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Here we derive very general multivariate Ostrowski and Griiss type
inequalities for several functions by involving harmonic polynomials. Es-
timates are with respect to all basic norms. We give applications.
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1 Introduction

The problem of estimating the difference of a value of a function from its average
is a paramount one. The answer to it are the Ostrowski type inequalities.
Ostrowski type inequalities are very useful among others in Numerical Analysis
for approximating integrals. The problem of estimating the difference between
the average of a product of functions from the product of their averages is also
a very important one. The answer to it are the Griiss type inequalities. Griiss
type inequalities are very useful among others in Probability for estimating
expected values, etc. There exists a vast literature on Ostrowski and Griiss type
inequalities to all possible directions. Mathematical community is very much
interested to these inequalities due to their applications. So here we derive very
general Ostrowski and Griiss type inequalities for several multivariate functions,
acting to all possible directions.
We are motivated by the following results.

Theorem 1 (1938, Ostrowski [7]) Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b), i.c.,
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I fI52P .= sup |f’(t)] < +o0. Then
¢

€(a,b)

b_la/abf(t)dt—f(a:) < jﬁ(x(_)]-(b—aﬂlf’li‘épv M

for any x € [a,b]. The constant i is the best possible.

Theorem 2 (1935, Griiss [6]) Let f,g be integrable functions from [a,b] into
R, that satisfy the conditions

m< f(r) <M, n<g(z) <N, x€la,b],

where m, M,n, N € R. Then

b b b
= f(x)g(x)dw<bia/a f(rc)dfc> (bfa/agmdx)’ 2

(M —m) (N —n).

<

=

Theorem 3 (1998, Dragomir and Wang [4]) Let f : [a,b] — R is absolutely
continuous function with f' € Ly ([a,b]), p>1, L+ ¢ =1, € [a,b]. Then

b
bia/ F(t) dt

(R e R

Theorem 4 (1882, Cebysev [1]) Let f,g : [a,b] — R absolutely continuous
functions with f',¢" € L ([a,b]). Then

bia/abf(w)g(x)dw— (bia/abf(a:)dx> (bia/abg(g;)dxﬂ (4)

1 2 / /
< —(b— .
<35 0= 171 '

Above is also assumed that the involved integrals exist.

<

o

1
(q+1)




2 Background

Let (Pn)neN be a harmonic sequence of polynomials, that is P, = P,,_1, n > 1,
Py = 1. Furthermore, let [a,b] C R, a # b, and h : [a,b] — R be such that A"~V
is absolutely continuous function for some fixed n > 1. We use the notation

L] =1 [h @)+ 30 (1 P () A (2) +
k=1
n—1 k
> W [Pk (a) h*=D) (@) — Py (b) hF (b)]] ; (5)
k=1

x € [a,b], for convinience.
For n = 1 the above sums are defined to be zero, that is L [h (z)] = h(x).
Dedic, Pecaric and Ujevic, see [2], [3], established the following identity,

b _1\n+1 b
L, [h(x)]—bia / h(t)dt:T(L(bl)_a) / Puy (g (e, 0) K™ (1) db, (6)

t—a, iftela,x],

t) = b].

o ={}p el v @

For the harmonic sequence of polynomials Py () =

(6) reduces to the Fink identity in [5], (see also [3], p. 177)
We rewrite (6) as follows:

n—1

hz)+ > (=" Py () h*) (z) +

k=1

§ D k) [P (@) 5D (a) = Py (6) B0 ()] =

b—a
k=1

n+1
b_a/ h(t)dt + b_)a /aPn_l(t)q(as,t)h(”)(t)dt, (8)

x € [a,b)].
That is the generalized Fink type representation formula.

1
hiz)=S (=D P (2) k™ (z) +

3
|

S
Il
_

>

=1

=

n

b _1\ntl b
b—a/a h(t)dt+(b1_)/a Po_1 (t) q (z,t) ™ (t) dt, (9)

a

€ [a,b], n > 1, when n = 1 the above sums are zero.



3 Main Results

HereHal, ]CR™ m,n e€N.

We make

m
General Assumptions 5 Let f : H [a;,b;] — R. We assume
i= 1
1) for j = 1,...,m we have that 2 o ; { (1,25 ey i1, S5, Tjg 1y ooy Tim) 1S

absolutely continuous in s; on [a;,b;], for every (L1,%2, ..., Lj—1, Lj41, e, Tm) €
m

H [ai7 bl] ’

2 )
2) for j = 1,...,m we have that 2 f(sl’“"3;?“"“’“’) is continuous on
J m
H [a;, b;], for every (zjq1,...,%m) € H [ai, b;],
i=1 i=j+1
3) for each j =1,...,m, and for every l =1,...,n — 1, we have that
j—1

—fl (51,82, ey Sj—1,Lj, ..oy T) 1S CONLINUOUS OT H [a;, bi], for every (xj, ..., xm)
“ i=1
m
€ H aj,
i=j
4) f is continuous on H [ai, b;

i=1

Brief Assumptions 6 Let f : [ ] [aibi] — R with &4 for 1 = 0,1,...,n; i =

o=l
1,...,m, are continuous on H [ai, b;] .
i=1
Definition 7 We put
s; —a;, if si € [a;, ],
L 8i) = € [ai, by, 10
TCRIRE S et NI N (10)

1=1,....,m.
We present the following general representation result of Fink type.

Theorem 8 Let f as in General Assumtions 5 or Brief Assumtions 6. Then
nm
fz1,zy) = ———— [m f(s1,.ey 8m) ds1.dsy, (11)

m (bl B ai) H[al b;]

i=1 -



m

+ ZE (xiaxi+17 7$m) 9

where

?

n—1 by 1 9k
i 8 ceey 94—1y Ly ooy Iy
lz M Py (2 / / I (s1, ... 2332 Tiy oy @ )dsl...dsi,l—i—

k)

it g L
D

b1 bi—1 gk—1
’ 0 ey Of— 7bi, i+15 -5 bm
Pk (b )/ / f (817 ki Tit1 v )dsl...dsi,l—

8$k 1

b1 i—1 9k—1
(as) / / O f (81 ey Sic 1’a“xl+1’”"xm)dsl...dsi,l L)
8 -
n+1 by n
/ / 1 Sz JL’“ z) 0 f(sl, guxl-&-la-'-amm)dslmdsi‘| ,
are continuous functions for all i =1,...,m.
Proof. We apply (9) repeatedly.
We have
n—1
O f (21, .iTm
F @1y sm) = 3 (<) P () T )

%
Oxf

nil (—1)k (n—k) |:Pk (by) OF L (by,may ey ) Py () OF 1 f (ay, Tay ooy T

P (b1 —a1) k=1 Dkt
n b1
+m f(8171'2,...,1'm) d81+
(71)"""1 /bl anf (SlazQa"'aIm)
— P,_ , dsi, 13
(b1 —ar) Ja, -1 (s1) g (21, 51) IR 51 (13)
any x1 € [a1,by],
n—1
under the assumption that % € AC ([a1,b1]) .
1
Call
n—1
OFf(x1, .y T
T1 (xl,...,xm) = (71)k+1 Pk (ﬂfl) M+
— Ox7



n—1 k _ —
Z (_1) (n_ k) |:Pk (bl) ak lf(b17x27"'7xm) o Pk (al) ak 1f(a1,m27...,wm)

Pt (b1 —a1) dxk1 okl
(-p"* /"1 0" f (51,23, Tm)
— P, , ds. 14
+(b1 “a) ., 1(s1) g (z1,81) oz 5 (14)
Hence it holds
b1

n

flxy,zy) = m f(s1,@a, ., xm)dsy + Th (X1, .oy n) . (15)
[
Next similarly we get
n—1
OFf (s1,%2, ..., Tm
f(817.’IJ2,...7.'L'm) = (_1)k+1 Pk (.’L'Q) f( 18 2k’ )+
k=1 T3

e -k
A k)

o (a—a2)
8k_1f(51,b2,x3,...,$m) ak_lf(slaa27$3a“-;$m)
[Pk (bg) 81;];_1 — P (ag) aajé;_l + (16)
n bz
_n ) d
(b2 7(12) o f(S]_,SQ,.’II?” » L ) So+
(—I)M'1 O™ f (81,82, X3y ey Tiny)

d827

b2
m/ Pn (SQ)Q($2782)

any rs € [ag, bg} .
Hence it holds

n
Oz}

n2 by pba
b m = ) 9 LR Rady 17 d d
Jrtm) (b1 — a1) (bz — az) /a1 az f o1, 52 T,y o) disydlsgt
Ty (21, ooy ) + To (2, 3, ooy Tin) (17)
where
= b1 9k £ (51, T2,y 0y T
To (T2, T3, oy Tiy) 1= b1 — {Z k+1 2)/ f( 1’3;1; ) )d51
k=1 a 2
[ 1 b1 9k—1
— k) 0" 1 f (51,b2, 23,0, Ty
* By, (b / ds 18
; b2 —ag) k (b2) @ 8m§_1 1 ( )
L 9k £ (51, a9, T3, .., T
=Py (az)/ I lax,zfls )dsl
ay 2



n+1 by b
! 2 anf (81,82,1'37...71'771)
P, (s2) q(z2,52) m dsidss p .
bz—az oy

Next we see similarly that

n—1

(71)k+1 Pk (ng) akf (517523‘T37 axm)

f(513327x37"'7x7n) = T +
P Oxs
”il <_1)k (’I’L—k) P (b ) 8k_1f(51a827b3a$4;-~-;$m)_
o |frs =
o1 (b3 — as) Oz
akilf(sl)s%a:iaxﬁb "'733m,)
Py (a3) 83:’;_1 (19)
n bs
—_— 81,82, 83, T4,y .ny Ty ) dS3+
Ty . J (51925000 do
(_1)”+1 /bs 8”](‘ (81,82,83,$47...7!I}m)
T P (s ; dss,
(b5 — a3) 1(s3) q (73, 53) ot 53
any x3 € [ag, bs].
So that we get
by ba bs
f(z1, . zm) = - / / f(s1,82,83,Tay ey Ty, ) dS1dS2dss+
Ty (21, ey @) + T (T2 ooy ) + T3 (T3, ooy Tin) (20)
where )
n
T5(z3, i Toy) 1= .
R A CRT)
n—1 b1 pb2 gk
Z (1)1 p, (x3)/ / 0" f (shszyﬁg, “"xm)dsld32+
k=1 ai Jaz 81'3
nfl b1 pb2 gk—1 b
Z P, b3 / / 0 f 317827k_317x4a "'axm)dslds2
k=1 b3 — a3) O
b bz 8k_1f(81 S9,Q43,%4, ... .’)Sm)
—Pk (a3)/ / ’ 7k—17 AL d81d82 (21)
Oy
n+1 bl b2 b’i 8nf (51582753;‘T4?"'7m7n)
b3 —ag / / / " 1 53 $3,S3) (%cg d81d52d83 .



Furthermore we can write

k
f(81752,$3,$4,...,33rm,) _ Z (71)]6—‘,-1 Pk ($4) 8 f(517527$:’i7 x4...,$m)+
— oxy
nfl .
k) P (b ak 1f(81,82,83,b4,.’1)5,...,.’Ilm>
Z b “a i (ba) Ork 1
Pt 4 1) Ty
OF=1f (51,589,583, 04, T5, ..., Ty
— Py (a4) flor 28 e ) + (22)
Ty
n ba
m f(s1,82,83,84, %5, ..., Tm) dSa+

(-

7Lf( 17 27 37 47:1:57 "'7xm)
P,_1(s .S 6 51, 52, 83, S

n
oxh

dS4,

any x4 € [aq,by].
Therefore it holds

f (ml, ...,Jlm) = 47
[1e

j=1

b1 bo bs by
/ / / £ (81,82, 83,84, 5, vy Ty ) dS1dS2ds3dss+
al a as aaq

T1 (J}l, ,acm) + T2 (l‘g, ,.CI}m) + T3 (mg, ceey J,‘m) + T4 (2134, ceey l‘m) 5 (23)
where
7’1,3 n—1 .
Ty (24, oo ) = o | S (1) Py (24) -
11 —ay)

=1

bi b2 rbs O f (s1,52,53,74 L)
) b b 9 m ds ds dS +
/a, /a /a o’y e

<.

n—1 b b bs ak—1
1 Loz s b e, Ty
( (b) £ Pk b4 / / / f 81752782L147x57 , L n)d51d82d83
k=1 1= Ga) Iy
by pba b3 gk—1
P, (a4)/ / / O T (5052255, 0o 5, ) s | (20)
ai a2 as 8.134

’I’L+1 b] b2 b3 b4
Pn )
b4 —ay) / / / 1(54) 4 (24, 54):



anf (317 52,53, 54,5, ...,.’Em)

n
oxy

d51 d82d83d54 y

etc.

The theorem is proved. m
We make

Remark 9 Let fy, A=1,...,7 € N—{1}, as in Assumtions 5 or Brief Assump-
tions 6; ny € N associated with fy. Here © = (1,...;Tm), § = (81,...,8m) €

H[ai7bi], Then
i=1

ny’ U

r(z) = — L S / a (s)derZTm (Tiy Tig1yeery Ton) - (25)
H (b — a;) [a@, i] i=1

i=1

Here we have

7—

H(b‘_aj)

b i— k
/1 / 10 f>\ S1y-eey Sz 1,x1,...,$m)d51 ds;_1+
...ds;_

Z <—1>’€ (nx— k)

ni—1 nx—1
Tix (Tiy ooy ) 1= 2 S (=D)M P (a) -
k=1

bif(li
k=1
by bi-1 gh—1 bi, Tix1, ...
Pk(b)/ / fa (o1, (‘;L bt Tn) g g
b1 i—1 9k—1
~ Py (a; / / O falen, (891 L0 it Tm) g e |y (26)
nﬁ_l by O™ fx (815 vees 85y Tidlseer Trm
/ / nx— 1 (ZCZ; i) fA( L éan +l )d81d8l s

are continuous functions, i =1,...m; A=1,...,r
Hence it holds

pr It mi pr / fr(s)ds | +

ai,b;
P?f)\ H (bi - ai) p7é>‘ i:l[ ]



H fp (ZZ?) (ZTM (xl,...,xm)> .
p=1 i=1

PFEX

Therefore we derive

<
3

A | [T @ | | [ S (28)

A=1 p=1 i=1
pPFEX
We notice that
T; (xiv ---7xm) = A (ziv --~;x'm) + Biy (l'h ~-~7xm)7 (29)
1 =1,...,m; where
i1 nx—1 i1
A @) = — I ()M P) . (30)
(bj — a;) =t
j=1
b1 bi—1 9k . T
/ / f)x (517~-~7sz—klaxlv ’xm)dsl...dSi_l
ay aq—1 3.7,‘2
n,\fl
(=1)" (nx — k)
+ Z bz — a4
k=1
b1 biz 8k_1 Slyeey Si— abiaxi y ooy Ty
Pk (bl>/ / fk( ! 9 klfl + )d81...d8i,1—
ay aj—1 L
b1 bi—1 8k—1f (81 Si1, Gy Tit1 T )
Py (as / / A1 St 0 Bitt o Bm) g g L
k (a) a; a1 3%?*1 ' '
and i1 (_1)n,\+1
Bix (i) ooy Tn) = /\1' (31)
115 —ay)
j=1

10



Ly

b bi g™ STy eeey Siy Tt 1y eeey Tomy
[/ / Pn>\71 (sz)q(x“sz) f)\( ! p) ix +1 )d81...d8i s
al a;

foralli=1,...m; A=1,...r
We call and have the identity

S(flu "'7f7’) (ZC) =

r m

S A
Py I b —a) H[am
=1 =t

p;ﬁ)\

i(s)ds | —

<

> Ay (@i H 117 @ (ZBM(xi,...,xm)> . (32)
i=1 i=1

A=1 p=1

true for any fized x € H [a;, b;] .
i=1
Then we have

|S(f15- 7f7 Z H ‘fp <Z|BM (Cin--vxm)|> . (33)

p?f)\

We estimate the right hand side of (33).
We also make

Remark 10 We observe that

ni-1 by b;
1Bix (i ooy )| € —2—— [/ / [ Prs—1 (s6)l la (i, 5:)] -
al a;
| — aj)

[T
j=1

O™ fx (81, ooy Siy Tig1y ooy T
oz
foralli=1,...m; A=1,...r
We know that

dSl...dSi:| = (f), (34)

(bi — a;) + |a; + b; — 2z

> (35)

lg (x;, 8:)] < max (x; — a;, b, —x;) =

11



We have

(35)  plt (bi — ai) + |ai + b — 2z;|
(5) < P S |:|P'n,>\—1|oo7[ai,bi] < > '

2

O™ fa (coey Tty ey T
B e o
v L,y (H[ajvbj])
Thus
r r m ni\_l
S G i@ <SS TR @I || 3
V= L)
j=1
(bi — a;) + |a; + b; — 214
[T ‘ -
O™ fx (cooy Tig1y ooy Ty
o =@, (7

L (H[])
j=1

3
Next let py; > 1: Z ﬁ =1. Then
li=1

|Bi>\($i>"'>xm)| < (f)f

1T @ —a)

j=1

1

b1 bi i b1 b,; P24
(/ / [P —1 (s0)" dsl...dsi> (/ / lq (z4,8:)|" dsl...dsi>

(38)
|

anAfA (~~~7xi+17 "'7x771)
Oz

i =
LP3i [aj 7bj]
j=1

12



1 1

. i—1 P14 P24
n

—— 1Pas—1llL,. (i) H (bj — aj) :
[T @ —ap

Jj=1
Jj=1

8n>\f>\ (_,.,:Z,‘H_l, ...,l‘m)
ox;*

1
(bi - $i)p2i+1 + (1‘1 — ai)p%"'l P2i
p2i +1

Lpgi (H[aj,bj])
j=1
(39)

Therefore we get

(39) r r m ni_l
IS (f1ses fr) (2)] < e d ——
= =1 1=
A=t 575)\ ' H (bj — aj)
j=1
i—1 Pii P;i
||Pm—1||Lm([ai,b,;]) H (bj — aj;) )
j=1

1

(bi — z)P> T 4 (@i — an)P T\ P
p2i + 1

8mf/\ (, $i+17 ceey mm)
dz™

: )
Ly, (H[aj,bj])

j=1
=02 (x).
We also have

‘BD\ (Z'i, ,Z’m)| < (5) < ni_l |:HP’ILA—1HOO7[U/1,Z7'£] '

an/\f/\ (, Lijd1yeeey xm)
oz

(b; — xi)Z + (x; — ai)Q
0o ﬁ[a-,b-] ( 2 (bz — ai) > ) (41)

1

Z‘ = 1’ ...’m; )\ — 17 .“77a.
Consequently we find

r r m 2 2 T — a; 2
St @< 3| [ TT 15 @) (Z [n <(b’ e ) '
fut i i

p=1 i=1
PF#EN

13



13 ~1llco, s 1)

’8“]",\ (, Liglyenns mm) H

oz :
OO7H[aj7bj]
Finally we derive that
1S (f1, s fr) ()| < min{0y (2),02 (), 05 ()} - (43)

We have proved the following general multivariate Ostrowski type inequality for
several functions.

Theorem 11 Let fx, A = 1,...,7r € N — {1}, as in Assumptions 5 or Brief
Assumptions 6; ny € N associated with fx, x = (x1,...,Zm), S = ($1,...,Sm) €

H [a;,b;]. Here Aix (i, ..., xm) as in (30), i =1,...,m. We put

i=1
T nm
S (fryen fr) (@) =) pr (@) = 52—
A=\ 11 —a)
i=1
Jo s | =3 A i) | (44)
[ai,bi] i=1
3
Here 01 () is as in (87). Let p;; > 1: Z o ,i=1,..,m, and 03 (x) as in
li=1
(40). And 03 (x) as in (42). Then
1S (f1s - fr) ()] < min {6y (), 02 () ,05 ()} . (45)
We continue with
Remark 12 Additionally assume that 2 ,L]:* are continuous on H [a;,b;] for
j=1

alli=1,..m; A=1,...,r.

We define and observe

W::/m avb?S(fl,...,fr)(m)dx* /H ];[fp(z) de—  (46)

p?f)\

14



fo (@) | d Ia(s)ds | -
pl_[:1 p /H[‘“”b']

J=1 PFEA i=1

117 = (ZAM (xi,-n,xm)> dx =
p=1 i=1

pEN

I1 7 @) (ZBi,\(xi,---,xm)> dr . (47)
p=1 i=1

A=1 [a;,b;] =
i pFEX
Clearly here B;y (zi,...,Zm) is a continuous function for all i = 1,...,m; A =
1.7

Hence

(“n <
ESY /m
A=1

H[%‘J’j]

H|fp($)| <Z|Bi/\($i,---’$m)|> dz » =: (w1).

j=1 PFEA
(48)
That is
wi <SS T i > /ﬁ (B (@4, o) d
AZI =1 oo, [aj7bj] i=1 [aj,bj]
53‘6)‘ j=1 j=1
(49)

From (41) we obtain
‘Bik (.Ti, [LES) xm)‘ <

9™ fa N (b — ) + (2 — a;)” (50)
| U 2w )

n{l HP”A*HOOJ%M

allt=1,...m; A=1,...,n.
Then

/7” |Bi)\ (1‘“71‘m)|d1’ <
[a'jvb']

j=1
. ama
ni\ ' ||P">‘_1||007[ai7bi] T?J;A i
oo, | | la;,b;]
j=1
2 (b, — (J,Z‘)

15



ﬁ (b; —aj) </abi ((bz —z) + (z — ai)2) dxi> ,

j=1
i

and consequently it holds,

/m |Bi)\ (.’E“,.’Emﬂdaﬁg

H[%‘Jh‘]

j=1

(b — as) (H (bj — aj))
= i | Py

foralli=1,...m; A=1,...,r
Hence

O™ fa

[N
Ox;

o0, [aq,bi]

w

. (H (b; aj))
Z /m |Bi/\ (.’Ei,...,l‘m)|d$ S JZl—

i=1 H[aj’bj]
i=1

Z ”P”)\ 1” slaisbi

9" fa ’ i—1

nx
Ox;

for \=1,...,r
Using (49) and (53) we obtain

(ﬁ(%%)) )
[ S a———— ) Hllfpll

3 A=1 laj,bj]
p#\ iy
m
i 9™ fa
(bL - ai) n;\ 1 ||P’L>\_1||oo¢[ai,b1} ‘axn)\ m = Al.
=1 %

OO?H[ajabj]
j=1

16

(51)



Notice next that

T m

=33 | [ [T 15 @)1 | 1Bix (i) da | = (@) (55)

A=1 =1 H[aj,bj] p:1
GeT PFA

Letp,q>1:%+%—1 Then
room T i—1 %
(w2) < Z pr [ Biall ™ H(bj_aj)
A=1i=1 || p=1 m L, <H[aj,bj]> j=1
PFEA L, (H[a]‘,bj]> j=1
- (56)
We have also proved that
1
room r i—1 q
wi<>> I/ [Bixll  /m (bj —aj) | =:As.
A=1i=1 || p=1 m L, <H[aj,bn]) j=1
r#A i, (H[%‘JH]) =i
i=1
(57)

From (50) we get
9" fa

[N
Ox;

|Bix (i e, )| < nl;l Hpnxfluoo,[ai,bi]

bi—ai
o (55%),
OoaH[aj7bj]
j=1

alli=1,...m; A=1,...,r.
Thus it holds

m
Z |B2)\ (xi7 7.'L'm)| <
i=1

1) & i
2 Z (bi - ai) n;\ ! ”P"A_l”OO,[ai’bz‘}

i=1

0™ f

DN
Ox;

—~

59)

m

oo,H[aj,bj]

j=1

A=1,...m
Using (48) and (59) we finally derive

T

|W\§% ST = @) 1Pl o

A=1 p=1 =1

P Ly (H[ajvbj])
j=1
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m } =: A3 . (60)

oo,H[a,j,bj]

We have proved the following general multivariate Griiss inequality.

Han*fx

X
Ox;

Theorem 13 Let fx, A=1,...,7 € N—{1}, as in Assumotions 5plu5 2 are

")x

m
continuous on H laj,b;] foralli =1,...,m; X\ =1,...,r, or Brief Assumptions 6;
j=1
ny € N associated with fx. Here Ajx (i, ..., Tm) as in (30), and Bix (i oy T
as in (81), i =1,....,m. We set

W:zr/m ﬁfp(cc) dx—

laj,b;] \ p=1
PFEX

— an JE lifp(w) do|| [ BGas|-

(bj — a; A=1 la;,b] \ p=
e} 2 j=1 PFEA
j:

Z/ H Io (2) <Z Aix (T4, .o, $m)> dz. (61)
a], i) =1 i=1

p;A

Let A1 as in (54); p,g>1: %—i— % =1, Ay as in (57), and Az as in (60).
Then
|W| SmlH{Al,AQ,Ag} (62)
4 Applications
We apply Theorems 8, 11 and 13 for the case of ny =ngs = ... =n, = 1.

We simplify General Assumptions 5 and Brief Assumptions 6, respectively,
as follows:

m

General Assumptions 14 Let f : H [a;,b;] — R satisfying:

=1

1) for j = 1,...,m we have that f(x1,T2,...;Tj—1,8j,Tjt1,..; Tm) IS ab-
solutely continuous in s; € [a;,b;], for every (x1,%2,...,Tj—1,Tj+1,-.»Tm) €
m
H [aivbi];
i=1
i#£]

18
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2) for j = 1,...,m we have that af(sl""’ngj“"“’m’”) is continuous on H la;, b;],
i=1

m

for every (zj41, ..., Tm) € H [ai, b;],
i=j+1
m
3) f is continuous on H [a;, b;] .
i=1

Brief Assumptions 15 Let f : [] laj.b;] — R with 24 for 1 = 0,1; j =

j=1
m

1,...,m, are continuous on H laj,b;].
=1

We give the following multivariate representation result which is an applica-
tion of Theorem 8

Theorem 16 Let f as in General Assumtions 14 or Brief Assumtions 15. Then

1 m
[ (21, an) = / F(51ye0s8m) dsl...dsm—kz T (@i ooy )
j=1 =
(63)
where 1
T;* (mia "'7xm) = i
1@ —a))
j=1
by bs 8f (81 ceny Siy L1y eee l’m)
/ / q(x;,s;) — — dsy...ds;, (64)
a1 a; 8%‘1

are continuous functions for all i =1,...,m.
Next we make
Remark 17 Let fy as in Assumptions 14 or 15, A\=1,....,r. Then
1

H (b — aj) ll[aijj] i=1

Here the corresponding

r,\ (l‘i, ~-~7$7n) = 0;

19



and

1
Bl (Tiy ooy Tin) = -
11 —a)
j=1
by bs (9f,\ (81 coey Siy Lig1y eee ,CCm)
/ / q(mi,si) UL AR LA dSl...dSi, (66)
a a; Ox;
foralli=1,..m; A=1,...,r
That is
TH (Tiy ooy Tm) = B (X4 ooy T ) (67)

t=1,...m; A=1,...,7.
We call and have the identity

S*(f1, 0 fr) (z) =

1

Z pr (b —aj) /ﬁ

p#A

(@) = 57— Ix(s)ds

( pr (ZBZA (fbi,...,xm)> : (68)
A i=1

p;ﬁ)\

<.
—

Il
—

m
true for any fized x € H aj,b;
j=1
Hence it holds

PFEN

5" (Fry s f) @1 < D0 [ TT 1o ()] (ZBJA(wiw..,xm)) - (69)
A=1 i=1

We obtain:
1) From (37) we derive

18 (f1y o ) sz H|fp r—

20



((bl — ai) + |(J,i +b; — 2$i|> H af,\ (--->$i+1, ...,.’Em)

2 o .
v Ly (H[ajvbj])
j=1
(70)
=:07 ().
3
2) Let py; > 1: Z i = 1. Then by (40) we derive

li=1

15" (f1, e fr) (@)] <

i

i1 Pi T par
i@ | [ |t —anm (H(bj—aj)) :
=1
; )

A=1 = =1 =1
p#EX i | (U !
j=1
(bi _ xi)p2i+1 + (xl _ ai)p2i+1 P2i
p2i +1

8f)\ (-~-7xi+17 ey xm)
310,-

i =05 (z). (71)
Lyps; (H[ajabj])

=1

3) We get by (42) that

A=1 = i=1
pPFEX

HafA (s Tig1, o Tpn) =: 0% (). (72)

8.’Ei

OO?H[ajvbj]
G=1

So as an applications of Theorem 11 we give the following multivariate Os-
trowski type inequality.

Theorem 18 All as in Remark 17. Then

|57 (f1, £r) ()| < min {67 (), 05 (w) ,05 (z)} - (73)

We also make
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Remark 19 Here Assumptions 14 hold and % are continuous on H laj,b;]

j=1
foralli=1,...m; A=1,....,r, or Assumptions 15 are valid.
We set
w :/m S*(f1y ey fr) (x)d:c:r/m <H fo (m)) de—  (74)
H[ajﬁbj] [aj,b5] \p=1
=1

j=1

T

1 T
— L@ |dae || [n S(s)ds
> /_ I fio

ﬁ (b; — aj) A=1 H[aj,bj]

i=1
=1

J

r

A=1 H[aj,bj] p=1 3
pFEX

j=1
Here B}, is a continuous for any ¢ = 1,...,m; A =1,...,7.
Then

1) following (49) we find

r

T m
W < Z H Ifoll Z i |Bix (@i, ..., @) | d
A=1 =1 0, laj,bj] i=1 laj,bj;]
Z?’é)\ i 5195 ];[1 Y]
(76)
We also get that
m
b; —a
(T ([
'S | P LIl
= = 00, aj,b;
_>\ 1 Z;é,l\ Jl:[l[ 3>b4]
= 0
Z (b’L ’L) ai)\ m = A’{ (77)
i=1 oo, | ay,b;]
j=1
2)Letp,q>1:%+%—1 Then

Bl /o : (78)
A=11i=1 || p=1 i Lg (H[@i?bi])
PFA Lp <H[(Lj,bj]> j=1

j=1

22



3) From (60) we obtain

. 1 r r m af,\
W* < = E E g [ 22
| | =35 1fp a (bi —a;) ‘axi

=1 p= m i=1 oo, | | lasb;]
PFEX Ly (H[%‘v%’]) ];[

=1

(79)
=: Aj.

We have proved the following multivariate Griiss type inequality as an applica-
tion of Theorem 13.

Theorem 20 Here all as in Remark 19. We derive

[W*| < min {A7, A5, A3} . (80)
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