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Abstract

Using the harmonic polynomials representation formula due to Dedic,
Pecaric and Ujevic [5], we establish Ostrowski and Griiss type inequalities
involving several functions. The estimates are with respect all norms ||| ,,
1 < p < o0, and also take into account the s-convexity and s-concavity in
the second sense of the involved functions.
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1 Introduction
The following results motivate our work.

Theorem 1 (1938, Ostrowski [11]) Let f : [a,b] — R be continuous on [a,b]
and differentiable on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b),
i, If/152F == sup |f'(t)| < +oo. Then

te(a,b)

1 (Z‘ — aTb)z . /||Sup
Ly (b)] b-allfIw, )

for any x € [a,b]. The constant i 18 the best possible.

<

b
[ 0t @)

Theorem 2 (1935, Griiss [9]) Let f,g be integrable functions from [a,b] into
R, that satisfy the conditions

m< fx) <M, n<g(z)<N, z¢€lab,
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where m, M,n, N € R. Then

_a/ f@ dx< _a/ Iz )(b_a/bg(:r)dx>|

(M —m) (N —n). (2)

pM»—*

Theorem 3 (1998, Dragomir and Wang [7]) Let f : [a,b] — R is absolutely
continuous function with f' € Ly ([a,b]), p> 1, 5+ ¢ =1, z € [a,b]. Then

1 b
‘f(:r)—b_a/a (e de] <
o\ b 2\ 7! 7
(=) (=)

1
b—a)[lf1,- (3)
Ostrowski type inequalities are very useful in Numerical Analysis.

1
(q+1)

Theorem 4 (1882, Cebysev [3]) Let f,g : [a,b] — R absolutely continuous
functions with f',¢" € L ([a,b]). Then

e dx_(b/f )( a/;g@dx)‘

1 2 / /
< 55 6= 1 I 9l @

Above is also assumed that the involved integrals exist.

Griiss type inequalities are very useful in Probability.

We are also biggly inspired by the great work of B.G. Pachpatte, see [12],
[13], [14].

So here we produce Ostrowski and Griiss type inequalities for several func-
tions, acting to all possible directions, including s-convexity and s-concavity in
the second sense complete study. Our results are univariate.

2 Background
Let (P,),cy be a harmonic sequence of polynomials, that is P, = P,_1, n > 1,

Py = 1. Furthermore, let [a,b] C R, a # b, and h : [a,b] — R be such that A=)
is absolutely continuous function for some fixed n > 1. We use the notation

Lo [h(z)] = % h(z) + ni (—1)* Py (2) k™ () +
k=1



n—1 k
-1)"(n—k
CV =B e (0 n () — P (6 n (b)ﬂ ,
—a
k=1
x € [a,b], for convinience.
For n =1 the above sums are defined to be zero, that is Ly [h (z)] = h(z).

Dedic, Pecaric and Ujevic, see [5], [4], established the following identity,

b n+1 b
Lo h(2)] - /h(t)dt:¢ [P0 ga )

Cb—a n(b—a)
where
_ft—a, ifte]a,x],
Q(x’t)_{t—b, ift € (,b], 7€ bl @
(t—=x)F

For the harmonic sequence of polynomials Py (t) = “—Fr—, k& > 0, the identity
(6) reduces to the Fink identity in [8], (see also [5], p. 177).

3 Main Results

We present our first main result, a set of very general Ostrowski type inequalities
involving several functions.

Theorem 5 Let nj € N, j = 1,..,r € N—{1}, ny < ny < ... < n, and

fj :la,b] = R be such that f}nj_l) is absolutely continuous function. Denote

T T b
Sl(f1>~-~7fr)::Z Hfi(x) Lnj[fj(:c)]—ﬁ/ fi@del|, (8)
=\
T T b
8o s fe) = S0 | [ TL 2 15 (@) [L 5@l- | fj(t)dt] ,
=\ “
9)
x € [a,b]. Then
1)
11 Ja+b—2a]
[S1 (f1, .. fr)] < ;1 [2 + Q(b—a)} :
ST @1 1Py [577] | ] (10)
=\
and

11 Ja+b— 2z
182 (frs e S < o [2 z(ba)} .



f(”]

Ll KHL [fi (2 )Pnj . [ab]] 1,[a’b]”, (11)
i#£]

2) letp; >1: Z?jzl p%j =1, with f;nj) € Ly, ([a,b]), j =1,...,r, it holds

|Sl (fl, ,fr)| < ﬁ |:Z |:(H |f‘ ) Hpnj_allj,[a,b]

i7#]j

1

= (=2 + (= (12)
J p3j7[a)b] p2] + 1 ’
and
1 T
|S2 (fl,...,fr)| < W |:Z |:(HL fz ) HPn7 1||p1J,[a,b]
=1 i#£]
| (b—2)™ ™+ (@ — 0T\ (13)
! Pp3j;[a;b] p2; +1 ’

3) assuming f;n'j) € Lo ([a,0]), 5 =1,...,7, we get

— 2 r—a ?
151 (f1, oo fr)] < <(b Qn)l (Z(a) : )
w,[ayb]” , (14)

{Z {(Hfz (1‘)) ||P”J'_1Hoo,[a,b] ) f;
=
e

1S5 (f1s s )] < ((b—x) +(z—a) )
Lo [f5 ()] = lf] (z) + Z (—1)* P, () fj(k) (2) +

nj)

and

n])

{E{LIIL [fi (= )Pm 1H [ab])

2n1 (b —a)
Proof. For j =1,...,r, 7 € N— {1}, we have
k=1

4



k.
P R NCY Sl R

k=1 b—
and
nJ+1
Ln; [fj (= / fi(t = / P, 1 (t)q(z,t f(nj (t) dt.
(17)

Hence it holds

(Hfz ) l oy Uy (@) — —— / it dt] (18)

1#£]

n;+1 b
(Hfz ) [(12_(1)/ P11 (1) q (=, t)f("’)( )dt] , forall j=1,..,7

i#£]
Therefore by addition of (18), we derive the identity

f[fi (@) [ w1 (@ / £t dtu (19)

Similarly we produce the identity

So (fis s {HL [fi (x ) n, Ufj (2 —/ fi(t dt”

7#J

(20)
= - ( 1)n e (ny)
17'5J
Consequently we have
‘Sl (flw"vff‘)‘ <
=\



and

‘52 (f17"'7f7“)‘ <

_ KH%JM)})[ o | 1B O]l
=z

Furthermore it holds

151 (f1, 0 fr)] <

:1 Kﬁlfz(w)) [H n 1” [ab / »

i

oI[£™ )] a ” 23)
£ (@ ‘dt” (24)

and

|S2 (f1s s fr)I <

; |:(HLn[fZ(x)]) [H " 1” [ab /|

i)
Since
\Q(x,t)|§max(x—a,b—x):(b_a)+|;+b_2m|’ (25)
we get
151 (f1s s fr)I <
i f[ i ()] ||Pn_7—1||oo,[a,b] {(b —a)+|a+b-— 2x|} f("j)
— L1372 n; (b—a) 2 J Lab] | |’
=N ’
(26)
and
1S2 (f1, e fr)| <
- : HPnrlHoo,[a,b} (b—a)+|a+b— 2z (n))
2 {(21_[1 | L, [fi (x)]) [ s (6—a) [ 5 ] ‘fj 1,[a,b]‘| .
i)
J (27)

Let now piy > 1: Y3,y -5 = 1, with £ € L, ([a,8]), j = 1,...,7
Hence, by Holder inequality for three functions, it holds

b
/’Pnj |\qwt\‘f( ‘dt<

b N\
||Pnj_1||;01j’[a,b] </ |q ("Evt)‘m] dt)

6

f](nj)

Pp3;s[a,b]



b— )P (2
||Pnj—1Hp1J <( ) P ,+(1
27

Consequently we derive

|‘S’1 f17' 7f7

; H|fL

175J

(b _ x)pzﬁrl + ({E a)pgfrl
p2j +1

and

1S2 (f1,.0 fr)| < ,

(b _ x)mfrl + (z _ a)P2.1+1
p2; +1

Assuming that f;nj) € Ly ([a,b]), 5=1,...

ERGESAIESY Hm

j=1 i=1
1#j

1
(b

_ a)mﬁl) P27
{nj —a)

f(”])

1

(n5)
j

p3;,[a,b]

||Pnj—1Hp1j,[a,b]

Ps]‘,[a’b]] ] ’

‘nj (b—a) HP”J'_Ilej,[a,b]

stv[awb]] } .

1
| = 1P s

b,

and

152 (frseoes )L < D[ TT 12 [ ()]

j=1] \i=1
i#j

2

(b—2)°+(z—a)?
[a.b]

I}

a) Hpnj*

151

The proof of the theorem is now complete.

‘We need

2

(b-2)"+ (2 —a)
[a.b]

)

IHOO,[a,b]

(28)

(31)



Definition 6 (/10]) A function f : R = [0,00) — R is said to be s-conver in
the second sense if

fOz+1=Ny) <Nf(@)+(1-N)"f(y), (33)
for all z,y € [0,00), A € [0,1] and for some fized s € (0, 1].

When s = 1, s-convexity in the second sense reduces to ordinary convexity.
If 7>” holds in (33), we talk about s-concavity in the second sense.
We also need

Definition 7 (see also [1]) Let I be a subinterval of Ry and f : I — (0,00).
We call f s-logarithmically convex (s-log-convex) in the second sense, iff logf(z)
18 s-convex in the second sense, iff

FOe+(1=Ny) < (f @) ()", (34)
forallz,y € I, A € [0,1] and for some fized s € (0, 1].

When s = 1, s-log-convexity in the second sense reduces to usual log-
convexity.

If 7>” holds in (34), we talk about s-log-concavity in the second sense.

We also need the s-convex Hadamard’s inequality.

Theorem 8 (/6]) Suppose that f : [0,00) — [0,00) is an s-convex function in
the second sense, where s € (0,1] and let a,b € [0,00), a < b. If f € Ly ([a,b]),

then .
_ a+b 1 f(a)+ f(b)
2s-1 < der < ————~~, 3
1(*50) <52 [ rwae < L9 (35)
The constant K = ?11 is the best possible in the second inequality (35). The

above inequalities are sharp.

Next we present general Ostrowski type inequalities for several functions
under s-convexity and s-concavity in the second sense.

Theorem 9 Same terms and assumptions as in Theorem 5. Assume that a >

1) Suppose )f;nj)
x € [a,b], j=1,...,7. Then

1s s-convex in the second sense and ‘f;nj) (x)‘ < M;,

(b—a)

ni

151 (f1, o fr)] <

8+2 (b_ a)s+2

1 ((b=—2) + (z—a)"! 2
s+1 (b—a) ™ TEFD s+

2 (wﬂW“+m—w”j_




Z |fi ()] HPnrlHoo,[a,b] M| (36)
=\&
and o T
(b—a)| 2 (b—2)""" + (z—a)’
|SQ (fl)"')fT)| S n 542 < (b_a)s+2 > -
1 ((b—2) +(z—a)"! N 2
s+1 (b—a)" (s+1)(s+2)
Z H|an [fi (2)]| HPnj_lHoo’[a’b] M; ) (37)
=1\
z € [a,b].

2) Let p; > 1: Zf’jzl i =1, with f;"j) € Ly, ([a,b]), j =1,...,7.

is s-convex in the second sense, and ‘f;”") (a:)’ <
Mj; .7 = 17'-~77'7 T € [a,b] . Then

2i) Assume again ‘f;nj)

r

51 oo S < ey |0 || TE @ | 1201l

=l
_ ﬁ b2+l _ \p2;+1 ﬁ
M, ( b—a ) (b— ) +(z—a) ’ (38)
p3js +1 p2j +1
and
2 T T
12 (f1s e fr)| < mb—a) Z | |Ln, [fi (2)]] HP"J'*1’|p1_7»,[a,b]
j=1 i=1
i#£j
_ % _ \P2itl _ \p2;+1 i
M; ( boo ) o)™ tlx—a) . (39)
p3js+1 p2; +1
P35

2ii) Assume that ‘fj(nj) is s-convex in the second sense, and ‘f;nj) (w)‘ <
M;,j=1,..,r,  €la,b]. Then

T T

11 (e fr)] < —

n1 P1j,[a,b]

[fi @) (1P, ]
j=1 i=1
i#]



275 M, (b— ) (b a)" T g (- a) (40)
(s+1)7 p2j+1 ’

and

T

1
|52(f1,...,f,.)\§n—1 > H|L,h Lo @M | 1Py =1l oy
j=1 =1
l#]
275 M, (b— ) (b 2)" T 4 (- a) m
(s+ 1) p2j t1

2iit) Assume that ’f na) |7 is s-concave in the second sense. Then

T

‘Sl (f17' 7f’r)‘ < ni Z H|fl (.’IJ)| HPn771||le [a,b]

=\
2;+1 p2j+1 i
st | (ny) (a+D Lo (b= + (x—a)™
9ra; | £i7 b— a)r3i , (42
Ji ( 2 )‘( 2 ( p2j +1 ®)
and
1 T T
152 (f1 - )l < o= Z_} 1:[1|Lm i @I 1B =1l oy
L\
25 +1 p2j+1 i
1|y (a+b Lo ((b—2)"™ " + (z—a)™
9ps; | £ b— a)?3i . (43
1 (50 oo ( v (13)
Proof. Asin (23) and (24) we have that
81 (s )] € ——
1 1y Jr)l = ny (b_a)

r b ‘
TL1 @ | 1Pty [ el [ @) ae] |

i=1
i#]

<.
Il
—

and
1

|S2 (f17 7fr)| < m'

10



{ KHL i )Pn] 1l [ab/lqwt ””<>1d”. (45)
= 1;]

Set .
p(z,t) = {Zv_tl,e EO;TZG_)Z: 1} . (46)

In [2], for A € [0,1], we proved that
gz, a+(1—=X)b)=(a—b)p(x,)N), (47)

that is
g (2, Aa+ (1= A)b)| = (b—a)lp(z,N)|. (48)

/abqu,t)

(b—a)/o g (@ a+ (1—A)b)

(b—a)? / p (2, )

We notice under the assumption that ‘ f;nj)

f;n'j) (x)‘ < Mj, = € [a,b], that

One can write

1 ()] de = (49)

(nj) (48)
; (/\a+(1—)\)b)‘d/\ e

£ (Aa+ (1 - A) b)’ X =: (). (50)

is s-convex in the second sense and

#<b-a® [ p@ol (¥
0

1" @+ =

)< o)

M (b—a>2/0 19 (2 V] (X + (1— ) dA =

2 ((b—2)"+@—0a)")
542 (b—a)*t?

1 [((b—2) +(x—a)t 2
s+1 (b—a)"t B

So we got that

/\qmt

(as in [2])

M; (b—a)*

™ 0 dt < 2 (b= 0)?

s +2 (b_ a)s+2

2 ((b — )" 4 (2 - a)s+2> -

11



1 ((b—x)5*1+(m—a)8“) 2 L j=1,..r.  (53)

s+1 (b—a)*™! MCESVICES)

Using (53) into (44) and (45) we derive (36) and (37).
Next we elaborate on (12) and (13).

Assume that f;nj) is s-convex in the second sense, acting as in [2], we
obtain .

(n3) < 2M; (ba> 54

Hf] posilal — 0 \pajs+1 ’ (54)

j=1,..,r with f](nj) (:17)‘ <M, z € [a,b].

) |P3i
Next suppose that ‘ f;nﬂ) * is s-convex in the second sense. As in [2] we
get
s 2735 M. (b — a)?si
£ < i ( L) ’ (55)
p3j,[a;b] (54 1)73i

j=1,..,r, with ’f}”ﬂ') (x)‘ < M,z € a,b].

| P3j
n . .
i) is s-concave in the second sense. Based on

Finally assume that ’ f](

Theorem 8 and acting as in [2], we derive

‘ Fina) fima) <a+b> ’ (b—a)™ . (56)

s—1
< 275
J 2

pajs[ab]

The proof is completed. =
Ostrowski type inequalities for several functions under s-log-convexity in the
second sense follow.

Theorem 10 Same terms and assumptions as in Theorem 5. Assume that
a > 0. We further suppose that ’f;"j)

# 0 is s-log-convex in the second sense,

") (a)

and ’f(nj) (a) -
J fJ( ])(b)

7’fj(n7) (b)‘ € (07 1]7 ] = 17~~'7T' Call AJ = ;8 € (0’1]’

j=1,...,7r and

=L dif 2 € (0,00) — {11,
vy { e, 12 (57)
1) It holds
(b—a)+|a+b—2x|
51 (. g < | CE D220
115 @ | 1P il g |57 @ wecan || 69)
j=1 i

=1
1#£]

12



and

1S5 (F1 o £1)] < {(ba)+|a+62x|} '

277/1

T

Z H|Lm [fi (2)]| HP"j_1||oo7[a,b]

j=1
1#]

2) Letpj > 1: sz 1 po =L, with f( 7€ Lpyj ([a,b]), and set B; :== AJ*,
j=1,...,r. Then

1o Al 69

T

1 r
‘Sl (f17' 7f’r)‘ < — n Z H|fz (.’L’)l HPnJ'71||p1j,[a,b]

=
p2;+1 p2;+1 ﬁj
1] ) [ e (=)™ + (@ —a)™
b—a)m L) (b B;))™ ,
(b—a)m 1" @) (. () ( s
(60)
and
|52(f17 7f7" > H|Lm[f1(z)]| ||P'"j—1||p1]7ab]
j=1 | \i=1
i#£]
2;+1 p2;+1 é_
] ) | W (b—a)"* 4 (z —a)P® i
(b-a) |1 0] (e, (B,)) ( . .
- (61)
Proof. 1) See also [1]. Here we assume that 0 < ‘f;nj) (a)], f;nj) (b)| <1,

179 ()
7wy |
€ (0,1, A€ [0,1], 7 =1,...,7. From (26) we get

set A; =

is s-logarithmically convex in the second sense,

1Sy (froon F) < H \fi (&

Jj=1
L #J

[P 1 b— —2z|] [
i~ fab) [(b—a)+|a+b— 2z (n)
[ : |/ ’fj i (Aa+(1—A)b)‘d/\ :

(62)

nj

13



and from (27) we obtain

12 (fus s fr)] Z HlL fi

7
Pnj—l — — 1 .
H Hoo,[a,b] [(b a)+la+bd 2x|} / ‘f(n]) O+ (1— ) b)‘d/\H .
n] 2 0 J
(63)
We study separately the integral
! n; n n; (1=2)°
/ ‘f}”(mﬂl— d)\</ ‘f(J) (f ) ( ‘ dr < (64)
0
1 (n) As (n) (1*)\)8 (n) s 1 ‘fj(nJ) (a)‘ As
[l @ g o) " o= m el [ S| @
0 0 )fj ’ (b)‘
o) ol [
5o [ A=, (65)
0
If Aj =1, then
() = | £ )] - (66)
If A; # 1, we get
s (1 s (A5 —1
_ ("j) ‘ s(In Aj)\ _ (”j) ‘ J
(#%) ‘f] (b) /0 e dx = [ (b) (8 . Aj) . (67)
Therefore we derive
1 S
|1 vasa=nnfan< [ @ v, ). (65)
Hence by (68) used in (62) and (63) we derive (58) and (59).
2) As before and as in [2], we obtain
|52y s 0= [ O)f @ (B (69)
Using (69) into (12), (13) we derive (60), (61). m
Next we give applications when ny =ngs = ... =n, = 1.

Corollary 11 (to Theorem 5) Let f; : [a,b] — R is absolutely continuous func-
tion, j =1,...,7 € N—{1}. Denote

T

S* (flv"‘vf’r‘) ::Z Hfz ({E) [f] / fJ dt] ) (70)

Jj=1 =1
i#]

14



z € [a,b].
Then
1)
la + b — 2z

. 1
IS™ (f1y s fr)| < [2+ Q(b—a)

T

j:Zl g'fl (Z’)| ||‘fj{||1,[a,b] ’ (71)
2

2) letp,; >1: ijzl p%j =1, with f} € Ly, ([a,0]), j = 1,...,7, it holds

1S (f1s e fr)] <
r r ﬁ_l , (b_ x)P2j+1 + (;Ij _ a)Per i
p Zl;[lfz (CU)| (b—a) J ”fijaj,[a,b] ( p2j+1 ,
i#]
(72)
3) assuming fj{ € Lo ([a,b]), 5 =1,...,1, we get
. (b—2)° + (z —a)’
|S (flv"‘vfr)‘é ( Q(b_a) )
- : |fl (x)| ||fJ/-Hoo,[a,b] : (73)
=1\z

We continue with

Corollary 12 (to Theorem 9) Same terms and assumptions as in Corollary 11.
Assume that a > 0.

1) Suppose ’f;! 18 s-convex in the second sense and |fj’ (m)‘ < M, z € [a,b],
j=1,...r. Then

1™ (f1, e fr)| < (b= a)

2 ((b — )" (2 - a)8+2> B

s+2 (b_a)s+2
1 [((b—a2) + (@ —a)t 2
s+1 (b—a)*™! MCEICES)
' 1115 @)1 | M| | (74)
=\

15



2) Let p; > 1: le 1 pl =1, with f; € Ly, ([a,0]), j =1,...,7
2i) Assume again |f7'| is s-convez in the second sense, and |f7' (z)| < My,
j=1,..,r x €la,b]. Then

r

15 (Froes PN <2 ST @) | (0 —a) 75

=1 i=1

i
_1
o ((b—2)PT (= )PP\
M (psjs +1) 73 ( P 1 ; (75)

2ii) Assume that |fj’-|p3j is s-convex in the second sense, and |fj’ (x)| < My,
j=1,..,r, x €la,b]. Then

|S* flv' 7f7" Z H|f1

#J
Qﬁlej (b—a) 7 (=) 4 (@ —a) ™ (76)
(s +1)7 p2j +1 ’

2ii1) Assume that |fj’| ? is s-concave in the second sense. Then

1S (frs e E Y TT 1 ()

NG
1
a1 a+b _ 1 (b _ x)p2j+1 + (l‘ _ a)sz-i-l P2
21) J / j— P2j )
5 fj( 9 )‘(b a) 2 ( i1 (77)

We also give

Corollary 13 (to Theorem 10) Same terms and assumptions as in Corollary
11. Assume that a > 0. We further suppose that ’fj’} # 0 is s-log-convex in

the second sense, and |f]' )|, |f’ )| € (0,1], j =1,...,r. Call Ayj := 7oy |-
€ (0,1, j=1,...,7, and ¢, as in (57).
1) It holds

|S* (fla'~'afr)| S

(b—a)—|—|a+b—2x|].
2

16



<

i @) 1F 0 s (Ay) | | - (78)
i=1 | \i=t
i#£]
2) Let py > 1: 34 5= = 1, with [} € Ly, ([a,b]), By = AV, j =
1,...,7. Then

r

15" (1 S < ST )]

=N
A0 Wi (6= )P (g — a)P ! 27
(b—a) ™ |f; (D] (b, (By))) ( L ) ] o

Next we present a set of very general Griiss type inequalities involving several
functions.

Theorem 14 Let n; € N, j = 1,..,7 € N— {1}, n; < mng < ... < n, and

fj : la,b] = R be such that f;njil) is absolutely continuous function. Denote

T

b r
A £ = | [ TL5@ | Ly 1 @) | -
a i=1

Jj=1

1#j
1 b T b
b—a / fi(z) | d (/ fi(x) dm) . (80)
@ =1 a
i#i
Then
1)
(b—a)+ |a+b— 2z
A(fr, o fr)] < .
‘ (fh 7f )| ~ ( in
T - (n5)
— Zl:[ ”fiHoo,[a,b] ||P’ﬂj71H()o,[a7b] Hfj sl | (81)
LN\
2)
IA (f1y fr)] < (b—a) ((b—a) + |a+b—2x|) .
2711
T - (n5)
; HMMMH%JMMM el (82)

1=1
i#£j

17



3) let p;j > 1: Z;;Qﬁ =1, and f;nj) € L(y42),; ([a,b]), j = 1,...,7, it
holds

|A(f1,...,f7, S i [( QPr41,j (b_a) Prily )
M L\ ((Prg1,j + 1) (prgay +2)) 7403 o

. 83
Pry2,j ,[avb]] ] (83)

f("j)

(H ||f7/Hp s a,b) ||Pn7 1||pJJ ‘ J
i#£]

Proof. From (19) we obtain

Z{ Hfz ) Ln, [f; (z

%753

r [ 1\ tl T b
- T(lj (1b)a) (Hfi (x)) / P, 1 (t)q (1) fj"”(t)dt]. (84)

J=1

Hence we get

= 7
bia / (Hfﬂx)) dm) (/ j}(t)dt)]
i
T 1\ tl b b r
- {,(L gga)// (Hfi(w)) Poyo1 () q (1) f} )()dtdx] (85)
=L C\E

Therefore it holds
IA(f1, o fr)] <

{//(Elf )Pm )]l (@)

£ (¢ )‘ dtdm] .

(86)
We first find

S

18



S T iy 1Pt gy 0= @ £

j=1|i=1
i#]

1,[a,b]

b—a)+la+b—2z ~ T "
(< o ') DT oy 1Pl o |57

=1 ;;} 1,[a,b]
(87)
Also it holds o V4 b— 2a]
—a)+ja+0—2x
A v ) < .
At < (B2
s s (n) ) B
TV | 1Pl 577y =2 | =
j=1 | \i=1 il
i+
(b—a)+|a+b— 2z
b— .
oo (P2
il o (N [N s
I |w7[a,b] 15~ 1loo,[a,b] ||77 b (
|| oo ot
i#]
Let pij > 1: 3007 5o =1,and £ € Ly ([a,0]), 5 =1, ..y

Hence, by Holder’s inequality we find

/ab/ab ﬁ'fi(”;)' |P"j—1(t)||q($7t)\‘f;nj)(t)‘dtdx§

i#]

r _—
(/ab /le|q(9c,t)|pr+l=j dtdx>pr+ll’j (/ab /Gb

= H | fi
i=1

i#]

1

1
Pi,j b b Py
" dtdm) ( / / | Pay—1 (D] dtdx) . (89)

1
Pr42,j Pr42,j5
dtdx =

fj("J) (t)

e 1
pi,js[a,b] (b—a)res (”Pnj—1||pj,j,[a,b] (b—a)rii )

(b—a) 2 ) 971 (- G)1+p7‘+21.j
— q)Pr+2.3 =

1
((pr+1,j + 1) (pTJrl)j + 2>)p7-+1,j

Pr+2,j5 7[a,b]
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2”T4:1=.7‘ (b— a)2+f’v~:1 3

((pr""ldl + 1) (pr+17] + 2))p7+1 J

i P, 1 H (n5) 90
HHf Di,j.la,b] H J p” [a,b] f " ( )
z#J
That is we found
bopb [ T
/ / 1115 @1 | [Poy—1 (0)] lq (2, 1) \‘f("f) ‘dtdm <
2
2717 (b — a)> P
((Pre1j +1) (Pra1y +2))Prerd
HHsz o | 1P| Hfgnj) (91)
Pi,j,la J Dj,i>la,b] 7 Priaisa,b]

1#]
Using (91) into (86) we obtain (83).
The proof of the theorem now is complete. m
Next we produce Griiss type inequalities for several functions under s-convexity
and s-concavity in the second sense.

Theorem 15 Here all as in Theorem 14, with a > 0.
1) Suppose ’f;m)‘ is s-convex in the second sense and ‘f;nj) (x)‘ < M;j,
x € la,bl, j=1,..,7. Then

4(b—a)?
(s4+2)(s+3)m

A (f1, o fr)] <

> Hnm o | 1Pyl M| |- (92)

=1
L 1757

2) Letp;; > 1: Zﬁz % =1, with f;n") €Ly, ., ([a,b]), j=1,..,r

i=1 p;

is s-convez in the second sense, and ‘f;nj) (x)’ <

2i) Assume again f;nj)
j=1,.,r x €[a,b]. Then

” 1+ 1 14—t 41
1 2 Pri1,j b —a Pr41,5 Pr42,5
VS LN (@ + D) riay +2))7705

M

7
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_ 1
Mj (prizgs+1) 723 || (93)

|7,

HHfz

#J

Pi,j»la,b] 1 ’|pj1.7'v[“7b]

Pr+2,5

2i1) Assume that ‘f;nj)
Mj; .7 = 17'-~7T7 MRS [a,b] . Then

r —r 41 14— 41
1 QPry1,j | Prt2,j (b _ a) P1+1 i Pry2,j

=1 (P41 + 1) (Pry1j +2)) g

is s-convez in the second sense, and ‘fym (x)’ <

[
(5 + 1)Pr+2 j 1:[
i#£]

posan) | 1Bns=ally, | |- (94)

Pr+2,j5

2ii1) Assume that ’f/”” s s-concave in the second sense. Then

|A (fl f | < E %IJ % ( a) %14 ﬁ 2,5
sy JT —_— b— Pr
j (( ’j )(p — 7] 2))1) 1 .7

T

y(a+b
(NI o | 1Pl || 99
=l

Proof. From (86) we get

‘A(fh' 7fT)| = HHle Ja,b] HP"j_lHoo,[a,b] (96)
Jj=1 =
1753

O
/a (/a |q(x,t)|‘f;nj)(t)‘dt> dxH,

Here ‘f;n'j) is s-convex in the second sense and ‘f;n'j) (x)‘ < Mj, z € [a,b],
j=1..,r

Using (53) we obtain
(n]) 4M—(b—a)3
j=1..r

Consequently by (97) and (96) we derive (92).
Next we elaborate on (83).
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Assume that ‘ f;"j )
obtain

is s-convex in the second sense, acting as in [2], we

Iz

Drt2,j,[a,b]

1

b— Pri2,;

< on, (“) e (98)
Pri2,58+1

j=1,..,r, with ‘f(nj) )}<M»7x€[a,b].

Next suppose that ‘ f (ng)|Pre27 is s-convex in the second sense. As in [2] we
get
1
n; 2”r+2 i M (b—a)rr+2i
| e (99)
Pr+2,j,[‘1,b] (S + 1)pr+2 j

j=1,...,r with ’f;ni) (m)‘ < Mj, z € [a,b)].
f(”j)
j

Theorem 8 and acting as in [2], we derive

7 <a2+b> ’ (b—a)mzi . (100)

Pr+2,5

Finally assume that is s-concave in the second sense. Based on

s—1
< D Pri2,j
Pr+2,5,[a,b]

i

The proof is done. m
Griiss type inequalities for several functions under s-log-convexity in the
second sense follow.

Theorem 16 Same terms and assumptions as in Theorem 14, a > 0. We fur-

ther suppose that ’f;nj)‘ # 0 is s-log-convez in the second sense, and ‘f;nj) (a)

7

(n) f("])(a)
Fim (b)‘ € (0,1, j=1,...r. Call A; = F 0,1], j = 1,...,7, and
® |
Yy (2) as in (57).
1) It holds
b—a)+|a+b—2zx
N ] ).
UAH
3 anzn oty | 1Pl |57 @ wecan | | aon)
N 1#]
2) Letpiy > 1: 07 2 = 1 and £ € Ly ((a.b]), By := A7+,

j=1,...,r. Then

r P (h— o\ T Eas g
|A(f1,~--,fr)|§ni [( 2 +J(b CL) +1,5 +211 )

((Pra1,5 + 1) (Drg1,5 +2))7r+1d

Jj=1
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(s (BF)) = | |- (102)

Pi,js[a,b] ||'Pnj71

1117
=1

i=1
1#]

‘ S :

(nj)
[ )fj (b)

Proof. 1) From (81) we get

A (fry e f)] < (b—a) (

(b—a)+ |a+b— 2z
2711

- 1 (n;) (by (68))
| R !|Pnj71|\oo7[a,b}/ ‘fj D (Na+(1-N) b)‘d)\ <
j=1| \i=1 0
1] (103)
103
(b—a)+|a+b—2z|
b— :
0-a)( -
ST oo | 1Pl oy |45 ®f 0 A | |- 0
=
That is proving (101).
2) As in (69) we get
(nj) —L (nj) s A
i, S e G (o (B) S (109)
r+2,55|0;

Using (105) into (83), we derive (102). m
Finally we give applications to Griiss type inequalities for several functions
when ny =ny =...=n, = 1.

Corollary 17 (to Theorem 14) Let f; : [a,b] — R be absolutely continuous,
j=1,..,7 € N—{1}. Denote

b r
A* (fla"'afr) ::T/ (Hfz (iU)) dx—

r

T b b
bia / I @) | da (/ fj(it)d$> . (106)

J=1 i=1
1#]

Then
1)

2

A" (frys fo)] < (““)+ “*b%') .
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<

H”fl” Ja,b] ||f Hl[ab] ’ (107)
j=1| \i=1
1#]

2)

IA* (f1, . f)] < (b—a) <(b—a)+|a+b—2x|>.

2

175]

3) let p;j > 1: Z:if i =1, and f; € L(y 12y ([a,b]), j =1,...,7, it holds

> HIIfLII o | 1ot | | (108)

14—t 41

((pr+1 g T 1) (pr+17j + 2))pr+1’j

HHﬂ

Z#J

Corollary 18 (to Theorem 15) Here all as in Corollary 17, with a > 0.
1) Suppose |f;| is s-convez in the second sense and |fj’ (x)| < My, z € [a,b],
g=1,..,r. Then

pisilat) | 17 (109)

Drt2,5,(a,b]

4(b—a)’ a .
A (fro f) < —0 =4 ) M|, (10
| <f17 7f )l = (5+2) (S+3) ; ;I;[le ||oo,[a,b] 15 ( )
12
r+2 . .
2) Letp;; >1: 3017 ﬁ =1, with f; € Ly, ., ([a,b]), j =1,...,7

2i) Assume again ‘fj'| is s-convex in the second sense, and ‘fj' ()] < My,
j=1,..,7, x €[a,b]. Then

I bty
pr+1 j (b — a) Pr41,j  Pr42,j  Pjj
‘ fla'afr|<2[< >

((Pr415 + 1) (Pry1j +2)) i

1
pislat] | Mij (Prezs +1) iz ) (111)

T
1Tz
i=1
1#]

2ii) Assume that ‘fj’ Pre2d s s-convex in the second sense, and |f]’ (m)| <
My, j=1,...,r, z €[a,b]. Then

r %4,% 1+++ 1 +#
2Pr1,j | Pri2,j (b_ a) Pr41,j  Pr42,j  Pjj
A (fryon I <) l( >
Jj=1

(Pre1, + 1) (Pry1,5 + 2))‘”’“ i
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H I£;

. 112
(s+1)w+27 1Ly o (112)
i#]

DPr+2 .
2iit) Assume that |f]’ "7 s s-concave in the second sense. Then

T = 4t
. QPrity pr+zj (b—a) Pr4l,j  Prd2,j  Pjj
A (fromn f)] €D

=1 ((Pr+1,; +1) (Pra1,; + 2))““ I

b T
’»(‘” )] L1 | | (113)

1757

Corollary 19 (to Theorem 16) Here all as in Corollary 17, witha > 0. We fur-
ther suppose that }fj’| = 0 is s-log-convex in the second sense, and |f’~ a)| , |fJ’ (b)|
€(0,1], 5=1,...,r. Call Ay; := J}%((Z)) ,s€ (0,1, 5=1,..,r, and ¥, (z) as in
J
(57).
1) It holds

|A* (f1, 000 f)| < (b—a) <(ba)+|;z+b2x|>.

T

Do Tl asy | 15 @ 00 (A1) | |- (114)
j=1 | \i=1
' 1#]

r+2 * r+2,j
2) Let pij > 1:> .77 pil,j =1, and fj' € L(r12),; ([a,b]), Bj; = Afj“
j=1,...r. Then

r 1 14—t 41 4 1
. 2rr+1,5 (b — @ Pr41,j  Pr42,5  Pjj
A (o £ €Y [( =0 )

j=1 (Prs1,5 + 1) (Pry1,5 + 2))““ i

J

anlup,,,[amf )| (v, (BE)) 75 | (115)

Z;éj

Remark 20 From (20) one can work out the analogous Griiss type inequalities
general theory involving the functions Ly, [f; (x)], for j = 1,...,r € N = {1}.
The results will be very similar to the results of Theorems 14-16, and when

ny =ng = ... = n, = 1 their applications will be identical to Corollaries 17-19.
We choose to omit this study.

25



References

[1] A.O.Akdemir, M. Tunc, On some integral inequalities for
s-logarithmically conver  functions and their applications,
arXiv:1212.1584v1[math.FA]7Dec2012.

[2] G.A. Anastassiou, General Griiss and Ostrowski type inequalities involving
s-convezity, submitted for publication 2013.

[3] P.L. Cebysev, Sur les expressions approzimatives des intégrales définies par
les aures prises entre les mémes limites, Proc. Math. Soc. Charkov, 2(1882),
93-98.

[4] Lj. Dedic, M. Matic and J. Pecaric, On some generalizations of Ostrowski’

inequality for Lipschitz functions and functions of bounded variation, Math.

Inequal. Appl., 3(1)(2000), 1-14.

[5] Lj. Dedic, J. Pecaric and N. Ujevic, On generalizations of Ostrowski in-
equality and some related results, Czechoslovak Math. J., 53(128)(2003),
173-1809.

[6] S.S. Dragomir and S. Fitzpatrick, The Hadamard’s inequality for s-convex
functions in the second sense, Demostratio Math. 32(4)(1999), 687-696.

[7] S.S. Dragomir and S. Wang, A new inequality of Ostrowski type in L, norm,
Indian Jour. Math., 40(1998), 299-304.

[8] AM. Fink, Bounds of the deviation of a function from its averages,
Czechoslovak. Math. J., 42(117)(1992), 289-310.

[9] G. Griiss, Uber das mazimum des absoluten Betraages wvon

= fab f(z)g(z)dz — ﬁ fabf (z) dx ffg (z)dz, Math. Z., 39(1935),
215-226.

[10] H. Hudzik, L. Maligranda, Some remarks on s-convex functions, Aequa-
tiones Math., 48(1994), 100-111.

[11] A. Ostrowski, Uber die Absolutabweichung einer differentiabaren Funktion
von ihrem Integralmittelwert, Comment. Math. Helv., 10(1938), 226-227.

[12] B.G. Pachpatte, On Ostrowski-Griiss-Cebysev type inequalities for func-
tions whose modulus of derivatives are convex, J. of Inequalities in Pure
and Applied Mathematics, http://jipam.vu.edu.au/Vol.6, Issue 4, Article
128, 2005.

[13] B.G. Pachpatte, New Ostrowski type inequalities involving the product
of two functions, J. of Inequalities in Pure and Applied Mathematics,
http://jipam.vu.edu.au/Vol. 7, Issue 3, Article 104, 2006.

26



[14] B.G. Pachpatte, On a new generalization of Ostrowski type inequality,
Tamkang Journal of Mathematics, Vol. 38, No. 4 (2007), 335-339.

27



