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Abstract

Here we derive a multivariate fractional representation formula involv-
ing ordinary partial derivatives of first order. Then we prove a related
multivariate fractional Ostrowski type inequality with respect to uniform
norm.
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1 Introduction

Let f : [a,b] — R be differentiable on [a,b], and f’ : [a,b] — R be integrable on
[a, b], then the following Montgomery identity holds [3]:
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where P (z,t) is the Peano kernel
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The Riemann-Liouville integral operator of order o > 0 with anchor point a € R
is defined by

@)= s [ @0 @ (3)

JOf (z):= f(z), x€]la,b]. (4)
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Properties of the above operator can be found in [4].

When a = 1, J! reduces to the classical integral.

In [1] we proved the following fractional representation formula of Mont-
gomery identity type.

Theorem 1 Let f : [a,b] — R be differentiable on [a,b], and [’ : [a,b] — R be
integrable on [a,b], o > 1, x € [a,b). Then

P =00 1@ { %L et () )+ 2 (P 7 0)
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When o =1 the last (5) reduces to classic Montgomery identity (1).
We may rewrite (5) as follows

b
f@) = (-2 [bl [ -0t ra-

b b
(a—l)/ (b—t)*"2 Py (2,t) f (t) dt+/ (b—t)*"" Py (x,t) f' () dt|. (6)

In this article based on (5), we establish a multivariate fractional represen-
tation formula for f(z), z € [~ [a;,b;] C R™, and from there we derive an
interesting multivariate fractional Ostrowski type inequality.

2 Main Results

We make
Assumption 2 Let f € C* ([T[%, [ai, bi]) .

Assumption 3 Let f: [~ [a;i,b;] — R be measurable and bounded, such that
there exist aanj [T, [ai bi] — R, and it is z;—integrable fqr allj =1,...,m.
Furthermore chfi (t1, ey biy i1y ey Ty ) it i integrable on H;Zl [a;,b;], for all

i =1,.,m, for any (Tit1, .. vm) € [1j; 41 [az,b5] .

Convention 4 We set

H-:l. (7)

. — . . -
Notation 5 Herex = 7 = (21,...,%m) € R™, m € N—{1}. Likewiset = t =
—
(t1, ..y tm), and d t = dtydts...dt,,. We denote the kernel

Pl(:ci,ti):{l;;_‘g;’ R, (®)



‘We need

Definition 6 (see [2]) Let [~ [a;,b;) CR™, m € N—{1}, a; < b;, a;,b; € R.
Let > 0, f € Ly ([T~ [ai, b;]). We define the left mized Riemann-Liouville
fractional multiple integral of order a:

m

(I, f) (z) = T / / <1;[1( m) F(t1y e ty) dty...dty,,

9

~

where x; € [a;,b;], i = 1,....m, and = (T1,...,Tm), & = (a1,..cy@m), b

(b1, .y bm) -
We present the following multivariate fractional representation formula

Theorem 7 Let f as in Assumption 2 or Assumption 3, « > 1, x; € [a;,b;),
1=1,....,m. Then

(I, (b — ) ™" (T (@)™

@ om) = ITZ, (b — )

(I3, f) (b) +

m

> A (@1, ) + Y Bi (21, T (10)
i=1 i=1

where fori=1,...,m:

(o) (M 4y —2))
A; (1:17 ...,LEm) = H;;ll (bj _ aj) /H;zl[aj,bj] o (bj - tj)
(11)

B (mh ...,xm) = (Hj_‘.l(lbj _fj)) /1_[;'1[111',17]'] ﬁ (bj - tj) ’ (12)

j=1

0
Py (z4,t;) e

Proof. By (6) we have

(tl, ...,ti,xH_l, ...,xm) dtldtg...dti.

by
f (@1, ) = (b — scl)l*a l 1 / (by — t1)a71 f(t1,ma, .y ) dty

by — a1 ay

by
—(a— 1)/ (b1 — tl)a_Q Py (z1,t1) f(t1, 22, .0y ) dby

ay



b a—1 8f
+ (bl _tl) Pl (xhtl)aixl(tlvaM"vg:m)dtl 9 (]‘3)

1

and

C 1 bz o
f (tl,.’[Q, ,(Em) = (bg — .’Eg)l le "y / (bg — tQ) ! f (tl,tg,l'g, 7SL'm) dtz
asz

ba
— (a — ].) / (bg — t2)a72 P1 (.’EQ,tQ) f (tl,tQ,IL'g, ,(Em) dtg

a2

ba o B
+/ (bg —tg) 1P1 (.’172,t2>Té(tl,tz,l‘g,...,xm) dtz . (14)

2

We plug in (14) into (13). Hence

b1
f(xl,...,xm):(bl—atl)l_a[ L / (by — 1) (by — )~

bl —aq ay

1 b e
[ / (b2 _t2) 1f(t1,t2,$3,...,$m)dt2

by — as as

ba
—(a— 1)/ (b — t2)* 7% Py (w2, t2) f (t1, b2, @3, .., T ity (15)

a2

b2 a—1 8f
+/ (ba —t2)" " Py (22,12) Des (t1,t2, @3, .0y Tpy) dita | dts
a T2

2

by
— (a — ].) / (b1 — tl)a72 P1 (.’bl,tl) f (tl,IL'Q, veoy Z’m) dtl

a1
b a—1 8f
+ (b1 —t1> P (.’L‘l,t1> 7(9 (tl,.’L'g,...,.’L‘m) dti| .
a :I"l
That is we have so far

(b =) (b — xQ)lia.
[, mm) = (b1 — a1) (b2 — a2)

b1 ba
/ / (bl —tl)ail (bg —tz)ailf(tl,t2,$3,...,$m) dtldtg— (16)

al as
(@ —1) (by — 1) ™" (by —w)' ™"
(b1 —a1)
b b 1 1
/ / (b1 —t1)* " (b2 — t2)" " Pi (w2, t2) f (t1,t2, T3, ..., Tuy) dt1dbo
aq ag



(bl _ xl)lfa (b2 . xg)lia '
(b1 — a1)

b b2 a—1 a—1 af
/ / (bl —tl) (b2 —tg) P1 ($2,t2)aim(thtz,l’g,...,mm) dtldtg
b1

— (OZ — 1) (b1 — l‘l)lia/ (bl — tl)aiz P1 ({,131,151) f (151,%‘27 ...7.’L‘m) dtl

1

11—« b a—1 a.f
+(b1 71‘1) / (blffl) P1 (ml,tl)7(t1,$2,...,zm)dt1.

a1 81'1
Call
A1 (.’El, ,.’Em) = — (O[ — 1) (bl — .’E1)17a .
by
/ (b — 1) 2 Py (21, 81) f (b1, @, oy ) (17)
Bl (1‘17 7zm) = (bl - xl)l_
b
1 o 9
/ (by —t)* ' Py (xlatl)aixfl(tlaz%---amm)dtla (18)

(@1 (b —a1) " (b —2) "

A2 ($1,$2,...,$m) = (bl _ al)

by bo
/ / (b1 — tl)a_l (b2 — t2)a_1 Py (z2,t2) f (t1,t2, T3, ..., Ty) dtyrdta,

1 az

and ) )
(b1 —21) " (b =)
By (21,22, ..., ) i= . 20
2( 1,42 ) (bl — 0}1) ( )

b b2 a—1 a—1 af
/ / (b1 —t1)" (b2 —t2)" " Py (wa,t2) 7 (t1,t2, 03, ..., Ty ) dlrdts.
a1 as 8.’1,'2

We rewrite (16) as follows

(b1 — 1) (b2 — fﬂz))ka,

@y, om) = (b1 — a1) (b2 — a9)

b1 bz
/ / ((by — t1) (b — t2))* " f (t1, b2, @3, ..., &) dtydba+ (21)

A2 (l‘l, ,{Em) —+ B2 (171, ceey l‘m) —+ Al (1‘1, ,LEm) —+ B1 (IEl, veey l‘m) .
We continue with
©) (b3 — x3)17a

b3
f(t17t27x37"'7xm) = W/ (b3 _t3)a71f(t17t23t33x47"'7x7n) dt3
as



b3

—(a—1) (b3 — $3)17a/ (bs — t3)* 7% Py (w3, t3) f (t1, boy b3, Ta, oy ) dits
a
3 (22)

bs )
+ (bg — xg)lfa/ (bs — t3)* " Py (w3,t3) ai (t1,to, ts, Ta, oo, Ty ) dis.
as xr3

Next plug (22) into (21). Hence it holds

((by — 21) (by — x2) (b3 — xg))lfa.

f(;yh...,a?m) = (by —aq) (ba — az) (b3 — as)

b1 bo b3
/ / / ((bl —tl)(bg —tg) (bg —tg))ailf(tl,tg,t3,$4,...,$m) dtldtgdtg
al a as

(@—1) (b — 21) (b2 — @) (b3 — w3)) "
(b1 — a1) (b2 — a2)

/ab /b /abs (b1 = t1) (b — £2))* 7" (bs — t3)* > Py (3, t3)

f (tl, tg, t3, Lhyoeny Hl‘m) dtldtgdtg

((by — 1) (b2 — ) (b — 73)) ™
(b1 — al) (b2 - a2)

LTATLT«@_nﬂm_mﬂ@—mnwiﬂ@%ﬁy

0
% (t1, tQ, t3, Lhyeny $m) dt1dt2dt3
3

+A1 (171, ceey l‘m) + A2 (l‘l, ,LEm) + B1 (IL‘l, veey l‘m) + BQ (1‘1, ,IL‘m) .

(23)

Call )
(= 1) ((by — x1) (by — w2) (b3 —x3))
A ey Tpy) 1= — . 24
3(T1, s Tim) B —an) (b — a) (24)
by ba bs L 9
[ =t a2 0= 1) Py )
f(t17t27t37x4,--~717m) dtldt2dt3a
and

(b1 = @1) (bo — w2) (by — w3))' ™"
(b1 — a1) (b2 — az)

/b /b /b ((br = 1) (b2 — t2) (b3 — £2))" " Py (wa, ta)
0

/
D (t1,t2,t3, T4, ..o, Tpy) dty dladts.
3

Bs (21, ..y Tpy) = (25)



Thus we have proved

(Hf:l (b — mz’))l_a.
15, (b — a)

3 a—1
/ <H ) f(t17t27t37x4a---;mm) dtldt2dt3+
'1 1lai,bi

f (.731, ...,.137”) =

=1

3 3
ZAi Ty ey & m)—i—ZBZ- (1, e, Tim) - (26)
i=1 i=1

Working similarly we finally obtain the fractional representation formula

I, - u TN o
£ (@) = [T, (bi —as) /1‘[ [@i,bs] (H (bi = ti)) / ( t ) di

=1 i=1

+ZA L1y.eey L +ZB L1y.eey L . (27)
i=1

The proof of the theorem is now completed. m
We make

Remark 8 Let f € C* (TT1%, [ai,bi]), @ > 1, z; € [a;,b;), i = 1,...,m. Denote
by
ISP == sup  [f(z)]. (28)

z€[T7Z, [ai,bi]
We observe that

a2 (e (b — 7)) a1
=Tt VAN | ORI

(29)

of
al’i

sup

‘Pl (xi, tl)| dtl...dti)

oo

(H;:l (bj — xj))l ‘ 9 || o )7~ 1
M —a (HL i ﬁ)
(/b (bi — )71 |y (xi,ti)|dti> _ (30)

(5o s —29) [ 2] (230, - a))”
(bi — ai) [T;=1 (b — a)) P



0 i

‘ i:p (H§:1 (b; — xj))lia (Hj:l (b — aj))ail-

=1 (b; — a;)
[/ =" (b — ) — (b — )]t +

i

l/x (bi — )" (t; — a;) dt; + /bi (b — )" (bi — t;) dti‘| =

af
Bwi

(bi _ xi)a+1
a+1

sup 1-a z 1 a—1
7 o) " 0-a)”
Oél 1 bz
(b — a) [(b; — a;)” (b; —a)*™ 2(b; — x)* ! B
| o} a+1 a+1

of
8$i

(I b - x.»)

(b — )t 2(b; — )" -
ala+1) a+1 o e

We have proved for i =1,...,m, that

o | (b — 1-a i1 a—1
|B'L' (:U17~-~,1'm)| < ’ 9z oo (Hj—l( J 2?_1 (H]—l( J J))
(bi —a))®  2(bi —x)™! (b; —x;)"
[a(a+1)+(a+1)(bi—ai) o ] (34)

We have established the following multivariate fractional Ostrowski type
inequality.

Theorem 9 Let f € C' ([[\%, [ai, b)), @ > 1, z; € [a;,b;), i = 1,...,m. Then

|f (@1, Tm) — (ITiZy (b — ?{)}il (bfr_(zl))) (181 f) (b) _ ;AZ— (1,00 )
o [ (e e =) (I - )™

(bl — ai)a 2 (bt — .Z‘i)a+1 (bl — x,-)a
[a(a—kl)—i—(a—kl)(l)i—ai)_ p H (35)
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