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Abstract

Here we present very general fractional representation formulae for a
function in terms of the fractional Riemann-Liouville integrals of different
orders of the function and its ordinary derivatives under initial conditions.
Based on these we derive general fractional Ostrowski type inequalities
with respect to all basic norms.
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1 Introduction

Let f : [a,b] — R be differentiable on [a,b], and f’ : [a,b] — R be integrable on
[a, b], then the following Montgomery identity holds [2]:
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where P; (z,t) is the Peano kernel
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The Riemann-Liouville integral operator of order o > 0 with anchor point a € R
is defined by
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Jof (x):=f(z), w€lal. (4)

Properties of the above operator can be found in [3].

When a = 1, J! reduces to the classical integral.

In [1] we proved the following fractional representation formula of Mont-
gomery identity type.

Theorem 1 Let f : [a,b] — R be differentiable on [a,b], and f’: [a,b] — R be
integrable on [a,b], « > 1, x € [a,b). Then

-« z(zl b a— o /
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When oo = 1 the last (5) reduces to classic Montgomery identity (1).

In this article we find higher order fractional representation for f (), similar
to basic (5), and from there we derive interesting fractional Ostrowski type
inequalities.

2 Main Results

Next we give higher order fractional representation of f subject to initial con-
ditions.

Theorem 2 Let o > 2, x € [a,b) fized, [ : [a,b] — R twice differentiable, with
I : [a,b] — R integrable on [a,b]. Assume f'(x) =0. Then
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(b- x)2_a
a—1

Ja 72 (Pr(2,b) f (b)) + J5 (P1(2,0) £ (b)) }] -

Proof. Let here o > 2 and there exists f” : [a,b] — R that is integrable on
[a, b].
We have

flx) =

b
L()J2 (P (b /1) = [ 6= Pt " @d= (0

/az <Z_Z> (b—)""" £ () dt + /: <2_Z> (b—t)* " 7 (t)dt
/: (2:2) (b—t)* " (t)dt + /: (2:2) b—0* L) dt (8)

- /; (H) (b—1)* 7 (1) dt =




T b
/ (b—t)*"" 7 (t) dt — ﬁ/ (b— )™ f" (t) dt.

That is
L (a) Jg (Pr(z,0) £ (b)) =

w a—1 p1 1 b o pll
[ o-orma- gt [o-nrna=e. o

Next we use integration by parts, plus the assumption f' (z) = 0. We have
[ o= [ om0t -
-0 @ [ P Oa0-0 =00 @ (0
Hamn) [[0-0" a0 =—0-0" @)
Ha=D |0-2F @) - 0-0" " f @ - [ Fwao-0? -
(=) (@) la— 1) (- ) () — (= 1) (b— )" f @)+ (11)

(—1)(a—2) / (b—8)*"% F(¢) dt.
That is

/ St W dt = — (b— )™ (@) + (- 1) (b 2)° 2 f () -

@-D0-0"f@+@-1a-2 T = (). (12)

Next we observe

b

1 @ pf _ a—1 - _ .
“h—a) l_(b_a) f(a)+a/ (b—1) df(t)] b—a)

a

b
[— (b—a)* f'(a) —a(b—a)* ' f(a) +ala— 1)/ (b—1)*"2f(t) dt] =
(13)

ala—1) /b (b= )2 F (1) dt.

(b=a)*" f'(@) +a(b-a)" " f () - 57—




That is

b « a—1
G [ 0= de= -0 @)+

ala—1)

a(b-a)"? f(a) - S

We have that

[ -0 rwa=00). )

(£1) = (M) + (N2).
Thus

T () Jg (P (2,0) " (b)) = (a—1) (b—2)* > f(z) + (b—a)* " f(a)+ (15)

ala—1)
b

T b
(a—l)(a—Q)/ (b—1)*° f(t)dt — /(b—t)a_zf(t)dt.

Notice that

—ala—1)=—(a—1)(a—2)—2(a—1). (16)
We split
_ b o — a — b _
_O‘éo‘_al)/a (b—t)”‘zf(t)dtz—(bl)_(am/a (b—)"" f () dt
B b
,Q(ba_ al)/a (b—1)""2 () dt. (17)
But we see that
— o — b 2
W/a (b—1)*"2f(t)dt = (18)
_W l/j(b—t)"_zf(t)dt—i-/:(b—t)a_Qf(t)dt] =
_(e-V(a=-2) l/m(bt)(bt)“_gf(t)dtJr/b(bt)(bt)a_gf(t)dt]
b—a a T

(19)
=—(a—1)(a—2)-

[/am <1 <2_2>) (bt)a_gf(t)dt/: <Z§—Z> (bt)a‘?’f(t)dt] _

== [Co-0roa- | [ () e-0 o

+/zb <l§—2) (b= f () dtH -
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—(a—1)(a—2)/m(b—t)“*3f(t)dt+

b
(@—1)(a—2) / Py(2,t) (b— )2 £ (1) dt. (21)
Therefore
ala — b -2 o — b a—2
- (b_al)/a(bt)a f(t)dtQ(b_al)/a(bt) 1 (t) dt+

b B
(0 —1) (o — 2)/ Py (z,t) (b—t)*72 f(t)dt (22)

—(a—1)(a—2)/m(b—t)a_3f(t)dt.

Hence it holds

I (a) JS (Py(2,b) " (b)) = (@ = 1) (b—2)* > f(z) + (b—a)* "> f (a)

B b b
2 (ba_ al) / (b—8)*"2f () dt+(a—1) (o — 2)/a Pz, t) (b= f(t)dt =
(23)
O L B R e e e e

(24)

(0= 1) (0= 2) T (o = 2) S5 (Py () £ () =

(0= 1) (0= 2" f (@) + (0~ )" [ a) ~
PO gt 1 0) 40 (@) T (P (2,0) £ ). (25)
We have proved that
(@) (-2 @)=~ (b—a) > f () + D e () -

(@) 87 (P (a,6) £ (0)) T (@) J3 (P (b)) = (26)

—(b—a)" " f(a)+

b—a

We have produced (6). m
We continue with

r(a) {2Js-1f () — T2 (Py (2.) £ (8) + T (Py (2.) <b>>} @



Theorem 3 Let a > 3, x € [a,b) fized, f : [a,b] — R three times differentiable,
with f""" : [a,b] — R integrable on [a,b]. Assume f'(x) = f" () =0. Then

7m3—a 2 g
‘<a(b—1><)a—2>{—2<a—1><b—a>a‘3f<a>—<b—a>“‘ 1)+

o 3 _ _ ja-3 " o z "
E @) { s 20 (0= S (P ) S 00) 4 05 (P a0 (b))}}(.%)

Proof. Let here a > 3 and there exists "’ : [a,b] — R that is integrable on
[a,b]. We have as before that

[ (a) Jg (Py (x,b) f (b)) =

* a—=1 g 1 ’ [
[o—ot - ois [o-nrroa=). @)

By assumption we have f' () = f” () = 0. We use repeatedly integration by
parts next

[o—o @i o0 e -

C(b—a)™ " " (@) + (a— 1) / (b— )"~ £ () dt =

- @ 1) [0 ) =
- @)+
(@=1) |- 60— @+ (-2 /w(b—t)“?’f(t)dt}: (30
(=)™ @)~ - D - @)+

(a—1) / H* 3 df (t)

~-a)* @@= D) (b-a)* 7 @)+ 1) (@=2)[b-2)"" f(2)

-0 @+ -9 [ (b—t)“f(t)dt} -

a

—(b=a)* " [ (@)=(a=1) (b—a)" " [ (a)+(a = 1) (@ =2) (b—2)" " f (x) -

(@=1)(a=2)(b—a) " f(a) + (@ —1) (@~ 2) (Of*3)/w (b— )" f (¢)dt.
(31)



That is
/ St () = — (b — @) (@) — (a— 1) (b— )" ' (a) +

(-1 (@=2)(b—2)""f(@)—(@-1)(a=2)(b—a)* fla)+ (32)
(@—1)(a—2) (a—S)/ (b— 1) (1) dt = (w1).

Similarly we find

b b
_ﬁ/ (b—t)“f”’(t)dt=—ﬁ/ (b—t)df" (t) =  (33)

b
(e [ b= '@ +a [ -0 (0 dt] -

(07

b
e O S e ACE

(0%

b
R O [— b= F @1 [ 6= dt]

a e
o a—1 pn a—2 p/ a(a_l) ’ a— _
e O e e A O e AUE

(b—a)* " f"(a) +a(b—a)" " f (a) - (35)

ala—1)
(b—a)

b
l (b—a)"" f(a) + (a—2) / b=t f (1) dt] =

(b—a)* " (@) + 0 (b—a)* 2 f (a) +
a(a—1)(b—a)*? f (o)~ AoVl =2) [ -0t rwa oo

(b—a)
That is we found

1

b
G | e A= =0 @) =0 @)+

ala—1)(a—2)

O L

b
[ 0= @t = (wa).
’ (37)
Notice that
(&) = (w1) + (w2).
We have

T () Jg (Py(2.0) f" (0) = (b= a)* * f'(a)+(a = 1) (@ = 2) (b — 2)"* f (2) +
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2(a—1) (b—a)afgf(a)+(a—1)(@—2)(a—3)/z(b—t)a74f(t)df—

ala—1)(a—2)

b
a—3
— / (b= )" F (t) dt. (38)

‘We notice that

—ala—1(a—2)=-3(a—1)(a—2)—(a—1)(a—2) (a—3). (39)

Hence
a(a—1)(a—2) b -3
o [ o=
Ba-1(@=2) (1 as,
SHeLE oo roa (40)
(a-D(@-2(@=3) (1 .y
= [ =0

b—a)
(O‘ — 1) (a — 2) (a — 3) ‘ a—3 ’ a—3
- = [/a (b—1t) f(t)dt+/x(b—t) f(t)dt]—
(41)
(a=1)(a=2)(a—3)
(b—a)
x b
V (b—t)(b—t)“_4f(t)dt+/ (b—t)(b—t)a—‘*f(t)dt] - 4

(a—1)(a—2)(a—3)
(b—a)

T b
V <<b—a>—<t—a>><b—t>“*4f<t>dt—/ <t—b><b—t>“f<t>dt]—

“a-ve-2@-3)|[ (1-(jZ2)) e-oroa-
/ b (5=2)6-0"s dt} - (43)

T b
—(a—1)(a—2)(a—3) [/ (b—t)a*‘*f(t)dt—/ Pl(x,t)(b—t)a‘lf(t)dt].




We derived that

_(a—l)((zk—j))(a_3)/ (b_t)‘“_?’f(t)dt: (44)

—(a—1)(a—2>(a—3)/m(b—t)a*4f(t)dt+

b 4
(a—1)(a—2)(a—23) / Py (z,t) (b—t)""" f(t)dt.
Therefore we obtain

ala—1)(a—2

b
oW )/(bft)o‘_?’f(t)dt:

(a—1)(a—2)(a—3)/z(b—t)“_4f(t)dt+

b
(@—1)(a—2)(a—3) / Py(2.t) (b— )" £ (1) dt.
Combining (38) and (45) we find
T (a) J& (Py(2,b) £ (b)) = (b—a)* * f' (a)+(a— 1) (@ —2) (b—2)* " f (z) +

— o — b _
2(a—1)(b—a)a3f(a)—3(a(b1)(a)2)/ b=t f(t)di+  (46)

b

(a—1)(a—2) (a—3)/ Py (z,t) (b—t)* " f(t)dt =

b—a)* 7 f @)+ (@-1)(@=2)b-—2)" " f(@)+2(a—=1) (b—a)" " f(a) -

3(04—1)(6;—2)1"(a—2)
(@=1)(a=2)(a=3)T(a—3)J37° (P (z,b) f (b)) =

b—a)* 7 f @)+ (@-1D(@=2)b-2)" " f(@)+2(a=1) (b—a)" " f(a) -

3l (@)

(b—a)

Consequently we get

(@=D(@=2)(b—a)* " f@) == (b-a)* " f'(a)-2(a = 1) (b—a)* " f ()

3l ()
(b—a)

Ja2f (b) + (47)

T2 f () + T () J72 (Pr (2,0) f (1)) (48)

+

JaT2f (0) = T () J372 (Py (2,0) f (b)) + T () I3 (P1 (2, b) f (b)) =
(49)



=" @)~ 2= 1) (b a)"  (0) +
r o) { g 5 ) = T (P (@) £ () + 02 (P ) /7 ()} (50

proving the claim. m

We continue with

Theorem 4 Let o > 4, x € [a,b) fized, [ : [a,b] — R four times differentiable,
with f4 : [a,b] — R integrable on [a,b]. Assume f'(z) = f" (z) = f" (z) = 0.
Then

(b _ x)47a

1@ = D@y LA D=2 0-a " o)

20— 1) (- a) () ~ (b~ )2 /O a) +
a—3
o) {4 ) ey £ o)+ 02 (Pt 7O 0) b 6

Proof. Let here o > 4 and there exists f®* : [a,b] — R that is integrable
on [a,b]. We have as before that

C(@) 72 (Pt SO 0) = [ 0= 07 5 0 a-

a

b
s [0 = ).

By assumption we have f'(z) = f”(x) = f” (z) = 0. We use repeatedly
integration by parts next

/m (b—t)*" W () dt = /GE (b—t)*df® () =
—(b-a)* " ¥ (@) + (@~ 1) /I (b= dfP (t) =~ (b—a)* " f¥ () +

<a1>[ <bfa>“*2f<2><>+<af2>/w<b o2 ap (1)) =
CB—a)* P (@)~ (a - 1) (b @)% FO) (a) +

(—1) / O3 df (¢

—(b-a)* (@)~ (a=1)(b-a)* fP (a) +

(@—1)(a=2) [— (b—a)a_3f’(a)+(a—3)/m (b—""df ()| = (53)
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—(b-a)* " [P (@)~ (a=1)(b—a)*? fP (a)—(a 1) (a—2) (b—a)* " f'(a)
+(a—1) (a—2)(a—3)/ (b—t)o‘"‘df(t) =
—(b—a)* [P (a)~(a—1)(b—a)*? fP (a)—(a— 1) (a—2) (b—a)* " ' (a)
+la-1)(a=2)(a=3)(b—2)* " f(z)-
(@—1)(a—2)(a—3)(b—a)* " f(a)+
(a—1)(a—2)(a—3)(a—4) / (b—t)*"° f(t)dt. (54)
We find that
/ T Y () dt = — (b— @) D (@) — (0 — 1) (b— a)* 2 SO (a) -
(@—1)(a=2)(b—a)* > f(a)+ (a—1) (a—2) (@—3) (b—2)* " f () —
(@—1)(a—2)(a—3)(b—a)* " f(a)+
(a0 —1) (a—2)( / =:(0). (55)

Next we observe that

b b
—ﬁ / <b—t>“f<4><t>dt=—(bfa) / (b= df® (1) =

b
(b i a) l (b—a)* f®) (a) + a/ (b—t)* "t ar® (t)] — (56)

b
(b—a)* P (@) = o [ G- T P () = (- P () -

b—a /,

o

b 2
- [— b= f @+ =) [ -y (t)] -

o b
(b=a)* " D (a) +ab-a)* [ (a) - a(éa_ ; | / (b=t df' (1) =

(b—a)* " fP(a) +ab—a)* P (a) -

a(a—l) o _aa72 "(a o — b _ pa—3 o
= [ b= @)+ @-2) [ (b1 df(t)]— 657)

b—a)* ' S @) +ab-a)*? D) +ala—1)(b—a)*f (a) -

ala (bl_)(a) 2)/ (b—1)" 7 df (t) =

11



(b—a) " (@) +ab-a) " fP () +ala—1)(b-a)" " f(a)~ (58)

ala—=1)(a-2)
(b—a)

b
—(b—a)* " f(a) + (a—3) / b= () dt] =

b—a)* ' @) +ab-a)*?fP (@) +ala—1)(b—a)* " f(a)+
a(ozl)(aQ)(a3)/b i
(b—t)*"* f (1) dt.

a(a—1)(a=2)(b—a) " f(a)-

(b—a)
That is
1 b 1 2
R [ =07 0= b- 0" £ (@) alb- @) O )+
al@—1)(b—a)* " f(a)+a(@—1)(a—2)(b—a)* " f(a) -
ala—1)(a—2)(a— b _
DD oo pwae= 0. (9
Notice that
(€3) = (01) + (62) . (60)

We find that
F(a) g (Pi(@,0) 9 0) = b-0)"* P (@) +2(a=1) b —a)* " f (a) +

Bla-1)(@-2)(b—a)* " fla)+(a-1)(a=2)(a=3)(b—)"" f(x)+

) (61)
(@-D@-2-3a-1 [ -0 @
Cale-D@-20@=3) [*
o) /a(b H° £ (1) dt.
‘We have
—a(fa—1)(a—2)(a—3) =
—d(a-1)(a=2)(a=3)—(a—1D)(a—2)(a—3) (a — 4). (62)
and
—afa—1)(@=2)(@=3) [* -
= [ -0t rwa- (63)
de-D-2(@=3) 1
o= [ -0t
- 1(a—2)(a—3) (a— b 4
(a—1)( (f)_(a) 3)( 4)/ bt

12



But we see that

(=1 (e=2)(a=3)(x—4)

b
_ e /a(b—t) f(t)dt =

(a—1)(a—2)(a—3)(a—4)

- o [@-0- - 0-0 @

—/b@—b)(b—t)”f(t)dt] -
“@-De-De-ye-o|[ -0 roa o

_/b Pi(z,) (b— )70 £ (¢) dt] .

Therefore it holds

o (o — o — o — b _
el 1)(5)_@2)( 3)/ (b= )7 f () dt =

d(a—1)(a—2)(a—

3) ’ a—4
s |-t

—(a—1)(a—2)(a—3)(a—4)/x(b—t)o‘_5f(t)dt

b
+(a-1)(a—2)(a—-3)(a— 4)/ Py (z,t) (b— t)a_5 f (@) dt. (65)
Consequently we get

F(@)J; (P @) /D ®) = 6 -a)* /@ (@) +2(a—1) (- )" ' (a) +

Bla—1)(@=2)(b—a)* " fla)+(a—1)(a=2)(a=3)(b—a)""" f(x) -

da—1)(a=2)(a=3) [° a—4
o= / (b— 1) f (t) dt+ (66)

b
<a—1><a—2><a—3)<a—4>/ Py (a,t) (b— 1) (1) dt =

(b=a)* [P (a)+2(a=1) (b -a)* P f (@)+3(a—1) (@ =2) (b= a)* " f ()
+la=1(a=2)(a=3)(b-2)""f(x) -

4(a—1)(a—2)(a—3) T (ax—3)
(b—a)

(a=1)(a—2)(a=3)(a=4)T (a=4) J77* (P (z,b) f (b)) = (67)

Ja2 (f(0) +

13



(b=a)* P (@+2(a-1) (b-a)* " f(@)+3(a—1) (@ —=2) (b—a)* " f(a)
+(a-1)(a=2)(a=3)(b—2)""" f(z) -

4T ()

Gy T B T (@) I (P, 0) £ 0)). (68)

That is
L (a) Jg (P (@,0) 1) = (b= 0)" 7 F@ (@) +2(a = 1) (0 - )" ' (a) +
3a-1(a=2)b-a)"" f@)+(@-1)(@=2)(@=3)(b-a)* " f (@) +

a—3
ro {- O g e son) (69)

proving the claim. m
We continue with

Theorem 5 Let o > 5, x € [a,b) fized, [ : [a,b] — R five times differentiable,
with f®) : [a,b] — R integrable on [a,b]. Assume fU) (z) =0, j = 1,2,3,4.
Then

(b—2)" i . ot
f(z) =~ —4H(a—y)(b—a) f(a) —
[[e-5nt =

2

3[[(a=5)(0-a)* " f(@-2(a-1)(b-a)"" fP (a)=(b—a)"* f¥ (a) +

D) { ey (20 ) = T2 (Bt T )+ 2 (P 20) 19 ) }
(70)

Proof. Let here a > 5 and there exists f(® : [a,b] — R that is integrable
on [a,b]. We have as before that

T (a)J® (p1 (2, b) F (b)> _

/ N e LT P — / b (b—t)" £ (t)dt =: (&) (71)
. b—a)J, e

By assumption we have f) () =0, j = 1,2,3,4. We use repeatedly integration
by parts next

[ o—o i war= [ o-o g ) -

14



—(b-a)* D (@) + (a— 1) / T RO (5) = — (b—a)™ " fD (a) 1
’ (72)

@-n{-0-0" 0@+ -2 [ 00 g o) -
—(b— @)™ D (0) — (= 1) (b— )" FO (a) +
@-D=2) [ -0 a0 -

—(b- @)™ D (@) = (a— 1) (b— )" FO (a) +
@-n-2{-0-0"" @+ @3 [ 6= a0} = @
—(b- @)™ Y (@)~ (= 1) (b— )" £ (a) -
@-D@=20-0"" 9@ +a-1@-2@-3 [ 6= ©
— -0 Y (@) — (= 1) (- )" D (a)
Ca-1)(a-2) (- /P (a) +
@-Dle-2@-3{-0-0""F@+a-0 [ 0-0" g0} -

a

—(b-a)* " V(@) = (a=1) (b - ) fO) (a) -
(@-1D(a=2)(b-a)* " fP(a) ~ (a=1)(a=2)(a=3) (b —a)" " f'(a)

+(a—1)(a—2)(a—3)(@—4)/z(b—t)“_5df(t):

—(b-a)* W (@)~ (a=1) (b - ) fO) (a) -
(@ =1 (a@=2)(b—a)* " (a) -
(@=1)(@=2)(@=3)(b—a)" " f'(a) + (@ = 1) (@ = 2) (« = 3) (a = 4)-

{(b @) - -0 @+ =) [ 6= ) dt} .

a

That is
[ 0= O =~ -0 Y @) - (- ) -0 (o) -
(@=1)(@=2)(b—a)* " fP(a) = (= 1) (@=2) (a =3) (b—a)* " f'(a) +

(75)
(@-1(a=2)(a=3)(a=4)(b-2)""" f(x) -

(@=1)(a=2)(a=3)(a=4)(b—a)*" f(a) +

15



(Oé—1)(a—2)(Oé—3)(a—4)(a—5)/w(b—t)a76f(t)dt:1 (m) -

Next we observe that

—/ (b 1) 1O (1) di = (e / -0 (1) =

_(b_a) a a
b
i {— b= S @+a [ -0 g <t>} -
b
p=a)" " @ - s [ -0 0 = (76)

(b—a)*" f¥ (a) -

@ a=1 £(3) ' a=2 ;(2)
(b_a>{—<b—a> @+ =1 [ -0y <t>}=

. b
(b=a)* " U (a) +a(b-a)* "/ (a) - a(éa_ >1 | / (b—8)""df®) (1) =

(b—a)* " fD(a) +ab-a)* P (a) -

B b
a(éa— )1 | {‘ (b=a)"7* f® (@) + (o - 2>/ o (t)} )

(b—a)*  fD () +ab-a)*? fD(a) +ala—1)(b—a)* P (a) -

ol (bl_)i) 2)/ (b—t)" 7 df' (t) =

(b= ) O (@) a (b - ) O (@) a0 - 1) (b a)* " F (a) -
a(a_l)(a_2) _ _aaf?) "(a o — b a4 o
) { b= @)+ e=3) [ -0 df(t)}—

(b= a)* ™ O (@) +ab—a)* 2 [P (a) +a (0~ 1) (b a)* " f (a) + (77)

ey @ D@ =2 (@=3) [T
ala—1)(a—2)(b-a) " f (a) i /a(b 0= d (¢)

= 0-a) " D @) +a b0 O @)+ ale—1) (b-a) 7 [ (@) +

(o~ 1) (o — 2) (b— )™~ f (a) — L9 1>(§)a_—a)2> (a=3)

b
{—(b—a)a4f(a) + (a—4)/ (b= f (1) dt}- (78)

a
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We proved that

1 b . ,
_m/ (b—t)" f(5) (t)dt =(b—a)*" f(4) (@) +a(b—a)® f(3) () +

ala=1)(b-a)* " [P (@) +a(a-1)(a=2) (b—a)* " f'(a) +

afa—1)(a=2)(a=3)(b—a)"" f(a) - (79)

e [e-o s a = o),

We have
(£4) = (m1) + (m2) -
Therefore it holds

T (a) Jg (P (2,0) O (5) = (b= )" £ (a) + (80)
2(a—1)(b—a)* 7 fP (@) +3(a—1)(a—2)(b—a)* " f (a)
+(a—1)(a—2)(a=3)(a—4)(b—2)*""f(z)+
4a—-1)(a=2)(a=3)(b—a)* " f(a)+
(o — 1)<a—2)(a—3)(a—4)(a—5)/ (b—t)*° f(t)adt

Cafa—1)(a—2)(a—3)(a—4) /b(b—t)“‘5f(t)dt~

(b—a)
We see that
clo-Dle D=9 [y s ya=
_Slaz (e sz_) (O; Gk /ab (b—1)*"" f(t)dt (81)
—(a1)(a2)((z_§’))(a4)(a5)[1b(b—t)“‘5f(t)dt.

We have . .
(a=3) [[@-9
Jj=1 _ pa—5 — _j:1 .
—7(1) o /a (b-1) ft)dt 7(13 y

[/z«b—a)—<t—a>><b—t>“‘6f<t>dt—/ (=0 (b- """ £ (1) d| =
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b

*H a—7) V (b—t)*" Gf(t)dtf/ Pz, t) (b—0)*C f(t)dt|. (82)

Therefore it holds

ala-D(@-(@-3) (@) (") as
- — |- rwa-
Sla-D(a-2(a-3) (=4 (", s
_ — / (b— 67" f (1) di—
5 x 5 b
-0 [ ¢-0 s+ @ [ AEoe-0" @
= = (83)

Consequently we get
L) J (P (@.0) f9 (1) = (b—a)* /& (a) +

2(a-1)(b-a)* " [P (@) +3(a-1)(a=2)(b-a)* " (a)
+a-1)(a=2)(a=3)(a=4) (b—2)"" f (z) + (84)
da-1)(a=2)(a=3)(b—a)" " f(a) -

5(a—1)(a—2)(a—3)(a—4) [° @b
— [ -0 rwa

+H (a—3j) / Py (z,t) (b—1)*"° £ () dt.
So that
T (a) Jg (P (2,0) fO (5) = (b= )™ £ () +
2@=-1)(b-a)" P (@) +3(a-1)(a=2) (b—a)"" f'(a)
+(@-1)(a=2)(a=3)(a—4)(b—2)""" f () + (85)
4(a=1)(a=2)(@=3)(b—a)* " f(a) -

Sla-D(a=2)(a=3)(a-HT'(x—=4) 44
(b* a) (Ja (f (b)))

+ ][ (=)L (a=5)J27° (Pr(a,b) f (b))

j=1

And finally we derive

_H (@=7)(b—2)* " f(x) = ~4(a=1)(a=2)(a=3)(b—a)" " f(a) (86)
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—3(@—1)(a—2)(b—a)*"" f'(a)
~2(a—=1)(b—a)* > fP(a) — (b—a)** f®) (a) +

T () { C > o (e O)) = T8 (P, b) £ (0) + T3 (P (@) £ (b))} :

proving the claim. m

In general holds the following fractional representation formula

Theorem 6 Let @« > n, n € N, z € [a,b) fized, f : [a,b] — R n-times dif-
ferentiable, with f™ : [a,b] — R integrable on [a,b]. Assume fU) (x) = 0,
j=1,...n—1. Then

n—ao n—2
f(w):flbl_x){—(n—lf (=5 b-a) " fla)— (87
I (-5 =t
n—3 n—4
(=2 [ (=) 0= a)* " £ @~ (0= 3) [[ (=) 6 - @) "+ £ (a)
=) [ (- 5) (b - a)* " ) (a)
j=1

—(b=a)* S (@) + T (a) {b T (T B) = Je T (P () £ (0)

+Jg (Pu(,b) £ )

0
Aboveweassumethatn a—j)=1, andH a—j)=0ike{-1,-2,..}.

Jj=1
Also set f(=1 (a) := 0.

Proof. Based on Theorems 1-5. m
Theorems 1-5 are special cases of Theorem 6.
We give applications of Theorem 6 for n =6, 7.

Theorem 7 Let o > 6, x € [a,b) fizred, [ : [a,b] — R siz times differentiable,
with £ : [a,b] — R integrable on [a,b]. Assume fU) (z) =0,j=1,..,5. Then

f(w)=(b_a{ 5T (o @) f (a) -

j=1

Jj=1
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ﬁ Y(b—a)* 7 f! 3f[ 7 (b—a)** f® (a) -

Jj=1 j=1
2(a~ 1) (b~ )" O (@) ~ (b~ 0)** /O (a) + (59)
P {52 (e ) = I (P £ o) + 72 (P 10 w) |

Theorem 8 Leta > 7, z € [a,b) fized, f : [a,b] — R seven times differentiable,
with f(7) : [a,b] — R integrable on [a,b]. Assume f9) (z) =0, j=1,...,6. Then

(b—z)° ° . at
fla) =5 —6H(a—y)(b—a) f(a) - (89)
H(a—J) =t
4 3
H b—aaﬁ H —J —@a5fﬁ()
H (b—a)* " & (a) —2(a—1) (b—a)*° fW) (a)

+Jg (P (@,b) FO 1) )
We make

Remark 9 We rewrite (87) as follows:

By (franz) = f ()4 =2 {(n— DT (o) (b Fa)+ (90)

[[ (-3 =
n—3 n—4
(=2 [T (@~ - f @)+ -3) [[ (=) (0 -a)""* @ (a)
Jj=1 j=1
1:[ —a)* "D (@) + 4 (b= )2 (a) +
{ - (F ) + Jo " (Py (.0) f <b)>}} =

20



(b—2)"""T'(a)

n—1

I (-9
j=1
(b _ x)nfa
n—1
I (-9
j=1
We upper bound E,, (f,«,x), that is we upper bound the right hand side of (91).
Consequently we produce fractional Ostrowsk: type inequalities motivated by
[1] done there for n = 1.

Jo (Putw,b) £ (8) =

b
/ (b— 1) Py () £ (t) dt. (91)
Theorem 10 Let « > n, n € N, z € [a,b) fized, f : [a,b] — R n-times

differentiable, with f) : [a,b] — R integrable on [a,b]. Assume fU) (z) = 0,
j=1..,n—1, and ||f(”)HOO < 00. Then

15 l(b—x)” b-a)* (G-2)"  20-2)""
|E’ﬂ (f,Oé,.’II)| S 1 = - 5
n a(a+1) ! (b—a)(a+1)
(= 3)

(92)
where Ey (f,a, ) as in (90).

Proof. We have that

(b _ x)n—a

T (-5
j=1

0=y, [ [0 aaas [ (b_wadt] S
(b—a) (H (ax —j))

j=1

|En (fion2)] <

/ “- 0 Pl 0] de <

(b _ .Z‘)OH_I

_xnfa (n) x
(b—2)"* [|F ] V (b_t)a—l((b_a)—(b—t))dt+a7+1

b0 (H <aj>)

(n) _ ) T x —x)” !
I ||oon(b1 ) l(ba)/a (b—t)a‘ldt—/a (bt)o‘dH(boHr)l+
(b—a) (H (Oé—j))
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_aa _ma _aoc+1 _anrl
[(b_a)<(ba) _(ba) >_(boz—|—)1 +2(boc+)1 B (94)
G=a)" " fM [ 0-—a)* -2 20-2"

o - + = (95)
n—1 a(a+1) a (b—a)(a+1)
II -5
j=1
151 [(b—w” (b-a)* (b-2)" 20—z
n—1 a(a+1) o (b—a)(a+1)|"
I (-4
j=1
[
Theorem 11 Let all as in Theorem 6. Then
n—o a—2
B (f, 0, 2)] < (b_xzkl (b-a) (b—a+|a+b—2x\)‘f(") .
2] (@=9) o
j=1
(96)

Proof. We have that

71_77,—04 b 1
Ot -0 1P )

[T-n"

[En (f, 0, 2)] <

Fo@lae< (o)

(b _ $)'7L—(X o2 B B (n) B

ﬁ( | (b—0a)" "max{z —a,b—z} ‘ f ) (98)
@ —]

j=1

(b*I)n_a a2 b7a+|a+b*21'| ' (n)

b— .
o1 (b—a) 2 A P
1T (@24
Jj=1
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Theorem 12 Let p,q,r > 1 such that % + % + % = 1. Let all as in Theorem 6,
but now f € L, ([a,b]). Then

|En (f,a,2)] <
(b—z)" (b— )Oﬁu% (b—2)" + (2 — )T : J0)
Te-n]| @7 1) (4+1) bt
j=1
(99)
Proof. We have
n—o b %
B (frana) | L2 (/ (b— 1)@ Dr dt)
[T-»| "
j=1
’ q ‘ (n)
( / P, (2, 1)] dt) ‘ I, o = (100)
b-a)" | ®b-a)
n—1 1
L (pla—1)+1)r
(=)
1l
T b %
_ _ (n) _
(/a (t—a)ldt +/m (b t)th> Hf Lo(lab))
(b _ x)nfa (b _ a)(af2)+% (m . a)qul . (b . t)qul i f(n) B
H @y | ®@=D+ nr\ @+ (a4 Lellod))
j=1
(b—z)" ¢ (b )O‘_Q"'% (b— m)q+1 + (x — a)q+1 : Hf(n)
-y | @D+’ (a+1) e
= (101)
proving the claim. m
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