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INEQUALITIES OF JENSEN TYPE FOR h-CONVEX
FUNCTIONS ON LINEAR SPACES

S. S. DRAGOMIR!:2

ABSTRACT. Some inequalities of Jensen type for h-convex functions defined
on convex subsets in real or complex linear spaces are given. Applications for
norm inequalities are provided as well.

1. INTRODUCTION

We recall here some concepts of convexity that are well known in the literature.
Let I be an interval in R.

Definition 1 ([38]). We say that f: I — R is a Godunova-Levin function or that
f belongs to the class Q (I) if f is non-negative and for all z,y € T and t € (0,1)
we have

(11) Fltm+(-0)9) < S f @)+ 1= )

Some further properties of this class of functions can be found in [28], [29], [31],
[44], [47] and [48]. Among others, its has been noted that non-negative monotone
and non-negative convex functions belong to this class of functions.

The above concept can be extended for functions f : C C X — [0,00) where C
is a convex subset of the real or complex linear space X and the inequality (1.1) is
satisfied for any vectors z,y € C and ¢ € (0,1). If the function f: C C X — R is
non-negative and convex, then is of Godunova-Levin type.

Definition 2 ([31]). We say that a function f : I — R belongs to the class P (I)
if it is nonnegative and for all x,y € I and t € [0,1] we have

(1.2) flz+ 1=ty < fz)+f(y)-

Obviously @ (I) contains P (I) and for applications it is important to note that
also P (I) contain all nonnegative monotone, convex and quasi convez functions, i.
e. nonnegative functions satisfying

(1.3) [tz 4+ (1—1t)y) <max{f(z),f(y)}

forall z,y € I and t € [0,1].

For some results on P-functions see [31] and [45] while for quasi convex functions,
the reader can consult [30].

If f:CCX — [0,00), where C is a convex subset of the real or complex linear
space X, then we say that it is of P-type (or quasi-convex) if the inequality (1.2)
(or (1.3)) holds true for z,y € C and t € [0,1].
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2 S.S. DRAGOMIRY2

Definition 3 ([7]). Let s be a real number, s € (0,1]. A function f : [0,00) — [0, 00)
is said to be s-convex (in the second sense) or Breckner s-convex if
flz+1-t)y) <t°f(z)+ (1 1) f(y)

for all z,y € [0,0) and t € [0,1].

For some properties of this class of functions see [1], [2], [7], [8], [26], [27], [39],
[41] and [50].

The concept of Breckner s-convexity can be similarly extended for functions
defined on convex subsets of linear spaces.

It is well known that if (X, ||-||) is a normed linear space, then the function
f(x)=]z|”,p>1is convex on X.

Utilising the elementary inequality (a +b)° < a® + b* that holds for any a,b > 0
and s € (0, 1], we have for the function g (z) = ||z||” that

gtz +(1—1t)y) [tz + (1 =) ylI” < (¢tllzll + (1 =) [lyl})®
(Ellzl)” + (X = &) llyl]®
= tg@)+1-1)"g()

for any z,y € X and t € [0, 1], which shows that g is Breckner s-convex on X.

In order to unify the above concepts for functions of real variable, S. Varosanec
introduced the concept of h-convex functions as follows.

Assume that I and J are intervals in R, (0,1) C J and functions h and f are real
non-negative functions defined in J and I, respectively.

Definition 4 ([53]). Let h : J — [0,00) with h not identical to 0. We say that
f:I—10,00) is an h-convex function if for all z,y € I we have

(1.4) flz+(1=t)y) <h@)f(z)+h(1-1)f(y)
for allt € (0,1).

IA

For some results concerning this class of functions see [53], [6], [42], [51], [49] and
[52].

This concept can be extended for functions defined on convex subsets of linear
spaces in the same way as above replacing the interval I be the corresponding
convex subset C of the linear space X.

We can introduce now another class of functions.

Definition 5. We say that the function f : C C X — [0,00) is of s-Godunova-
Levin type, with s € [0,1], if
1 1
(1.5) flz+1Q-t)y) < f@)+—sf ),
¢ 1-1)
for allt € (0,1) and z,y € C.

We observe that for s = 0 we obtain the class of P-functions while for s = 1
we obtain the class of Godunova-Levin. If we denote by @, (C) the class of s-
Godunova-Levin functions defined on C', then we obviously have

P(C)=Qo(C)C Qs (C) Q. (C) S Q1(C)=Q(C)
for 0 < s; <s9<1.
For different inequalities related to these classes of functions, see [1]-[4], [6], [9]-
[37], [40]-[42] and [45]-[52].
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A function h : J — R is said to be supermultiplicative if
(1.6) h(ts) > h(t)h(s) for any t,s € J.

If the inequality (1.6) is reversed, then h is said to be submultiplicative. If the
equality holds in (1.6) then h is said to be a multiplicative function on J.

In [53] it has been noted that if & : [0, 00) — [0, 00) with & (£) = (z + ¢)’" ", then
for ¢ = 0 the function A is multiplicative. If ¢ > 1, then for p € (0,1) the function
h is supermultiplicative and for p > 1 the function is submultiplicative.

We observe that, if h, g are nonnegative and supermultiplicative, the same is
their product. In particular, if h is supermultiplicative then its product with a
power function ¢, (t) =¢" is also supermultiplicative.

The case of h-convex function with A supermultiplicative is of interest due to
several Jensen type inequalities one can derive.

The following results were obtained in [53] for functions of a real variable. How-
ever, with similar proofs they can be extended to h-convex function defined on
convex subsets in linear spaces.

Theorem 1. Let h : J — [0,00) be a supermultiplicative function on J. If the
function f : C C X — [0,00) is h-convex on the convex subset C of the linear space
X, then for any w; >0, i € {1,....,n}, n > 2 with W, :=>_"" | w; > 0 we have

(1.7) / (V;wa> sih(;‘;;)f(xi).

In particular, we have the unweighted inequality

08 ; (12) <n (1) gf@).

Corollary 1 ([27]). If the function f : C C X — [0,00) is Breckner s-conver on
the convex subset C' of the linear space X with s € (0,1), then for any z; € C,
w; >0,i€{l,...,n}, n>2 with W, :=> ., w; >0 we have

(1.9) f (V;Zwm> < o S wif ().
noi=1 i=1

n

If (X,|I-]l) is a normed linear space, then for s € (0,1), z; € X, w; > 0,14 €
{1,..,n}, n>2with W,, := >""" |, w; > 0 we have the norm inequality

Zwiﬂfi < wa ls|” -
i=1 i=1
Corollary 2. If the function f : C C X — [0,00) is of s-Godunova-Levin type,

with s € [0,1], on the convex subset C of the linear space X, then for any z; € C,
w; > 0,4 €{l,....,n}, n>2 we have

" i=1 i=1 %

This result generalizes the Jensen type inequality obtained in [44] for s = 1.

(1.10)
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Let K be a finite non-empty set of positive integers. We can define the index set
function, see also [53]

(1.12) T(K) = 37 h(wi) £ @) = h (W) (V;KZM>
€K 1EK
where Wi =3, cw; > 0,2, € C,i € K.
We notice that if b : [0,00) — [0, 00) is a supermultiplicative function on [0, c0)
and the function f : C C X — [0,00) is h-convex on the convex subset C' of the
linear space X, then

(1.13) J(K) > h(Wk)

Zh<‘;/”;>f(xi)—f (VJK wa)] > 0.

i€K €K

Theorem 2. Assume that h: [0,00) — [0,00) is a supermultiplicative function on
[0,00) and the function f : C C X — [0,00) is h-convex on the convex subset C
of the linear space X. Let M and K be finite non-empty sets of positive integers,
w; >0, x; €C,1€ KUM. Then

(1.14) JEUM)>J(K)+J(M) >0,
i.e., J is a superadditive index set functional.

This results was proved in an equivalent form in [53] for functions of a real
variable. The proof is similar for functions defined on convex sets in linear spaces.

Corollary 3. With the assumptions of Theorem 2 and if we note My := {1, ...k},
then

(1.15) J(My) > J(My_y) > .. > J (M) >0

and

If we consider the functional

S

I (K) =) wf ||| —

ieK

ieK

for s € (0,1), then we have the norm inequalities

n
E W;T;
i=1

n—1 s

Z W; Ty
i=1

2
Z W;iL;
i=1

n—1

S
> wf el -
i=1

2
> .2y ) |t -
=1

(1.17) > wf |l —
i=1

S

>0




INEQUALITIES OF JENSEN TYPE FOR h-CONVEX FUNCTIONS 5

and
n n S
(1.18) > w! lal|* - Zwixi
. _
2 Juax {wi el 1w )" — wis + wja |} 2 0

where w; >0, z; € X, i€ {1,...,n},n > 2.

2. MORE JENSEN TYPE RESULTS

Let h(z) = X7 ganz" be a power series with complex coefficients and conver-
gent on the open disk D (0, R) C C, R > 0. We have the following examples

1, 1
(2.1) h(z)—zgz =ln—, 2€D(0,1);

— 1
h(z) :Z 2?" = cosh z, z € C;

1 2n+1 ;
— n+l _ ¢inh .
h(z) E ( nt 1) z sinh z, z € C;

h(z):izn:%, 2eD(0,1).

1
n=0

Other important examples of functions as power series representations with non-
negative coefficients are:

1
(2.2) h(z) = Z:O ﬁz" = exp (2) z € C,
— 1 1. (1+z
h — 2n—1 _ | D(0.1):
() §:2n712 2n<1z>’ 2€D(0,1);

+3) z2"+1 =sin"' (2), z€ D(0,1);

Zf 2n+1)n

h(z)= Z:l in_ 122”71 = tanh ™' (2), z€ D(0,1)
_ = )L (n+B8)T () ,
h(z) —2 Fl ﬂ77 ; Il Oé (ﬁ)F(n—i—’y) z 7a7B77>0a
2€D(0,1);

where I' is Gamma function.
The following result may provide many examples of supemultiplicative functions.

Theorem 3. Let h(z) = Y07 janz" be a power series with complex coefficients
and convergent on the open disk D (0,R) C C, R > 0. Assume that 0 <r < R and

define hy : [0,1] — [0,00), h (t) := };1((” Then h, is supemultiplicative on [0, 1].
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Proof. We use the Cebysev inequality for synchronous (the same monotonicity)

sequences (¢;);cy > (bi);cn and nonnegative weights (p;);cy :

(2.3) sz‘ Zpicibi > sz‘ci sz'bi7
i=0 =0 =0 =0

for any n € N.

Let t,5 € (0,1) and define the sequences c; := t*, b; := s'. These sequences are
decreasing and if we apply Cebysev’s inequality for these sequences and the weights
p;i = a;rt >0 we get
(2.4) Z a;rt Z a; (rts)" > Z a; (rt)" Z a; (rs)"

i=0 i=0 i=0 i=0
for any n € N.
Since the series

Z a;r’, Z a; (rts)", Z a; (rt)" and Z a; (rs)"
i=0 i=0 i=0 i=0
are convergent, then by letting n — oo in (2.4) we get

h(r)h(rts) > h(rt) h(rs)

B By (t5) > o (1) B (5)

This inequality is also obviously satisfied at the end points of the interval [0, 1] and
the proof is completed. ([

Remark 1. Utilising the above theorem, we then conclude that the functions
1—r

hy [0, 1] - [0,00), by (t) = 1_77,,15’

r e (0,1)

and
hy:[0,1] = [0,00), h,(t) :=exp[-r(1—1t)], >0
are supermultiplicative.

We say that the function f: C C X — [0,00) is r-resolvent convex with r fixed
n (0,1), if f is h-convex with h (t) = 1= i.e.

1—-rt’

@25  flet(l-y)<@-r) | ——f @)+ —

1—rt ! W

for any z,y € C and t € [0,1].
In particular, for r = % we have %—Tesolvent conver functions defined by the
condition

(26) Flia+ (1 -1)y) < 5T f @)+ 1y f )

for any t € [0,1] and x,y € C.
Since

1 1 1 1
t<—<—-andl—t<——< — forte (0,1
2—t t 1+t = (0,1)
it follows that any nonnegative convex function is %-resolvent convex which, in its

2
turn, is of Godunova-Levin type.
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We say that the function f : C C X — [0,00) is r-exponential convex with r
fized in (0,00), if f is h-convex with h(t) = exp[—r (1 —1)], i.e.

(2.7) flz+ (1 —=t)y) <exp[-r(1—1t)]f(z)+exp(—rt)f(y)
for any t € 10,1] and z,y € C.
Since

t<exp[—r(l—1t)] and1—t <exp(—rt) forte|0,1]
it follows that any nonnegative convex function is r-exponential conver with r €

(0,00) .

Corollary 4. Let h(z) = Yo" anz" be a power series with complex coefficients
and convergent on the open disk D (0, R) C C, R > 0. Assume that 0 <r < R and

define h, : [0,1] — [0,00), h, (t) := % If the function f : C C X — [0,00) is
h,.-convex on the convexr subset C' of the linear space X, namely

(2.8) fltz+(1—1)y) < ﬁ [l (rt) £ () + h (r (1= 1)) ()]

for any t € [0,1] and z,y € C, then for any z; € C, w; > 0,4 € {1,....,n}, n > 2
with W, == >"""_; w; > 0 we have

(2.9) / (&ZW%) < hgr) Zh <7‘;IU/;> f ().

Remark 2. If the function f: C C X — [0,00) is %—resolvent convex on C, then
for any z; € C, w; > 0,1 € {1,....,n}, n>2 with W,, := ., w; >0 we have

1 n n 1
f (I/Vn ;w%) < Wy ; mf (@3) .-

If the function f : C C X — [0, 00) is r-exponential convex with r fized in (0, 00) ,
then for any x; € C, w; > 0,4 € {1,...,n}, n > 2 with W, :== >_""_ | w; > 0 we have

(S < S [ (1- )] e,

n
3. SOME RELATED FUNCTIONALS

Let us fix K € Ps (N) (the class of finite parts of N) and z; € C (i € K). Now
consider the functional Jg : Sy (K) — R given by

1
. = —_ | >
(3.1) Ji (p) :==h(Pk) f (PK Z]%%) >0
ieK
where Sy (K) := {p= (pi);c;|pi >0, i€ K and Pg >0} with h : (0,00) —
(0,00) and f is nonnegative on C.

Theorem 4. Let h : (0,00) — (0,00) be a supermultiplicative (submultiplicative)
function on J. If the function f: C C X — [0,00) is h-convex (h-concave) on the
convex subset C of the linear space X, then for any p,q €Sy (K) we have

(32) Jk (p+aq) < (2)Jk (P) + Jk (q),

i.e., Jx is a subadditive (superadditive) functional on Sy (K).



8 S.S. DRAGOMIRY2

Proof. If the function f : C C X — [0,00) is h-convex, then we have for any
p,q €54 (K)

(3.3) Jk (p+4q)

Zh(PK-i-QK)f(PJerZ (pi + ¢i) z)

e K
P - i Y iex Pivi + Qx - Q%( Yiek 4
Py + Pk

(i) 1 (7 o)
() (e 3|

:h(PK+QK)f<

< h(Pk + Qxk)

= A.
Since h is supermultiplicative, then
Pk
h (P, h{ ——— h (P,
P+ Q) (s ) < 1)
and 0
h(Pkx +Qk)h <K> < h(Qk)

Pr + Pk
which imply that

(3.4) A

IN

h(Pg) f < szxL>+h Qx) f ( Zqﬂ:,>

’LEK ZEK
= Jg(p)+Jk(q).

Making use of (3.3) and (3.4) we deduce the desired result (3.2).
The case when h is submultiplicative and f: C C X — [0,00) is h-concave goes
likewise and the details are omitted. (]

Corollary 5. Let h: (0,00) — (0,00) be a submultiplicative function on J. If the
function f: C C X — [0,00) is h-concave on the conver subset C of the linear
space X, then for any p,q €S54 (K) withp > q, i.e. p; > ¢; for any i € K, we have

(3.5) Jk (p) = Jk (q) > 0,
i.e., Jx is monotonic nondecreasing on Sy (K).

The proof is obvious from (3.2) on noticing that

Jk (P)=Jxk(P—a+q) > Jk(p—q)+Jk(a) > Jk (q).

We also have:

Corollary 6. Let h: (0,00) — (0,00) be a submultiplicative function on J. If the
function f : C C X — [0,00) is h-concave on the convexr subset C of the linear
space X, then for any p,q €Sy (K) with Mp > q >mp, for some M > m > 0, we
have

h(MP,

h (mPK)
h (Pr)

Jik (p) > Jk (q) > h (Pro)

Jk (p)-
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Proof. From the inequality (3.5) we have
Ji (Mp) > Jk (q).

However

Jx (Mp) = h(MPg) f (MlPK Z Mpia:i>

= h(MPx) f ( me) = Z(‘gf)‘)JK (p),
ZGK

which proves the first inequality in (3.6).
The second inequality can be proved similarly and the details are omitted. [J

Further, consider the functional Ly : Sy (K) — R given by

(3.7) Ly h (Pg) Zh( ) ;) >0,

€K
where S} (K) := {p = (pi);e;|pi =0, i€ K and Pk >0} with h : (0,00) —
(0,00) and f is nonnegatlve on C.
Theorem 5. Let h : (0,00) — (0,00) and f : C C X — [0,00). If h is convex
(concave) on (0,00) and g : (0,00) — (0,00) defined by g (t) = @ is decreasing
(increasing), then for any p,q €Sy (K) we have
(3.8) Lk (p+a) < (2) Lk (p)+ Lk (q).

Proof. If h is convex on (0,00), then we have for any p,q €5, (K)

B Pi +q; .
B9 Ixra=nirc Q0 S (Fg) £

Pk + Qi

ieK
< h(Px +Qxk)

XZ[PKJFQK (pl>+PKQ+KQKh(5;)}f(%)

_ h(Pk +Qk) Pk
B Px +Qx Zh<PK) 2

€K
h(Px + Qk)Qx (Qi >
+ h ;
Px +Qx 162[3( Qr f (@)
= B.
. _ h(t) . .
Since g (t) = =~ is decreasing, then
h (PK + QK) < (PK)
Pr+Qx — Px
and
h(Px + Qk) < h(Qxk)

Pr 4+ Qxk Qk
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Therefore
310)  BhP b (A ) e+ h@0 T b () 1@
=Lk (p) + Lk (a).

Making use of (3.9) and (3.10) we deduce the desired result (3.8).
The case when h is concave and g is increasing goes likewise and the details are
omitted. O

Corollary 7. Let h: (0,00) — (0,00) and f: C C X — [0,00). If h is concave on
(0,00) and g : (0,00) — (0,00) defined by g (t) = @ is increasing, then for any
p,q €5+ (K) with p > q we have

(3.11) Lk (p) > Lk (q) > 0.
Also, for any p,q €Sy (K) with Mp > q >mp, for some M > m > 0, we have
h (M Py) h (mPx)
3.12 — L > L > -7 .
( ) h (Pr) x(P) > Lk (q) > h (Pr) x (P)
We define the difference functional
Sk (p) : =Lk (p)—Jk(p)
_ pi N .
= h(Pg) Zh (PK> fz)—f (PK pr)] :
ieK €K

We observe that, if h is supermultiplicative and f : C C X — [0,00) is h-convex,
then by Jensen’s type inequality (1.7) we have

Sk (p) > 0 for any p €54 (K).
Proposition 1. Let h : (0,00) — (0,00) be supermultiplicative and f : C C X —
[0,00) a h-convex function on C. If h is concave on (0,00) and g : (0,00) — (0, 00)
defined by g (t) = @ is increasing, then for any p,q €51 (K)
(3.13) Sk (p+4a) > Sk (P) + Sk (a) > 0.

If p,q €Sy (K) with p > q, then we have
(3.14) Sk (p) = Sk (q) = 0.
Also, for any p,q €Sy (K) with Mp > q >mp, for some M >m > 0, we have
3.15 —=S >S5 > ———28 .
( ) h(Px) x (P) > Sk (q) > h(Pr) x (P)

The proof follows by Theorem 4 and Theorem 5 and we omit the details.

If we take h (t) = t, i.e. in the case of convex functions we obtain from Proposition
1 the superadditivity and monotonicity properties of the functional

1
Jek (p) == sz‘f (zi) — Px f (P ZPz%)
i€K K ick
established in ([32]).
From (3.15) we get

(3.16) MJek (p) > Jek (q) > mJek (p)
that has been obtained in [24].
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