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SOME INEQUALITIES INVOLVING THE BESSEL FUNCTIONS OF
THE FIRST KIND

NGUYEN NGOC HUE

ABSTRACT. In this paper, in view of the integral representation of Bessel functions of
the first kind and the inequalities for concave and r-concave functions, we establish

some inequalities for the Bessel functions of the first kind.

INTRODUCTION

The Bessel function of the first kind of order v, denoted by J,(x), is defined as a
particular solution of the second order differential equation

22y (x) + 2y’ () + (* = *)y(z) = 0

which is also called the Bessel equation with index v. It is known (see [4]) that

z\ g~ (D" (@/2)%"

In [1], M. Abramowitz and I. A. Stegun mentioned the integral representation of the

function under the form

= (z/2)" ' 20—
N r1/2)r(v +1/2) /0 (1-¢7) 1/2 cos(xt)dt. (1)

From this expression we can define the following function

g, (2)

L (f), if 40
@) =9 ") (@) @)
lim 222 if o = 0.
z—0 v
1
It is easy to see that f,(—x) = f,(z) for every x € R and f,(0) = T T1) Moreover,
fu is a differentiable and continuous function on R. In addition, we also have
fo(@) = —zfuia(z), (3)

for all x € R.
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In this paper we use the equality (1) to advance some new properties and inequalities

for f, based on the properties of concave and r-concave function.

1. PRELIMINARIES

Here we recall some definitions and results related our main results.

Definition 1.1 ([9]). A function f is called to be concave on [a,b] if and only if

fOz+ (1 =Ny) =2 Af(z)+ (1 =) f(y) (1.1)

for every A € [0,1] and z,y € [a,b].

In [9], A. W. Roberts and D. E. Vargerg referred to the condition for a twice differen-

tiable function f is concave on I to be

f"(x) <0, forallxzel.

Definition 1.2 ([10]). A positive valued function f is called to be r-concave on [a, b], if
for each z,y € [a,b] and X € [0, 1],

Ty _ r 1/r r
ot (1 s | M@ AN 0 )

LF @), r=0.

It is obvious 0-concave functions are simply log-concave functions and 1-concave func-
tions are ordinary concave functions. One should note that if f is a r-concave on [a, ],

then f” is concave function with r > 0.

Definition 1.3 ([11]). A function f : [a,b] C (0,+00) — (0,+00) is said to be geometri-
cally concave if and only if
Flay' =) = f2 (@) 7 () (1.3)

for all « € [0,1] and z,y € [a,b].

In [11], X. Zhang and N. Zheng referred to the condition for a twice differentiable

function f is geometrically concave on interval I to be
[f" (@) f(z) = [f (@)P] + f2)f'(2) <0, forallzel (1.4)

Remark 1.1. Suppose that a positive function f defined on [a, b] is to be concave. Then

by using Lemma 2.5 in [10] we have the following inequalities

FO@+ (1= Ny) > M (@) + 1= V@) > @)+ 0 =N @) > F@P e
(1.5)

hold for all r € (0,1]. This gives us the related between above functional classes.
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Remark 1.2. Let 0 < r < s and suppose that f is a s-concave function on [a, b]. Then by

using Lemma 2.5 in [10], it’s easy to deduce that f is also r-concave on the interval [a, b].

S. S. Dragomir and C. E. M. Pearce [5] referred to two well-known results for a convex

function. Here we present these results for concave function.

Theorem 1.3 ([5]). Let p,q be given positive numbers and f is a continuous concave

function on [a1,b1]. Then for ay < a < b < by the following inequalities

a Aty a
(PR 2 [ iz S+ sy > HOIO

> 1.6
p+q 2y Ja—y (16)

_ patqgb b— i
hold for A = Ere and 0 <y < T+Z min{p, ¢}.

Theorem 1.4 ([5]). Let f be a concave function on [a,b]. Then for all t € [a,b] we have
the following inequality

b —ajla)— — a
R P I LR O R URY ) W

2. MAIN RESULTS

In this section, firstly we advance some properties of the function f,,. Then we use it

to advance some new inequalities.

Theorem 2.1. For v > 0 we have the following statements:

(i) f. is concave on =%, 5];

(ii) f, is r-concave on [—F,T] with r € [0,1];

(iii) f, is geometrically concave on (0, 7).

Proof. (i) It’s easy to check that for all z € [-7, §] we have

1
@) = A e+
57

i 1/2) / 1 t2(1 = ¢%)" 712 cos(at)dt < 0. (2.1)
0

3

(ii) This case is directly consequence of the statement (i) and the inequality (1.5).

So the function f,, is concave on [—

(iii) For every x € (0, §), we have f,(z) > 0 and

folw) = 2vr(1/2)_rtu +1/2) /0 1 = )1 coslat)dt < (22)
Thus, combining (2.1) and (2.2) give us, for all z € (0, §),
alfy) (@) fu(2) = [fL(@)]*] + ful) f () < 0.

Hence f, satisfies the condition (1.4) and therefore is geometrically concave on (0, 3). O
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Remark 2.2. For v > 0 we have, in view of Jensen inequality,

M <f, (a:;—y) , xy € [-m/2,7/2]. (2.3)

and p,q > 0. Let A = B2t gpq

ptq
(0,1], we have

A+y r 1 A4y
L (t)d > — "(t)d
[ t) 25 ],

(A=) + Jy(A+y)) > DO

Theorem 2.3. Suppose that —5 < a < b <

0<y< fﬁ min{p, q}. Then, for allv >0 and r

- [ pa+qb 1
f”< pPtq > = @y (

ud
2
S

> (2.4)

N =

Proof. It’s easy to see that the function f, (t) > 0 for all ¢ € [-7, 7]. Therefore, by Holder

inequality for r € (0, 1], we have
A4y "
/ oL (2.5)
A—y

1Aty 1
> fot)dt < (
By (ii) of Theorem 2.1, the function f, is r-concave on [—%, 7] with 7 € (0,1]. Hence,

2y A—y (2y)7‘

applying the inequalities (1.14) in [5] and Theorem 2.1, we get

1 (At 1 /"”y ' <pa + qb>
5 L(t)dt < ——— v(dt | < f) , 2.6
5y o (2y),<Ayf<> (P (2.6
and \
1Aty 1 pfy(a) +af)(b)
— T)dt > = [fl(A—y)+ fl(A+y)] > 2 2.7
sy = A ) ¢ A ) 2 P 2.7
Combining (2.6) and (2.7) give us the proved. O

Theorem 2.4. Suppose that =5 < a <b < T andr € (0,1]. Then, for everyt € [a,b]

and v > 0 we have the following inequalities

b " b
(bl)< / fu(t)dt> > [ o

S fo®) 16 (0) —afj(a) — 7 () = (@)
- 2 2 b—a

(2.8)

Proof. The proof is run analogously to Theorem 2.3 but applying Theorem 19 in [5] and
Theorem 2.1. ]

Theorem 2.5. Let —3 <a <b< 7. Then for all t € [a,b] one has the inequality

b
£ () + i (2) (t a;b) . bia/ £ (2)da. (2.9)

Proof. Directly applying Theorem 18 in [5] and Theorem 2.1. O
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Theorem 2.6. Let —g <a<b< g and q = Ll where p > 1. Then one has the
p—
inequality
1/q
fo(@) + £ (b) I L(b—a)/r [ [P
5 i fo(@)dz| > 2 ||| fu41(2) | da - (2.10)
Proof. Directly applying Theorem 26 in [5] and Theorem 2.1. O

Corollary 2.7. For -5 <a<b< 3 and q= ]% where p > 1 we have the inequality

b u _\U/p b /4
g R s S et (/ le“lfu+1(x)|qda:> @)

Proof. Directly applying the inequality (2.10) and Theorem 2.1. |

Corollary 2.8. For —% < a <b < Z we have the inequality

b J— J—
L[ agae - MOERO)  phen@ W00
b—a /, 2 4
Proof. Directly applying Corollary 10 in [5] and Theorem 2.1. |

Theorem 2.9. Let —5 < a < b < §. Then for all y € [a,b] we have the following

inequalities

b b —a a a
bia/ £ (@)dz > ﬁ/ fu(x)dm+z_afy( )‘;f”(y) > Il );f"(b) (2.13)

and

fy<a_2|_b) Zfl/(a—;—b)_gg:zfy<a;—y)+bia/ayfy(g;)dx2bia/abfu(x)dx.
(2.14)

Proof. Directly applying Theorem 67 in [5] and Theorem 2.1. O

Theorem 2.10. Let —g <a<b< g and 0 < s <r < 1. Then for v > 0 we have the

following inequalities

bia/bfu(x)dx> 1 U e 2 CY NP 2 O Bl AR C)

T+l fp) = fila) T s+ f3(b) = f3(a)
2 [fu(b) = fu(a)][ln £, (b) —In fu(a)]. (2.15)

Proof. Directly applying Theorem 2.6 in [10] and Theorem 2.1. O
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