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GENERALIZATION OF INEQUALITIES OF
HERMITE-HADAMARD TYPE FOR n-TIMES DIFFERENTIABLE
FUNCTIONS THROUGH PREINVEXITY

M. A. LATIF! AND S. S. DRAGOMIR?2:3

ABSTRACT. In this paper, we establish a new integral identity for m-times
differentiable functions defined on an invex subset of R. Hermite-Hadamard
type integral inequalities for n-times differentiable preinvex functions are then
established by using this identity and the Holder’s inequality.

1. INTRODUCTION

It is well-known in mathematical literature that a function f : I C R — R is
convex on I if the inequality

fQz+ (1 =Ny <Af(2)+(1=A)f(y)

holds for all z, y € I and X € [0, 1]. The above inequality holds in reversed direction
if the function f is concave.

A number of papers have been written containing inequalities for convex func-
tions but the most famous is the Hermite-Hadamard inequality, due to its rich
geometrical significance and applications, which is stated as follows(see [10]):

Let f: I CR — R be a convex mapping and a,b € I with a < b. Then

(1.1) f(‘“j’) < bla/ubf(x)dx< M

Both the inequalities hold in reversed direction if f is concave.

Recently, Hermite-Hadamard type inequality has been the subject of intensive
research. Various refinements of the Hermite-Hadamard inequalities for the con-
vex functions and its variant forms are being obtained in the literature by many
researchers see for instance [5, 6, 7, 9, 11, 12, 14, 15, 17, 28, 29, 30, 34, 37, 40].

In recent years, several extensions and generalizations have been considered for
classical convexity. A significant generalization of convex functions is that of prein-
vex functions introduced by Weir and Mond [39]. Many researchers have studied
the basic properties of the preinvex functions and their role in optimization, vari-
ational inequalities and equilibrium problems, for example Mohn and Neogy [20],
Noor [23] and Yang et al. [42].

Let us recall some known results concerning invexity and preinvexity.

Date: Today.
2000 Mathematics Subject Classification. Primary 26D15; Secondary 26A51, 26B12, 41A55.
Key words and phrases. Hermite-Hadamard’s inequality, invex set, preinvex function, Holder’s
integral inequality.
This paper is in final form and no version of it will be submitted for publication elsewhere.
1


sever
Typewriter
Received 23/11/13


2 M. A. LATIF! AND S. S. DRAGOMIR?3

A set K C R™ is said to be invex if there exists a function 7 : K x K — R"™ such
that

z+tn(y,z) € K, Vz,y € K,t € [0,1].
The invex set K is also called an n-connected set.

Definition 1. [32] The function f on the invex set K is said to be preinvex with
respect to n, if

fluttn(v,u)) < (1 —1) f(u) +tf(v),Yu,v € K,t € [0,1].
The function f is said to be preconcave if and only if —f is preinvex.

It is to be noted that every convex function is preinvex with respect to the map
n(xz,y) = —y but the converse is not true see for instance [39].

Noor [22] has obtained the following Hermite-Hadamard inequalities for the
preinvex functions:

Theorem 1. [22] Let f : [a,a +n(b,a)] — (0,00) be a preinvex function on the
interval of the real numbers K° (the interior of K) and a, b € K° with a <
a+n(b,a). Then the following inequality holds:

2a 4+ n(b, a) 1 atn(b,a) f(a)+ f(b)

For several new results on inequalities connected with the right and left part
of the inequalities (1.2) for preinvex functions, we refer the interested reader to
[3, 18, 21, 36], [43] and closely related articles references therein.

Most recently, Wei-Dong Jiang et al. [7], Shu-Hong Wang et al. [9, 40], Dah-Yang
Hwang [11] and Latif [18] obtained a number of inequalities for n-times differentiable
functions which are s-convex, m-convex, convex and preinvex. The main source of
inspiration of the present paper is [40] in which more general inequalities for n-
times differentiable functions convex functions are presented. In section 2, a more
general identity for n-times differentiable functions defined on an invex subset of R
is established and by using this identity and the Holder’s integral inequality, several
new integral inequalities for n-times preinvex functions are established, which are
more general than those proved in [11] and extend those given in [40].

2. MAIN RESULTS

The following Lemmas are essential in establishing our main results in this sec-
tion:

Lemma 1. Letn € N and K C R be an invex subset with respect ton : K x K — R
and f : K — R be a mapping such that f(”_l)(x) s absolutely continuous on
[a,a+1(b,a)], a, b€ K withn(b,a) > 0. If f")(x) exists on [a,a + 1 (b,a)], then
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for A, p € R and t € [0,1], we have the following identity:

(21) S(EAp) = =M (@)= (1= p) f(a+n(b,a))

1 a+n(b,a) (—l)k (
s | f(x>dx_kZ:0T{tk Gt

—( =D =14 1) (= ]} O 0+ i (b, a)

_ ()" n6,a) {/0 2 (A = 2) £ (a + 20 (b, a)) d2

n!

e s ) £ a0 s

Proof. When n = 1, we have by integrating by parts that

(2.2) n(b,a){/o (A —2) f (a+ 20 (b,a)) dz
+/t (b—2)f a+z77 (b,a)) }
=-Af(a) = (1 —p) f(a+n(ba)
a+n(b,a)
~(=X) S (at i)+ ! / f (@) da.

Suppose (2.1) is valid for n = m — 1, that is

(2.3)  —Af(a) = (1 =p) f(a+n(ba))
1

e S ED b))
+n(b,a)/a f(:c)dx—kzo CES {t [t — (k+1)A]

—( =D =14 e+ 1) (L= ]} 1O 0+t (b, a)

_ (_1)m—2 (77 (bva))m_l th—Q m — — 2 (m—1) a—+ 2 a -
= O 0 [ (- )4 9 1 (0t an b)) d

- am s men - >>f<m1<a+zn<ba>>d}.
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Now for n = m, we have by integrating by parts that

(24) (_1)7774*1 (77 (ba a’))m

m!

{/ot 2 (mA = 2) £ (a+ 2n (b,a)) dz

1
+f <z1)““(1zm(lu))f’<a+zn<b,a>>dz}

__ 0" ba)™ {[em = mX) — =)™ (¢ = 1+ m (1 — )

m!
(_1)’m—2 (77 (b, a))m—l
(m—1)!

x {/Otzm%(mmz)f’ (a+ 2z (b,a)) dz

x f(a+tn(ba))+

1
+f (z1)’”_2(1z(m1)(1u))f'(a+z77(b,a))d2}

Using (2.4) in (2.3) and simplifying, we get (2.1). This completes the proof of the
Lemma. ]

Remark 1. Ifn(b,a) =b—a in Lemma 1. Then

b
(2.5) df(a%(lw)f(bwi/ f (2) de

*§: ﬁkpfk+DM
P k:—i—l

— (=D =14 R+ (1= @l SO @+ (1=t a)
S RO O A ) ds
- {[# =27 @+ =20

n!

+/t (z—l)”1(1—z—n(1—,u))f(")(zb+(1—z)a)dz}.

Lemma 2. [40] Let o, BE€R, £, ¢ >0 andr > —1. Then

/CuT\f—u|du
0
1 {[(M?)E(rﬂ)c]c’““, £>c

R W N P

and
) I S
/0 (au+ B) |€ — ul du_(r+1)(r+2)
{ [(r+2)8+agl& ! —[ac(r+ 1)+ B (r+2) +ag] (- o), E>c
X
(r+2)B+ag & +[B(r+2) +aleter+8+agc-9™", 0<E<e

Theorem 2. Let n € N and K C R be an open invexr subset with respect to
n:KxK—Rand f: K — R be a mapping such that f*~V(z) is absolutely
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continuous on [a,a +n(b,a)], a, b € K with n(b,a) > 0. If |f(”)|q is preinvex
function on K for q > 1, then for all t € [0,1] and X\, p € [0,1], we have the
inequality

26) 18 ) < LOA 14 (1 gyt

1/q

<[asm [ @[+ Ao+ 1) (|10 ) - [17 @[]
FIA = 1= )Y A =) |1 )]
q /a
)"

AL =p1=tn+1) (|1 @] - |5 ©)

q ‘

where for ¢ >0 and r > —1
A, r+1) :/ u” |né — uldu
0
) {wa+2><r+nda“, ne > c

r+1D(r+2) (r+1) 2 —ne(r+2) T +2(ng) ™, 0<nt<ec

Proof. By Lemma 1, the Holder’s inequality and the preinvexity of ’ f (”)’q on K,
q>1,n €N, we have

@7>|smxung“ﬂgm{éz”1nA4 2z

F™ (a2 (b, a))

iz}

[ =) ==l [ (a2 )

< a0 { (/Ot 2 A — 4 dz) o

X Ut 2" — 2 ((1 —2) ‘f(”) (a)jq + 2 )f<"> (b)

+(/t1(z—1)"‘1|1—z—n(1—u)>

1 q
<[ eyt na- ol (a9 @ 4]0 0

q) dz] v

) dz} Uq} .

1-1/q

Using Lemma 2, we observe that

t
/ 2"\ — z|dz = A\ t;n),
0
1
[ G0 s n - wl = A0 - 1= tin),
t

/Oz"—lm—z\ (-2 | @] + 2|5 @) az

= A\ t;n) ’f(”) (a)’q FANER+1) (‘ﬂn) (b)‘q _ ’f(n) (a)

)
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and

ldw—lﬁWl—z—nu—»m(u—ZWﬂm«wF+szwwf)w

=A==t [ O + A0 =g 1= tn 1) ([ @) - |10 )

)

Substituting the above inequalities into (2.7), gives us the desired inequality (2.6).
O

Remark 2. Ifwetakenzl,t:l and 0 <\ <

5 % < u <1 1in Theorem 2, we get
the following inequality:

28 @+ =0 F @t na) + (=N f (ot gu o))

1 a+n(b,a)
0 a)/ flz)de

[(8= 92+ 2407 = 83 — 210+ 244 - 82%) | 1) (a)

n (b, a)
24

<

+ (10 = BX 48X — 15 + 82°) ’f(") (b)H .

Theorem 3. Let n € N and K C R be an open invex subset with respect to
n:KxK—Rand f: K — R be a mapping such that f"=V(z) is absolutely
continuous on [a,a+n(b,a)], a, b € K with n(b,a) > 0. If |f(”)|q is preinvex
function on K for ¢ > 1 and q(n—1) > r > 0, then for all t € [0,1] and A,
w € [0,1], we have the inequality

29) 15 (1) < 20O { [A ()\,t; "q—f—lﬂ e

x[AO 1) |10 (a)‘q + At +2) (| (b)‘q — [ (a)‘q)}

1/q

ng—r—1

171/‘1 q
+{A<1—/¢,l—t, | )} [A(l—,u,l—t;r—i—l)‘f(n)(b)‘

+A(1—p,1—t;r+2) (‘f(") (a) q)}l/q},

)q

_ ‘f(n) (b)

where A (§,¢;r + 1) is defined as in Theorem 2, ¢ > 0, r > 1.
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Proof. From Lemma 1, Holder’s inequality and the preinvexity of | f(”)|q on K,
g>landg(n—1)>r>0,n €N, we have

n t 1-1/q
(2.10) S (t; A\, p)| < M {(/ Sl(n=1)g—r1/(q—1) [n\ — 2| dz>
0

n!

q 1/q

x [/O 2 A — 4] ((1—2)’]”(”) (a)‘quz‘f(”) (b)‘ )dz}

1 1-1/q
+ (/ (z — 1)[(n—1)q—T]/(q—1) 1—z—n(l- M)|)
t

o] .

The rest of the proof is similar to that of the proof of Theorem 2 ([l

x{[%znwlznau»«1@

o (a)‘q +z

Corollary 1. Under the assumptions of Theorem 3

(1) If r =0, we have

< [A0ED |1 @] + a2 ([ro o) =1 @

q>]1/q
ng—1

+[A<1—u,1—t, p— )}H/q [A(l—u,l—t;l)‘f(n)(b)’q

)

+A(1 =1 =52 (|1 @[ =7 o)

(2) If r=(n—1)q, we get

(2.12)  [S(t; A, p)]

< A Ly ) [AO (- a4 1| @)
q a\ 1/4
@)
q
FAQ = p =BT [AQ = 1=t (= Dg+ D] )]
a\11/4
I
Theorem 4. Let n € N and K C R be an open inver subset with respect to
n:KxK—Rand f: K — R be a mapping such that {1 (x) is absolutely

continuous on [a,a +n(b,a)], a, b € K with n(b,a) > 0. If |f(”)|q is preinvex
function on K for q > 1, then for all t € [0,1] and X\, p € [0,1], we have the

‘ q

FANE (=1 g +2) (|1 )

FAQ=p1=tm-1)g+2) (|7 @[ =] 0)
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inequality

(213) |5 (5] < TG { {B </\,0, 1,42 fﬂ s

n!

x [A 0,;(n—1)g+1) \f“” (b)(q +B(0,-1,1;(n—1)qg+1) ‘f(") (a)

1-1/q

2 — 1

+[B<1—u,0,1,1—t; g ﬂ
q—1

x [B (0,—1,1,1 —t;(n—1)q+1) ‘f‘”) (b))q

LI] 1/q

qq1/a
+A(0,1—t;(n—l)q+1)\f<">(a>\] }
where A (€, ¢;r + 1) is defined as in Theorem 2 and

1
(r+1)(r+2)
[n&B + ang] (ng)™*

B(& o, B,cm+1) =

—[ac(r+1)+ B (r+2)+ anf] (ng—c)”l, né >c

[(r +2) 8+ ang] (n€)" ™

—|—[6(T+2)+a(c+cr+n£)](c—nﬁ)rﬂ, 0<né<e,
c>0,r>1,a, BER.

Proof. Applying Lemma 1, Holder’s inequality and preinvexity of ‘ f(”)|q on K,
q > 1, we have

n t 1-1/q
(214) IS(t;A#)IS(n(bT’L,a)){< oA = 54070 0z
: 0

t q . q 1/q
X [/O 2(n=1) ((1—2)‘f<n> (a)‘ —|—z‘f( )(b)‘ )dz}

+ (/tl 1—2z—-n(1- M)|q/(ql)>11/q
x {/tl (z — 1)(%—1)‘1 ((1 —2) ‘f(h) (a)‘q 42 ‘f(") (b)‘q> dz} 1/q} |

Using the similar arguments as that of the proof of Theorem 2, we get the inequality
(2.13). O

Theorem 5. Let n € N and K C R be an open inver subset with respect to
n:KxK—Rand f: K — R be a mapping such that {1 (x) is absolutely
continuous on [a,a +n(b,a)], a, b € K with n(b,a) > 0. If |f(”)|q is preinvex
function on K for q > 1, then for all t € [0,1] and X\, p € [0,1], we have the
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inequality

x [40t:(n—2)g+2) ’f(”) (b)]q Y B(0,~1,1,¢:(n—2)q+2) ]f<n> (a) q]l/q

2 — 1\ 1V
+F@—muu—uq ﬂ
q—1

< [BO-1L1,1-5m-2q+2)|f®) +40,1- 0 -2)q+2) |1 (a)

Q] 1/Q}
where A (&, ¢;m+ 1) and B (&, «, 8,¢;r + 1) are defined as in Theorem 2 and Theo-

rem 4 respectively, ¢ >0, r > 1, a, f € R.

Proof. Applying Lemma 1, using Holder’s inequality and preinvexity of } f ’q on
K, g > 1, results in

n t 1-1/q
(2.16) | (7 p)| < W {</ 2l — 2/ dz)
N 0

X [/t P ((1 —2) ‘f(”) (a)‘q + 2z ‘f(”) (b)‘q> dz} .

0

" </ (1-2)1-z-n( —u>|q/<q1>)“/q

x Utl (2 = 1) (1= 2| ) (a)‘q + 2| (b)‘q> dz} Uq} .

The rest of the proof is similar to that of the proof of Theorem 2. O

Theorem 6. Let n € N and K C R be an open invex subset with respect to
n:KxK —Randf: K — R be a mapping such that f"=1(z) is absolutely
continuous on [a,a+1n(b,a)], a, b € K with n(b,a) > 0. If |f(”)|q is preinvex
function on K for q > 1, then for all t € [0,1] and A\, p € [0,1], we have the
inequality

a))” _ 1-1/q

1/q
{00 (B0 604 [0 0 + B -1 L+ 0 [0 @)

q} 1/<1} ,

where B (&, «, B,¢;r + 1) is defined as in Theorem 4, ¢> 0,7 >1, o, f € R.

+ (=) B - -1 11— g+ 1) £ )

+B(1- 11,01+ 1) |1 (a)
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Proof. Utilizing Lemma 1, using Hoélder’s inequality and preinvexity of \ ) |q on
K, g > 1, results in

(218) |8 ()| < 2D (/tzw—nq/(q—l)dz)
0

n!

1-1/q

t q . q 1/q
X [/0 A — 2|9 ((lfz)’f(”)(a)‘ +z‘f( )(b)‘ )dz}

1 1-1/q
N (/ (1- Z>(n—1>q/<q—1>>
t

x [/ 1=z =n -l (=2 @ 4]0 0 ) ]

The rest of the proof is similar to that of the Theorem 2. O

1/q
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