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Abstract
We further interpret and simplify earlier produced fractional Ostrowski
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1 Background

Let v > 0; the operator I, , defined for f € Ly [(a,b)] is given by

2 @)= s [ om0 f @ ()

for a < x < b, is called the left Riemann-Liouville fractional integral operator
of order v. For v = 0, we set IJ, := I, the identity operator, see [1], p. 392,
also [7].

Let v > 0, n := [v] ([] ceiling of the number), f € AC™ ([a,b]) (it means
f=1Y ¢ AC ([a, b]), absolutely continuous functions).

Then the left Caputo fractional derivative is given by

D, f (z) = T(n—v)

and it exists almost everywhere for x € [a, b].
Let f € Ly ([a,b]), @ > 0. The right Riemann-Liouville fractional operator
(2], [8], [9]) of order « is denoted by

@)= s

a)

b
/ (z—2)""' f(2)dz, Yz €lab]. (3)
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We set Ig_ := I, the identity operator.
Let now f € AC™ ([a,b]), m € N, with m := [«a] .
We define the right Caputo fractional derivative of order a > 0, by

Dy_f (z) = (=1)" [ f) (x) (4)

we set DY f:= f, that is

b
Dllnx—f (:L') = FET)’L—O&)/ (Z - $)mia71 f(m) (Z) dz. (5)

We need

Proposition 1 (4], p. 861) Let a > 0, m = [a], f € C™ ' ([a,b]), ™) €
Lo ([a,b]); x,20 € [a,b] : & > x9. Then DS, f(x) is continuous in x.

Proposition 2 ([4], p. 361) Let o > 0, m = [a], f € C™ ' ([a,b]), f™) €
Lo ([a,b]); w20 € [a,b] : & < xo. Then DG _f(x) is continuous in xo.

We also mention

Theorem 3 ([4], p. 362) Let f € C™ ([a,b]), m = [a], a >0, z,z9 € [a,}].
Then Dg, f(x), Dg _f(x) are jointly continuous functions in (x, o) from

[a,b]? into R.

Convention 4 ([, p. 360) We suppose that

Dfmgf(x) = 07 fOTiC < Zo, (6)
and
Dz, _f(x) =0, for x > xo, (7

for all x,xo € [a,b].

2 Motivation

We mention some Caputo fractional mixed Ostrowski type inequalities involving
several functions.

Theorem 5 (/6]) Let zp € [a,b] C R, a > 0, m = [a], fi € AC™ ([a,}]),
i=1,...,7 € N— {1}, with fi(k) (£9) =0, k=1,....m—1,i=1,....,r. Assume
that ||D;‘O_f1-||oo |Da | < 0, 1 =1,...,7. Denote by

,[a,z01’| *wofi”oo,[xo,b

T

b r b T

0(f1,oo fr) (w0) =7 / (Hfm))dw—Z fi (o) / 17 @) | de
@ \g=1 i=1 a \j=1
J#i

(8)



Then

|9(f17~ 7f7 Z HD fl“ Jla,zo] g—tl H|f] l'O (9)
= Jsﬁz

||D*.L0ft|| ,[xo,b] a+1 H|f_} .730

J;ﬁl
Inequality (9) is sharp, infact it is attained.

Theorem 6 (/6]) Let o > 1, m = [a], and f; € AC™ (la,b]), i = 1,..,r €
N — {1}. Suppose that fi(k) (r0) =0, k=1,...,m—1; xg € [a,b] and Dy, _f; €
Ly ([a,wo]), DS, fi € L1 ([20,b]), for alli=1,...,r. Then

0 s £2) @0 < 3 | {108 Filg o 25 Hm @i|| )
i=1
1751

HD*IEOJCZHLl(zOb) b— H‘fg 370
1751

Theorem 7 (/6]) Let p,qg > 1: 7—1—7 =1, a> 7, m=[a], >0, and f; €
AC™ ([a,b]), i =1,...,r € N— {1}. Suppose that f} J(20) =0, k=1,...,m—1,
xo € [a,0]; i =1,...,r. Assume D3 _f; € Ly ([a,x0]), and DS, fi € Ly ([x0,0]),
i=1,..,r. Then

‘9 (f17 B fT‘) (IL‘O)‘ <

g (a+ %) - at+l
L D3 _fi N S fi (z 11
( (OZ - 1) + 1)5 i=1 || 0 HLq([aJ«U]) + 1;[ | J 0 ( )
JF#i

HD*xuleL ([0,b]) bf H|fy (zo)]
J;ﬁz

Next we mention some Caputo fractional Griiss type inequalities for several
functions.



Theorem 8 ([6]) Let xp € [a,b] CR, 0 < a <1, f; € AC([a,b]), i=1,..

N — {1}. Assume that sup || D2 _fill_ Jamol’ sup HD*ZszH

b
zo€la,b] oo,

1= ,r. Denote by

i=1 j=1
JFi
Then
|A(f17~"7f7‘)| S (b_ (1) :
sup HDOEO fH [a,wo] sup Ia+1 H|fj (z0)] +
i=1 | |®o€last] ol a,b
J#Z
sup [ DL fill o oy S0P L [T 17 (o)l : (13)
zo€la,b) " zo€la,b] j=
J#i i

Theorem 9 (/6]) Let p,q > 1 : 1 +1 =1, 1 <a<1l1,and f; € AC([a,b]),

i=1,...,7 € N={1}, 9 € [a, b] Assume that sup HDmO leL J(azo])’ and
zo€la,b]
sup ||D*z0leL ) <oo,t=1,..,7. Then
zo€la,b] 0,
(b—a)T (a+1
|A(f1a"'7fr)| S ( 1 p) :
pla=1)+1)7T ()
sup |[Dg, fZHL a(azo]) SUP I H|fg zo)| | | +
i=1 zo€la,b)
3751
sup HD*ronHL S(oot)) sup I,?_Jr; H|f? (z0)] . (14)
zo€[a,b] €la,b) j=1
J#i ]




3 Main Results
‘We make

Remark 10 Let g € C ([a,b]), a > 0, 29 € [a,b] C R. Notice that

« 1 o «
Iail (9) (x0) = m/ (zo — 2)" g (2) dz.
Hence
a+1 1 o @
12 @) @0 < gy | @0-2)" ()l <
1191l oo, (a,0] /9”0 (20 — 2)* dz = 1191l oo, (a,20] (1:0—a)aJrl
Ma+1) J, 'a+1) (a+1)
9/l [a,z0] a1
= Tlat2) (xg—a)" " .
That is 1l
g
okl ( s[a,zo] _ya+l
|12 “ T(a+2) (2o = )"

Similarly we have

1 b
B9 @) = paryy [ w9 ()
b T(a+1) J,,
" lol ;
9 00,[0,b] @
It (g < 70/ z—1x0)" dz
1 S Tlaty J, 57"
Mgllso o) (0= 20)* T 19l o, (b— )"
T(a+1) (a+1) T (a+2) o
That is 1ol
Illoo, [z b 1
Ia+1 < J[zo, h— a+ .
154 ) (@o)] < Fegmtg (b o)
Consequently we derive
Hfj
" (17) J#l
a+1 ) 00, [a, o] ol
IaJr H ‘f] ($0)| S r (a + 2) (mo CL) ’

j=1
J#i

(18)



and

Hfﬂ

(20) 751 - o
]?jl H|fj -'170 | S W(b—tfo) +1. (22)
7751
Therefore it holds
©) - a+1
|9(f17'~~7fr Zo | § ||D fz” [uzo H|f] .’E() +
= J#Z
- ((21),(22))
1D Fill oy 5 | TL 155 ()] <
i
a—|—2 Zl HD le s[a,zo] Hfj (xo_a)a+1+
J?él 00,[a,z0]
||D*7~Uf’LH [z0,b] H f] (b - wo)a_‘—l = (61) . (24)

J;él 00,[z0,b]
Call

My (fi, oo fr) (@0) = max {[1D2, il ooy 1P Fill e ooy b (25)

77777

Then

My (f1y s fr) (20) r N
€)=ty ; I17 (20 —a)*" ' +
JFi 00,[a,z0]
Hfg (b—20)™ ™| = (&) (26)
= o0, [0,b]
Call

U1 (1o o) (w0) :=max ¢ > I £ ST .27

= ?]jéi 00,[a,xo] = J];}L 00,[z0,b]



So that

(&) <

Ml (f17 seey fT)l—(‘aEg{)fggfla "'7fT) (‘TO) (b _ x0>a+l + (xO _ a)oz+1:| S

—~

28)
M1 (fla "'7f7') ('TO) ¢1 (fla ) fT) ('TO) (b _ a)a-i-l
I'a+2) '

We have proved simpler interpretations of Caputo fractional mixed Os-
trowski type inequalities involving several functions.

Theorem 11 Here all as in Theorem 5, My (f1,..., fr) (o) as in (25) and
(o (fl?"'af’r) (1'0) as mn (27) Then

‘0 (fla B3] fT) (xO)‘ <

Ml (fl, ey fr)l—(‘iz(j“):/—)zgfl, ey fr) (lUO) (b o Io)a-&-l + (CUO - a)a+1:| < (29)

Ml (fla 7fr) ('7:0) ¢1 (flv ooy fr) ('7:0)
I'(a+2)

(b—a)*t. (30)

We make
Remark 12 Let g € C ([a,b]), « > 1, x¢ € [a,b] C R. We have that

||g||oo7[a@0]

122 (9) o) < e (o — o) (31)
" ol
« Illoo, [20,b] a
1, < —22 (b — . 2
[ (9) ()] < Tyt (b o) (32)
Consequently we derive
114
r (31) =
J#i 00, [a,x o
I | T o)l | < S5y ™ (o — )™ (33)
j=1
J#i
11+
r 32 |z
a J7 00,[z0,b o
B TI @l | = = =) (34)
J’.;l.
Ve



Therefore it holds

(10) r

‘H(fh- afT S HDgO_fiHLl([a,zoD 134_ H|f] ($O)| +
=1 Jj=

JFi

((33),(34))

Hwaof’HLl(mob) b— H‘fj o)) <
J#l
1 - N
F(a—l—l); 125~ Fill, a0y Hfﬂ (w0 —a)"+
j;éz 0, [a,z0]
D%, fill oy | T S (b= 0)"| =: (). (35)
=1
371 oo, [x0,b)
Call
M2 (f17”-7f7‘) (.’L’) —lm’ax’ {HD fZHLl(a:to]) *IOfZHLl(mob)}' (36)
Then

M2 (fla "-,fr) (l‘o)
Tt

r

ST (o — a)® H fi (b —x0)” (37)

= 77:51 00,[a,xo] J#l 00,[z0,b]
<= — fr)r(ggz)%fh wr)(20) [(b—20)" + (0 —a)"]  (38)
M2 (fla"'afr) ($0)¢1 (fla"'afr) (Z‘()) o
< i b—a). (39)

We have proved

Theorem 13 Let all as in Theorem 6, Ma (f1, ..., fr) (xo) as in (36) and 1, (f1,
vy fr) (o) as in (27). Then

|9(f1,---,fr) (x0)| < M, (fl,'-'va) (mo) "/)1 (fla--~afr) (mO)

I'(a+1) )
M2 (fh"'afT') (x0)¢1 (fla"'7f7') (‘TO) «
< NCE) (b—a)". (41)



Similarly we obtain

Theorem 14 Let all as in Theorem 7. Call

MS(f17"'7fT)<x0) = max {HDIO fl”L(amg])

D2 fill oy} - (42)
Here 1, (f1,..., fr) (z0) as in (27). Then

10 (f1s s fr) (0)] <
Ms (fr, s fr) (z0) ¢y (fla“;fr) (20) {(bfx JotE 4 (20 — a)a+ﬂ < (43)
(a+1) le-1)+1)7T(a)
M3 (f1, - fr) (x0) 1 (f1, -0 fr) (0) (b—a)™*+. (44)
(a+ 1) (pla=1)+1)7 T (a)

Finally we give a simpler interpretation of Caputo fractional Griiss type
inequalities (13), (14).

Theorem 15 All as in Theorem 8. We define

(flv""fT) = :max { sup HDOCU fl” Ja,zo]? Su[p ||D*10fZH J[zo,b) }

1=1,...,r Ioe[a,
(45)
and
¢2 (f17"'7f7“) (mo) =

max Z sup HfJ Z sup HfJ . (46)

i= lwoe[ab =1 i— leEab j=1

Jj#i 00,[a,zo] VED 00, [0,b]

e DMy (fis o £ s (Fis o )

IA(fry ooy fr)] < S22 P2 0w 0] () )2 (47)

I'a+2)
Theorem 16 All as in Theorem 9. We define

Ms (f1, - ,f,).—'max { sup HDIO f‘HL (la.o]) ? bup ||D*acoftHL(zo, )

=L | zo€lab]
(48)
Here 1 is as in (46). Then

2Ms (f1,-o fr) Yo (f1y s fr) b—a) 3 (49)
(a4 1) wl@-1)+1)7T(a)

We finish with applications.

‘ fla' afT)|<



4 Applications

We apply above theory for r = 2. In that case
b b b
0(f1f2) @) =2 [ (@) @) do=fi (o) [ fo(o)da—falan) [ i (@)da
a a a (50)
xo € [a,b],

M (f1, f2) (z0) =

maX{HDgo*leoo,[a,xo]’||D f2|| Ja,xo] ”D*l’ofln Jzo,b] 7 HD*IOfQH :cob}’
(51)

U1 (1, f2) (20) = 025 {11l fosmn) + 12 o) » 11 Do oty + 12 g}
(52)

M; (f1, f2) (o) = maX{||D§o—f1HL1<[a,zo]) ’
||Dgo—f2HL1 ([a, ;vo)’||D*a370'fl||L1([wob 7||l)f$0f2HLl [wO’b])}7 (53)
M3(f1,f2)(l'0) _maX{HDﬂio leL ([a,xo0]) ?

HDgO*fQHLq([a,rO]) ’ HDfxofl ) |szof2HLq([mU,b])} ’ (54)

a([zo,
b b b
A(fl,f2>=2[<b—a>/ fl(w)fz(w)dx—</ fl(x)dfc> (/ fz(x)dwﬂ,

(55)
M4(f1’f2):max{ Su[p ||D:Co le [a:vo’ Sup ||D$0 f2H Jlaszo]?
To€E|a
S I A N SR
xo a,b
¢2(f17f2)=max{ SUp || f1ll oo ja,z0) T sup ||f2|| Jaszo] ?
zo€[a,b] zo€la,
T : 57
e 11l 20,8 zoseu[gb}||leloo,[xo,b]} (57)
and
Ms(f17f2)=max{ S;P Dy f1ll, ([aszo])’ Sup ||Dzo fQHL(axU])’
zo€la,b To€
Seu[p ||D*I0f1HL(x0b)’ SuP HD*wof2HL(x0b} (58)
o 0

abovep,q>1:5+§:1.

10



Proposition 17 Let 2y € [a,b] C R, a > 0, m = [a], f1,f2 € AC™ ([a,b]),
with fl(k) (x0) = fQ(k) (20) =0, k=1,...,m — 1. Assume that | D, _ f1]|

o0,[a,zo0]

HD f2“ Ja,zo] ? ||ngof1|}oo,[:co,b] ’ ||Dgfbof2Hoo,[9co,b] < oo. Then
0451 ) < SLEEERASBIED [ )™+ -]
(59)
M (f1, f2) (%0) ¥y (f1, f2) (w0) (b— a)**. (60)

- I'(a+2)
Proof. By Theorem 11. m

Proposition 18 Let « > 1, m = [«], and f1, fo € AC™ ([a,b]). Suppose that
") (20) = 159 (0) = 0, k = 1,..,m — 1; o € [a,b] and D%, _f1,D% _fy €
Ly ([a,z0]), D2, f1, D%, f2 € L1 ([xo,b]). Then

M (f1, f2) (o) ¥4 (f1, f2) (20)
I'la+1)

M (f1, f2) (o) ¥y (f1, f2) (20) o
< ey (b—a)°®. (62)

10 (f1, f2) (wo)| < [(b—20)™ + (w0 — a)*] (61)

Proof. By Theorem 13. m

Proposition 19 Letp,q>1 %—F =1, a>f m=[a], « >0, and fi1, fa €

AC™ ([a,b]) . Suppose that f1 (x0) ) (o) =0,k=1,...,m—1, zo € [a,}].
Assume DS f1, Dy fo € Ly ([a, mo]) nd D¢, f1, *Iofg € L, ([x0,D]). Then
(N1

M; (f1, f2) (z0) ¥y (f1, f2) (o) — 2V 4 (20— @)
(0t 2) a1+ Vb1 o [0 e

(63)
< My (1, f2) @) ¥y (1 fo) @0) () ravs (64)
(a+2) @1+ D)

Proof. By Theorem 14. m

1
q

6 (f1, f2) (wo)| <

Proposition 20 Let zg € [a,b] C R, 0 < a < 1, f1, fa € AC ([a,b]). Assume
that_sup ]HDzo fills s HDmo Fo s ||D*zof1¢| et
To€la

sup HD*IOng Lm0y < OO Then
xzo€[a,b]

aa:o]’ aacg]’

2My (f1, f2) o (f1, f2)
I'(a+2)

A (1, fo)] < (b—a)*. (65)
Proof. By Theorem 15. m

11



Proposition 21 Let p,q > 1: %—i— % =1, % <a<1,and fi, fo € AC([a,b]),
xo € [a,b]. Assume that sup ||D;‘0_fi||Lq([a)$0]) supb] ||D3x0fi||Lq([x07b]) <

o0,

b
z€la,b] o €|

1 =1,2. Then

2M5 (f1, f2) o (1, fo) (b—a)*HH+L.

T (66)
a+1)(pla—1)+1)/ T ()

A (f1, f2)] <
(

Proof. By Theorem 16. m
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