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n-POINTS INEQUALITIES OF HERMITE-HADAMARD TYPE
FOR h-CONVEX FUNCTIONS ON LINEAR SPACES

S. S. DRAGOMIR!:2

ABSTRACT. Some n-points inequalities of Hermite-Hadamard type for h-convex
functions defined on convex subsets in real or complex linear spaces are given.
Applications for norm inequalities are provided as well.

1. INTRODUCTION

We recall here some concepts of convexity that are well known in the literature.
Let I be an interval in R.

Definition 1 ([37]). We say that f: I — R is a Godunova-Levin function or that
f belongs to the class Q (I) if [ is non-negative and for all z,y € T and t € (0,1)
we have

(11) Fltm+(=0)9) < S f @)+ 1= ()

Some further properties of this class of functions can be found in [28], [29], [31],
[43], [46] and [47]. Among others, its has been noted that non-negative monotone
and non-negative convex functions belong to this class of functions.

The above concept can be extended for functions f : C C X — [0,00) where C
is a convex subset of the real or complex linear space X and the inequality (1.1) is
satisfied for any vectors z,y € C and ¢ € (0,1). If the function f: C C X — R is
non-negative and convex, then is of Godunova-Levin type.

Definition 2 ([31]). We say that a function f : I — R belongs to the class P (I)
if it is nonnegative and for all x,y € I and t € [0,1] we have

(1.2) flz+ 1=ty < fz)+f(y)-

Obviously @ (I) contains P (I) and for applications it is important to note that
also P (I) contain all nonnegative monotone, convex and quasi convex functions, i.
e. nonnegative functions satisfying

(1.3) [tz 4+ (1—1t)y) <max{f(z),f(y)}

forall z,y € I and t € [0,1].

For some results on P-functions see [31] and [44] while for quasi convex functions,
the reader can consult [30].

If f:CCX — [0,00), where C is a convex subset of the real or complex linear
space X, then we say that it is of P-type (or quasi-convex) if the inequality (1.2)
(or (1.3)) holds true for z,y € C and t € [0,1].
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2 S.S. DRAGOMIRY2

Definition 3 ([7]). Let s be a real number, s € (0,1]. A function f : [0,00) — [0, 00)
is said to be s-convex (in the second sense) or Breckner s-convex if

flla+Q-ty) <t°f(2)+ (1 -1 f(y)
for all x,y € [0,00) and t € [0,1].

For some properties of this class of functions see [1], [2], [7], [8], [26], [27], [38],
[40] and [49].

The concept of Breckner s-convexity can be similarly extended for functions
defined on convex subsets of linear spaces.

It is well known that if (X, ||-||) is a normed linear space, then the function
f(@)=|z|",p>1is convex on X.

Utilising the elementary inequality (a +b)® < a® +b* that holds for any a,b > 0
and s € (0, 1], we have for the function g (z) = ||z||® that

gltz+(1—t)y) = |tz+ 1 —)ylI> < tllz + 1 -1)[lyl)°
Nzl + [T =)yl
tg(x)+(1-1)g(y)
for any x,y € X and t € [0, 1], which shows that g is Breckner s-convex on X.
In order to unify the above concepts for functions of real variable, S. Varosanec
introduced the concept of h-convex functions as follows.

Assume that I and J are intervals in R, (0,1) C J and functions h and f are real
non-negative functions defined in J and I, respectively.

IA

Definition 4 ([52]). Let h : J — [0,00) with h not identical to 0. We say that
f:I—10,00) is an h-convex function if for all z,y € I we have

(1.4) flz+ A —t)y) <h@)f(@)+h(1-1)f(y)
for allt € (0,1).

For some results concerning this class of functions see [52], [6], [41], [50], [48] and
[51].

This concept can be extended for functions defined on convex subsets of linear
spaces in the same way as above replacing the interval I be the corresponding

convex subset C of the linear space X.
We can introduce now another class of functions.

Definition 5. We say that the function f : C C X — [0,00) is of s-Godunova-
Levin type, with s € [0,1], if
1 1
(1.5) fllz+(1-t)y) < f@)+—=fW),
t (1—1)
for allt € (0,1) and z,y € C.

We observe that for s = 0 we obtain the class of P-functions while for s = 1
we obtain the class of Godunova-Levin. If we denote by Qs (C) the class of s-
Godunova-Levin functions defined on C', then we obviously have

P(C)=Qo(C) C Qs (C) CQs, (C) CQ1(C) =Q(C)

for 0 < s; <s9 < 1.
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The following inequality holds for any convex function f defined on R

b
(1.6) (b—a)f (“;b></ f(m)dx<(b—a)w, a,b € R.

It was firstly discovered by Ch. Hermite in 1881 in the journal Mathesis (see [42]).
But this result was nowhere mentioned in the mathematical literature and was not
widely known as Hermite’s result.

E. F. Beckenbach, a leading expert on the history and the theory of convex
functions, wrote that this inequality was proven by J. Hadamard in 1893 [5]. In
1974, D. S. Mitrinovi¢ found Hermite’s note in Mathesis [42]. Since (1.6) was
known as Hadamard’s inequality, the inequality is now commonly referred as the
Hermite-Hadamard inequality.

For related results, see [10]-[19], [22]-[25], [32]-[35] and [45].

We can state the following generalization of the Hermite-Hadamard inequality
for h-convex functions defined on convex subsets of linear spaces [24].

Theorem 1. Assume that the function f : C C X — [0,00) is an h-convez function
with h € L[0,1]. Let y,x € C with y # = and assume that the mapping [0,1] o ¢t —
FI(1 —t)x + ty] is Lebesgue integrable on [0,1]. Then

1 r+y 1
zh(;)f< > /f (1=t -+tlae <17 @)+ £ ) [ hie)
Remark 1. If f : I — [0,00) is an h-convex function on an interval I of real

numbers with h € L[0,1] and f € Lla,b] with a,b € I,a < b, then from (1.7) we
get the Hermite-Hadamard type inequality obtained by Sarikaya et al. in [48]

2h1(;)f<a;b> = bia/abf(“)duﬁ[f(a)+f(b)]/01h(t)dt.

If we write (1.7) for h(t) = t, then we get the classical Hermite-Hadamard
inequality for convex functions

(1.8) f(m+y) /f 1—t)$+ty]dt<w_

If we write (1.7) for the case of P-type functions f : C' — [0,00), i.e., h(t) =
1,t € [0,1], then we get the inequality

(1.9 3 (55Y) < [ sla-oernias @)+ 6,

that has been obtained for functions of real variable in [31].
If f is Breckner s-convex on C, for s € (0,1), then by taking h (¢t) = t° in (1.7)
we get

(1.10) 25~ 1f<x+y> /f 1—t)w+ty]dt<w,

(1.7)

that was obtained for functions of a real variable in [26].
Since the function g (x) = ||z|” is Breckner s-convex on on the normed linear
space X, s € (0,1), then for any =,y € X we have

]I + [|]I"

1 1
1.11 = o< 1—t ty||” dt <
(111) ool < [ 10— 0o+ ey a< L
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If f:C — [0,00) is of s-Godunova-Levin type, with s € [0,1), then

(1.12) : f(w;ry)S/olf[(l_t)erty]dtgM.

2s+1 1—s

We notice that for s = 1 the first inequality in (1.12) still holds, i.e.

(1.13) if(x;y>g/olf[(l—t)a:—i—ty]dt.

The case for functions of real variables was obtained for the first time in [31].

Motivated by the above results, in this paper some n-points inequalities of
Hermite-Hadamard type for h-convex functions defined on convex subsets in real
or complex linear spaces are given. Applications for norm inequalities are provided

as well.

2. SOME NEwW RESULTS

In [24] we also obtained the following result:

Theorem 2. Assume that the function f : C C X — [0,00) is an h-convex function

with h € L[0,1]. Let y,x € C with y # = and assume that the mapping [0,1] 3 ¢ —

FI(1 —t)x + ty] is Lebesgue integrable on [0,1]. Then for any A € [0,1] we have

)

the inequalities

(1—)\)x+()\+1)y} +)\f[(2—/\)x+)\y

(2.1) %1%){(1—»]0{ . ;

< fll=t)z+ty]dt
0

gU«l—Mw+Aw+wl—Mf@n+AfmnAiuwﬁ
SN A @)+ BN 1N [ B

We can state the following new corollary as well:

Corollary 1. With the assumptions of Theorem 2 we have
1
2h(3)

(2.2)

X/l(lA){f{aA)H(AH)y] +f{(lA)yHHl)fc
0

2 2

1
< [ Hl0-vaua

< [/Olf((l—)\)x—l—Ay)d)\—i—W] /Olh(t)dt

<[f(@)+ f ) [/Olh(A)dAjtﬂ /Olh(t)dt.

Jj
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Proof. Tt follows by (2.1) by integration on [0, 1] over A and by taking into account
that, by changing the variable 1 — A\ = u, we have

/01)‘]0{(2_)\);4_)\2/} d/\:/ol(l_ﬂ)f[(1+u)w;(1—u)y an

The following result for double integral also holds:

Corollary 2. With the assumptions of Theorem 2 we have

N
2h (3) (b —a)®

y IR ST R
</1f[(1—t)w+ty]dt
<[ (ﬁx+o‘y>dadﬁ+w] /Olh(t)dt

s[ ( )mw+1

for any b>a > 0.
Proof. If we take \ = ﬁ we have

(2.3)

—_

(2.4)

[\

h(3)

Aars! [Farn | e e )

1
/ [(1—¢t)z+ty]dt
0

fl
< { <ﬂx+ay> Ié; o
h

M\»—A

~~

1
) e S @) [hw

H (+55) +a5al 10+ [n(555) + e 10}

h(t) dt,

0
for any o, 8 > 0 with a 4+ 8 > 0.
Since the mapping [0,1] 3 t — f[(1 —t) x + ty] is Lebesgue integrable on [0, 1],
then the double integral f: f;) f (%igy) dadf exists for any b > a > 0. The same
for the other integrals in (2.3).
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If we integrate the inequality (2.4) on the square [a,b]* over (o, 3) we have

o
21 (1) (b—a)

" /ab/ab{aiﬁf s et | Paene s

S/0 Fl(1=t)z+ty]dt

b b Bz + ay 5 . X
S/a/a {f< atp >+a+5f(y)+a+5f(w)]dadﬁ/o h(t) dt
1

(t)dt

//{[ (a53) * ig}_fj@:[h(oéjfﬁ)+afﬁ}f(y)}dadﬂ.

Observe that
Bz + (2a+ B)y
// atp { 2(a+ ) }dadﬁ

ar+ (26 +a)y
//a+6 [ 2(a+p) }do‘dﬁ
and then

//{a+/3 [BHSOLE)@ }+aiﬁf[(262—'—(s)+mﬁ—;ay}}dadﬂ

[ L s [
[ [tz [ ]2
Ty SR

b b
o 1 9
dadB = - (b—a)”.
/a /a a+f f=50-a)
Moreover, we have

[ Lr(G55) o= [ () o

Utilising (2.5), we get the desired result (2.3).

(2.5)

Also

dadﬁ

and since
b b

then we have




n-POINTS INEQUALITIES OF HERMITE-HADAMARD TYPE 7

Remark 2. Let f: C C X — C be a convex function on the convexr subset C' of a
real or complex linear space X. Then for any xz,y € C' and b > a > 0 we have

(2.6) f<x+y>

21
= oo

b b
XaLLaiﬁ{frwggi;?y]+fFw;jfgaﬂ}mwﬁ

<[ f0-vernia
0

1t (Brtay Iy +f(=@)
otar [ 7 (et s L0210
fy)+f ()
.

IN

The second and third inequalities are obvious from (2.3) for h(t) =t.
By the convexity of f we have

(] o)

21 ers ] e )

~r(3)

for any o, 8 > 0 with o+ 8 > 0.
If we multiply this inequality by (f—fﬁ > 0 and integrate on the square [a,b]2 we

get
PRl T
o (532) [ 0o (-32).

since we know that

/ab/abaiﬂdadﬂ:;(b—a)z.

This proves the first inequality in (2.6).
By the convexity of f we also have

Bxr + ay 153 «
() < 2w i
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for any a, 8 > 0 with o + B > 0. Integrating on the square [a, b}z we get

[ L)
<f // dadmf(y)/ub/:aiﬂ

:5(5—61) [f (y) + [ ()],

dadf

which proves the last inequality in (2.6).

Let (X, |||l) be a normed linear space over the real or complex number fields.
Then for any z,y € X, p > 1 and b > a > 0 we have:

(2.7) x‘;y ’
1
(b—a)®
bt ar + (26 +a)y||” 28+ a)z+ayl|”
X/a / a+ﬂ{ 2(a+p) H 2(a+p) }dadﬁ
1
S/ (1 —1t)z+ ty||” dt
l dw+MW+wﬂ
2
< ||y||p+||$Hp'
= 2

The case of Breckner s-convexity is as follows:
Remark 3. Assume that the function f : C C X — [0,00) is a Breckner s-
convex function with s € (0,1). Let y,x € C with y # x and assume that the

mapping [0,1] 3t — f[(1 —t)x + ty| is Lebesgue integrable on [0,1]. Then for any
b>a >0 we have

28—1

(b—a)
//a+6{ {ax;(fi;)a)y}+f[WHdadﬁ

g/ FIO =ty o+ ty) dt

(2.8)

<

S+
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We also have the norm inequalities:

(2.9) (;_;
/ / a+ﬁ{ - ;(Si;)a)y s H(wzﬁﬁ%ay s}dadﬁ
s/ 11— )+ eyl de
S I B !

for any x,y € X, a normed linear space.

3. INEQUALITIES FOR n-POINTS

In order to extend the above results for n-points, we need the following repre-
sentation of the integral that is of interest in itself.

Theorem 3. Let f : C C X — C be defined on the convex subset C' of a real
or complex linear space X. Assume that for x,y € C with x # y the mapping
[0,1] = f((1 —t)x + ty) € C is Lebesgue integrable on [0,1]. Then for any division

D= <M<..<\1<A=1luwithn>1,

we have the representation

(3.1) /0 f(l—=t)z+ty)dt
n—1 1

=> (N1 — )\j)/o A=) [T =Xz + Nyl + u[(1 = Aj1) z + Ajay]} du
=0

Proof. We have

noloedi

(3.2) /0 f((1—t)x+ty)dt=2/ F(1=t)z +ty)dt.

j=0"Xj

In the integral

Aj+1
/ f((1=t)z+ty)dt, j €{0,...n—1},
A

j
consider the change of variable

1
U= NN (t—=X5) .t €[N, Aja]
Then
1

duy = ——dt,
Aj+1 = Aj
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u=0fort =N, u=1fort=XA41,t=(1—u) A +u\j41 and

Aj+1
(3.3) A FUO =) 2+ ty) dt

J

= N1 =)
<[ A= @0 = i)z (=0 A+ ud)
0
= (Nj+1 = A))
1
></O fll—ut+u—1—-w)Aj—urjp1)z+ (1 —u)Aj +urji1) y] du
= (Nj+1 —Aj)

1
></0 FUA=u) (T =X)) +u(l = Ajp)) 2+ (1 —u) Aj +udj) yldu

=/0 FUU =) [(1 = A) @+ Mgy + (1= Ajea) o+ Ay} du

for any j € {0,...,n — 1} .
Making use of (3.2) and (3.3) we deduce the desired result (3.1). O

The following particular case is of interest and has been obtained in [24].

Corollary 3. With the assumptions of Theorem 3 we have

1 1
(3.4) /0 f((lft)erty)dt:)\/o fAd—wz+u[(1—-XNz+ \y]}du

+(1—)\)/0 FLL=w) [(1= Nz + Ayl + uy) du

for any A € [0,1].

Proof. Follows from (3.1) by choosing 0 =X < A =A< Ay =1. O

The following result holds for h-convex functions:

Theorem 4. Let f : C C X — C be defined on the convex subset C of a real
or complex linear space X and f is h-convex on C with h € L[0,1]. Assume that
for x,y € C with © # y the mapping [0,1] — f((1 —t)z+ty) € R is Lebesgue
integrable on [0,1]. Then for any division

O=X <M <..< 1< A,=1withn>1,
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we have the inequalities

n—1
09 gy o - { (12 B e B
2

=0

—_

1
g/o F(L—t)x+ty)dt

< Z_: N1 =) F A=)z +Ny) + F (1= Ajr1) z+ Aj+1y)]

1

X h (u) du.

c\?
o

Proof. Since f is h-convex, then
AA=w) [(A=X)z+ Nyl +u[(l = Ajpa) @ + Ajayl}
Sh@—u) f(A=X)z+Ay) +h(u) f((1=XA) 2+ Ajy)

for any u € [0,1] and for any j € {0,....,n — 1}.
Integrating this inequality over u € [0, 1] we get

1
/0 FUL =) (1= A) 2+ Agy] + (1= Ajen) & + Ay} du

=< /0 {h(l=u) F((AL =)z +Ay) + R (w) f (1= A1) 2+ Ajay)pdu

=f((1—Aj)w+Ajy)/o B (L —w)du+ f((1— J+1)$+)\a+1y)/0 h (u) du

1
— (=) z+ A+ (- y+1)$+/\1+1y)]/0 h (u) du,

for any j € {0,...,n —1}.

Multiplying this inequality by A;4+1 —A; > 0 and summing over j from 0 ton —1
we get, via the equality (3.1), the second inequality in (3.5).

Since f is h-convex, then for any v,w € C we also have

F)+ f(w) > h(1§)f<v;w>.

If we write this inequality for
— (1= w) (1= Az + Ayl +u(L = Asr) @ + Ajory]
and
w=ul(1-X)z+Ay]+ (1 —u)[(1—-Aj+1)z+ Aj41y]
and take into account that
=5 {[(1 = Az + Nyl + (1= Ajsa) @+ Ay}

_ (1 A +2)\j+1> Y +2>\j+1y7

v+w
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then we get

(3.6) SAA =) [(T =Xz + Nyl + (1= Njr1) 2+ Ajayl}
+ f{ul( =)z + Nyl + (1 —u) [(1 = Aj1) @ + Ajay]}
1

A+ A A+
SR AR P L
h(3) 2 2

for any u € [0,1] and j € {0,...,n — 1}.
Integrating the inequality (3.6) over u € [0, 1] we get

(3.7) ; FAA =) [(A=A) 2+ Ayl +u(l = X)) @ + Ayl du

+/0 fLulT=X)z+ Xyl + (1= u) [(1 = Nj1) @ + Ajayl} du

1 A+ N1 PVIEED VI
i (-2 s )
h(3) 2 2

for any j € {0,...,n —1}.
Since

/0f{(l—U)[(l—Aj)w+Ajy}+u[(1—Aj+1)fc+Aj+1y]}du
1
:/0 FLul( = Mg e+ Ayl + (1= ) [(1 = Ajpn) & + Ay} du,

then by (3.7) we get

/0f{(l—u)[(l—m:cwy}+u[<1—Aj+l>x+Aj+1y1}du

1 Aj+ A Aj 4 Aj
> f{<1 it A >H it A y}
2h (%) 2 2

for any j € {0,...,n — 1} .
Multiplying this inequality by A\j;+1 —A; > 0 and summing over j from 0 ton—1
we get, via the equality (3.1), the first inequality in (3.5). O

Remark 4. If we take in (8.5) 0 = o < A\ = XA < Ao = 1, then we get the first
two inequalities in (2.1).

The case of convex functions is as follows:

Corollary 4. Let f: C C X — R be a convex function on the convex subset C' of
a real or complex linear space X. Then for any division

O=X <M <..<_1<A,=1withn>1,
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and for any x,y € C' we have the inequalities

< (/\j+1—>\j)f{(1_”\j+;j+1)x+%+2)‘1+ly}

<53 Oant = A0 =) 2400+ £ (1= Agi2) 2+ Asi20)
cS@+fy)
- 2

Proof. The second and third inequalities in (3.8) follows from (3.5) by taking h (t) =
t.
By the Jensen discrete inequality

ijf(zg') > f ( pjzj) ;
j=1 j=1

where p; >0, j € {1,...,m} with Z;":lpj =1land z; € C, j € {1,...,m} we have

n—1
A+ A A A
> e = A f{ (1= T e

=0
n—1
Aj+ A A+ A
Zf{ ()\jﬂ—)\j)Kl—szH)f‘F]Q]Hy]}
j=0
n—1 n—1 2 2 n—1 2 2
Sy (Ao =S ST (A = AS
_f{( ()\j-s-l*)\j)* JO(;+1 J) T+ JO(;+1 J)y
=0

0 22)

and the first part of (3.8) is proved.
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By the convexity of f we also have

3
|
—

N1 = A (A=A 2+ A59) + F (1= Ajra) @+ Ajay)]

7=0
n—1
<D =) A=) f @)+ A () + (1= Xjsn) £ (@) + Ajnf ()]
§=0
=3 s =A@ = O+ A40) £ @) + O+ Ag) £ ()
§=0
= ( Aj+1 = ) = Z (’\J+1 )‘?) )+ z_: (’\§+1 )\f)f(y)
§=0
=f(z
which proves the last part of (3.8). O

Remark 5. Let (X, ||-||) be a normed linear space over the real or complex number
fields. Then for any division

D= <M<..<\1<A\=1luwithn>1,

and for any x,y € X we have the inequalities

T+vy P
(3.9) 3
Aj A A+ N [P
SZ()‘jJrl_ (1— : 2J >$+ . 2J Yy
j=0
1
< [ l- 0o+l
0
=
SQZ s1 = MW= 20) 2+ Xyl (1= A1) 2+ Ay 1y
=0
< IIpr+ ||y||p7
- 2
where p > 1.

Corollary 5. Let f : C C X — R be defined on the convex subset C' of a real or
complez linear space X and f is Breckner s-convex on C with s € (0,1). Assume

that for x,y € C with x # y the mapping [0,1] — f((1 —t)x + ty) € R is Lebesgue
integrable on [0,1]. Then for any division

O=X <M <..<AM_1<A,=1lwithn>1,
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have the inequalities

n—1

s— )\‘+)\'+1 A'+>\'+1
10) 2 12@#“3'”{(132”)“]2%}

Jj=0

g/o F(1=t)a+ty)dt

n—1
1
< o> Oun = AW = A2+ Am) 47 (( = A2+ )]
§=0
Since, for s € (0,1), the function f(z) = ||z||® is Breckner s-convex on the

normed linear space X, then by (3.10) we get for any =,y € X

(3.

(1]

[10]

[11]

[12]

S

n—1
1) 227 (N — )
=0

1
< [la-0a b
0

n

<1 B )\j +2>\j+1> _— /\j +2>\j+1y

|
—

1

<
- s+

N = ) A=A & 4+ X0l" + (1= Ajen) 2+ Ajayl]-

[t
<.

I

o
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