" (u)
and then
Z n2a,u” = ug' (u) +ug" (u).
n=0
Therefore
> o n2 fan A" = AL £4 (A + AP 4 (A
n=0
and
> nlanl A" = AL (1)
n=0
for [\| < R.

Since all the series whose partial sums are involved in (3.12) are convergent, then
by letting m — oo in (3.12) we deduce the desired inequality (3.3) for . Due to
the commutativity of x with y, a similar result can be stated for y, and taking the
minimum, we deduce the desired result. |

Remark 1. If R = oo, Theorem 1 holds true. Moreover, in this case the restrictions
lz]l s lyll <1 need no longer be imposed.

Remark 2. We observe that if the power series f (X) = Y.~ an A" has the radius
of convergence R > 1, then

Z |an| = fA (1), an |an| = f1/4 (1) +le4{ (1)

n=0 n=0
and
D nlan] = fi(1).
n=0

In this case ¥ s finite and

m m m
= lim Z | | an || — (Zn|an|>
m—0o0
n=0 n=0

n=0

97 1/2

1/2

R ZOIACETAG BTN
Therefore, if A € C with |, [N, A lz]|, Al |yl < R, then from (3.1) we have
(3.13) [£ 1) £ Q) = £ ) £ Q)|
<Va{f i@+ K- 1P
xmin {2 = 1 lly = 1} £a (IA17)
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Corollary 1. Under the assumptions of Theorem 1 we have the inequalities
(3.14) 1F 1) f (Aa?) = 2 0w)| < V20 Jlz = 1) fa (1)
provided A € C with |\, |A\]”, Al |z]| < R, and
(3.15) £ (A1) f (A2?) = f2 (M) |

< V2l =1 fa (1A)

s L () [IAL £ 0D+ A2 £ 0AD] = AT £ (A}
provided A € C with |A|, |A|[|z]| < R.

Theorem 2. Let f(X) = > 7 a,\" be a function defined by power series with
complex coefficients and convergent on the open disk D (0,R) € C, R > 0 and
x,y € B with zy = yx and ||z, ly| < 1.

I X € C with |\, ]\ [l2]1, Al 1yl < B, then

(3.16) 1£ (1) f (ay) = f () £ Q)|
e =1 IIy—lll} > 2
< min , AD = faz [|A
< min { {2 B [ O = £ ()]
where
(3.17) faz (V) =) Jon[* A"
n=0
has the radius of convergence R?.
Proof. As pointed out in (3.6), we have
n—1
n j £
(3.18) Lz =1 Y lanllagl A" AP Y [l
0<j<n<m l=j

m—1

) .

Sz =10 M2l D0 Janl lag A" AP
=0

0<j<n<m

for any A € C and m > 1.
Denote

K = Z |aun | ] [A]" ‘)‘|j .
0<j<n<m

We obviously have

1 o n j - 2 2n
K =5 D el A A =D Janl* (A

n,j=0 n=0

2
1 - n - 2 2n
5| (o) =S
n=0 n=0
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From (3.8) and (3.18) we get the inequality

(3.19) Za]/\JZa A" (zy)" Zoz )\JI‘JZQ Ay

n=0 7=0 n=0

<z -1 Z [E2IS
=0
m 2 m
(Z |an||A|”) > ol

n=0 n=0

for any A € C and m > 1.

Since all the series whose partial sums are involved in (3.19) are convergent, then
by letting m — oo in (3.19) we deduce the desired inequality (3.16) for . Due to
the commutativity of x with y, a similar result can be stated for y, and taking the
minimum, we deduce the desired result. O

Remark 3. Since the power series faz (X) =Y " lan|> A™ is not easy to com-
pute, we can provide some bounds for the quantity

Dy (IN) = f (X)) = faz (1)

where |\| < R, as follows.
If I <1 and ap, :=sup,,cy {|an|} < oo, then

Km < a?m Z |A|n |/\‘]

0<j<n<m
2 m
=22, (Zw) I
n=0

and by taking m — oo in this inequality we get

(3.20) Dy (JA]) < L2 < ! )2— !

' PAR=%= NI 1P
for || < 1.

If I\l <1 and

m 2 m
ag, = n}gnoo <Z |Ozn> - Z lan ] < o0

n=0 n=0
then

Km S max |>\|2" Z |a”| |a.'i|
n€{0,...;m} 0<j<n<m

1 m
2
(S ret) L
n=0
and by taking m — oo in this inequality we get

(3.21) Dy (N) < o,
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for Al < 1.
If the series Y oo |an| and Y0, lan|® are convergent, then

(322) £ (A < ;<Z|an|> = fo?

n=0

for |A] < 1.
If|)\|<1,p,q>1with}%—k%:land

m 2 m
ag, := lim (Z |, | > - Z |an|2q < o0
m— 00 n:O

then by Hélder’s inequality we have

1/q 1/p
Km S Z |an|q |aj‘q Z ‘/\|Im ‘)‘|pj
0<j<n<m 0<j<n<m
m 2 m a
1
<3| () S
n=0 n=0

1/p

X
N | =

m 2 m
(o) -3
n=0 n=0
and by taking m — oo in this inequality we get

) 1/p
(3.23) Dy (IA) < “l/q [(1 —1A|p> 1 —lepl

for |A] < 1.
If the series 3.°°  lan|? and 0% |en|*® are convergent, then

1/p

2
1 oo
(324) |>\| < 5 (Z |an|q> _ Z |an|2q
n=0

1
[ ——
11—\ 1— [N\

The following result also holds:

for |A] < 1.

Theorem 3. Let f(\) = > 07 a,\" be a function defined by power series with
complex coefficients and convergent on the open disk D (0,R) € C, R > 0 and
x,y € B with zy = yx and ||z, |ly| < 1.
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If p,q > 1 with % + é = land X € C with |\, IM\P, Al ||z], A Jy]| < R, then
(A1) f Qzy) = f (M) f Q)|
S;mm{ o1 ||yi||1/p}
==l (= lyll")

< g [N — fae (0P)]

(3.25) £

where
m
(3.26) pi= lim 3 falfoy| | — i
n,j=0
is assumed to exists and be finite.

Proof. Using Holder’s inequality for p,q > 1 with % + % = land (3.6), we have

1/p
n—1
n ] N1 V4
(3.27) L<llz=1 3 Jenllag A" A (= )Y (S )|
0<j<n<m t=j
m—1 1/p
l n j A1
< lz —1f <Z ]| p) S danl gl A" A (n = 4) /a
=0 0<j<n<m
for any A\ € C and m > 1.
Applying Holder’s inequality once more we have
n j 1
(328) Y lanllagl A" A (= )"
0<j<n<m
1/q 1/p
< > lanllas A" (n =) Do laml oy AP A
0<j<n<m 0<j<n<m
m 1/q
1 .
=53 lanllagln—ji
n,j=0
m 2 m l/P
1 n 2 2n
(3| (o) = 3
n=0 n=0

1/q

m

1 .
=5 | 3 laullasln—

n,j=0
1/p

X

m 2 m
n 2 2n
(Zw A ) S P AP
n=0 n=0

for any A € C and m > 1.
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From (3.8) and (3.28) we get the inequality

(3.29) i a N i an\" (zy)" — Zm: N i anpA"y"
i=0  n=0 =0 =0

1 m—1 1/p m
0 .
< 5 lle =1l (lell ”) Y lanllajlln —

£=0 n,j=0
1/p

m 2 m
. (zanuw) S |

n=0 n=0

for any A € C and m > 1.

Since all the series whose partial sums are involved in (3.29) are convergent, then
by letting m — oo in (3.29)) we deduce the desired inequality (3.25) for 2. Due to
the commutativity of x with y, a similar result can be stated for y, and taking the
minimum, we deduce the desired result. O

Remark 4. Observe that
1/p
73007 = fae ()] = DY ()

and then further bounds for the inequality (3.25) may be provided by the use of
Remark 3. However the details are not mentioned here.

We can obtain a simpler upper bound for ¢ as follows.

Using the Cauchy-Bunyakovsky-Schwarz inequality for double sums

1/2 1/2
m m m m m m
2
E E PijGij < E E Pi.j E E Pi,j 0,
n=0 j=0 n=0 j=0 n=0 j=0

where p; j,a;; > 0 fori,j € {0,...,m}, we have

m
(3.30) > lawllagln -l
n,j=0
1/2 1/2
m m
12
< Z o [oy| Z lan ] |og;| |n — |
n,j=0 n,j=0
01 1/2
m m m m
= \/iz || Z |an | Zn2 lan| — (Zn|an|>
n=0 n=0 n=0 n=0
form > 1.

If the series Y~ o |ay| is finite and v defined by (5.2) is finite, then from (3.30)
we have

(3:31) PE<V2Y o]

n=0
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We observe that, if the power series f(\) = > oy an A" has the radius of conver-

gence R > 1, then ¢ is finite and

o= {aamunw+ - wary”

We have from (8.81) the inequality

1/2

(3:32) o <V2E () { T 1A (O + 74 (0] = [£4 ()}

4. SOME EXAMPLES

As some natural examples that are useful for applications, we can point out that,
if

(4.1) fFy=> <_;)n)\":lnl+%, Ae D(0,1);

3

g(A) = i ((;i;: A" =cos \, A € C;

n=0
h()) = i DT e _ g aec
= (2n+1)! B ’ '

L) = 3 (C1)" A" = 5 AED(0,1);

then the corresponding functions constructed by the use of the absolute values of
the coefficients are

(4.2) fa (A):Z%)\":lnﬁ, Ae D(0,1);

— 1
ga(N) =) A" =cosh), A€C;

= 1 2n+1 _ . .
hA(A)zzom)\ =sinh A\, A € C;
o
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Other important examples of functions as power series representations with non-
negative coefficients are:

oo

1
(4.3) exp () = a)\" AeC,
n=0

1 1+ e
(2} =S D(0,1);
2“(1—A> nz::lzn—lA , AEDOD);
.1 2 2n+1
:E PR A AeD(0,1);
sin™ (Y nzoﬁ(2n+1)n!)\ ’ €D (0. 1);

tanh ™" (\) = Y #AQ"*, Ae D(0,1)

7L:12n—1
LTt a)T(n+ BT (),
2F1(a75777A>_7lZ:() n'F(a)F(ﬂ)F(n—l—'y) A 7a7677>07
AeD(0,1);

where I' is Gamma function.
If we apply the inequality (3.13) to the exponential function, then we have

(4.4) Jlexp [\ (1 +29)] = exp [\ (& + )]l < V2emin (e = 1],y = 1} exp (IN?)

for any x,y € B with zy = yz, ||z|, Jy]| <1 and X € C.
If we take y = —z in (4.4), then we get

@5)  lexp [\ (1= 22)] —1|| < VZemin {[lz — 1||, &+ 1]} exp (|)\|2)

for any x € B with ||z|]| <1 and A € C
If we apply the inequality (3.3) for the exponential functions we also have

(4.6) lexp [A (1 + ay)] — exp [A (2 + )]
< V2min {[|lz — 1], ly — 1]} [\ exp (2 |A]) ,

for any x,y € B with zy = yz, ||z|, ||y]| <1 and X € C.
If we take y = —z in (4.6), then we get

47 Jlexp A1 =2?)] = 1| < V2min {|lz — 1]|, ||z + 1]} [A]"* exp (2|A])

Now, consider the function f(A) := > 7" (A" = -1, A € D(0,1). If we apply

the inequality (3.3) for this function, then we get the result:
(4.8) H(1—A)*1(1—Amy)*1 —(1—Ax)*1(1—Ay)*1H
< V2min {[le — 1],y = 1} A (1 = [A)

for any x,y € B with zy = yz, ||z|,||y]| <1 and A € C with |A] < 1.
We have in particular the inequalities

(49 [Ja=nT (=) = (1= 20) | < V2l - N - )
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and
(4.10) A= aaat) = (=222
< V2min {o — 1], ||z + 1} A2 (1 = [A)

for any x € B with ||z]| <1 and A € C with |A] < 1.
Now, if we take A = % with |y| > 1 then we get from (4.8) the inequality

HVQ (=) (=) =P (r—a) (v - y)_lH
<Vzmin{|lz -1, ly = U} 2 (7] = D) P

which is equivalent with
lo-v" G- —-a7 6-n7|
<V2min {|lz — 1], ly = 1} 22 (1| - D~

for any x,y € B with zy = yz, ||z|,||y]| < 1 and v € C with |y] > 1.
If we use the resolvent function notation we then have the following inequality:

(4.11) |G =D Bey () = B (1) B, ()

<V2min{|lz -1, ly = 1} "> (v - 1)~

for any z,y € B with zy = yz, ||z|,||y]| < 1 and v € C with |y| > 1.
In particular, we have

(1.12) |6 =17 Rez () = B2 ()| < V212 = 10112 (] = 1)
for any x € B with ||z]| < 1 and v € C with |y| > 1.

Remark 5. Similar inequalities may be stated for the other power series mentioned
at the beginning of this paragraph. However, the details are not presented here.
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