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GENERALIZED TRAPEZOID TYPE INEQUALITIES FOR
COMPLEX FUNCTIONS DEFINED ON UNIT CIRCLE WITH
APPLICATIONS FOR UNITARY OPERATORS IN HILBERT

SPACES

S.S. DRAGOMIR?:2

ABSTRACT. Some generalized trapezoid type inequalities for the Riemann-
Stieltjes integral of continuous complex valued integrands defined on the com-
plex unit circle C (0,1) and various subclasses of integrators of bounded vari-
ation are given. Natural applications for functions of unitary operators in
Hilbert spaces are provided.

1. INTRODUCTION

In [13], in order to approximate the Riemann-Stieltjes integral f; f () du(t) by
the generalised trapezoid formula

(L.1) [w(b) —u(@)] f )+ [u(z) —ula)]f(a), z€lab]
the authors considered the error functional
b
(1.2) T'(f,wa,b;x) ::/ f @) du(t) = [u®) —u(@)] f(b) = [u(z) —u(a)l f(a)
and proved that

a+b
2

r b
(1.3) |T(f,u;a,b;x)|SH[;(b—a)—&—‘x— } \/(f), x € [a,b],

provided that f : [a,b] — R is of bounded variation on [a,b] and u is of r — H-Hélder
type, that is, u : [a,b] — R satisfies the condition |u (t) — u (s)| < H |t — s|" for any
t,s € [a,b], where r € (0,1] and H > 0 are given.

The dual case, namely, when f is of ¢ — K—Holder type and u is of bounded
variation has been considered by the authors in [7] in which they obtained the
bound:

(1.4) T (f,u;a,b;)|

T b
<K |@z—a)\/(w)+b-2)"\/ ()
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for any x € [a, b)].

The case where f is monotonic and u is of r — H—Holder type, which pro-
vides a refinement for (1.3), respectively the case where u is monotonic and f of
q — K—Holder type were considered by Cheung and Dragomir in [10], while the
case where one function was of Holder type and the other was Lipschitzian were
considered in [6]. For other recent results in estimating the error T (f,u;a, b, x) for
absolutely continuous integrands f and integrators u of bounded variation, see [8]
and [9].

For other inequalities for Riemann-Stieltjes integral, see [1]-[5], [6]-[10], [11]-[15]
and [17].

Motivated by the above facts, we consider in the present paper the problem
of approximating the Riemann-Stieltjes integral f; f (eis) du (s) by the generalised
trapezoidal rule

F(?) [u(®) —u@®] + f () [u(t) —u(a)

for continuous complex valued function f : C(0,1) — C defined on the complex
unit circle C (0,1) and various subclasses of functions w : [a,b] C [0,27] — C of
bounded variation.

We denote the error functional by

(1.5) Te (f,u;a,b;t)
b
=7 () B = u @]+ £ () )~ u(@)] - [ () duts),
a
where ¢t € [a,b] and will provide some bounds for its magnitude for f of r —
H—Holder type and u belonging to different subclasses of functions of bounded
variation.

The Riemann-Stieltjes integral f02 " f (e') du (s) is related with functions of uni-
tary operators U defined on complex Hilbert spaces as follows.

We recall here some basic facts on unitary operators and spectral families that
will be used in the sequel.

We say that the bounded linear operator U : H — H on the Hilbert space H is
unitary iff U* = UL,

It is well known that (see for instance [16, p. 275-p. 276]), if U is a unitary
operator, then there exists a family of projections {E/\}Ae[o,%]’ called the spectral
family of U with the following properties:

a) Ex < E, for 0 <X < p<2m
b) Ey =0 and Ea, = 1y (the identity operator on H);
¢) Exyo=E) for 0 <\ < 2m;
d) U= fo% e dE\, where the integral is of Riemann-Stieltjes type.
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Moreover, if {F\} Ae[0,2n) 18 @ family of projections satisfying the requirements
a)-d) above for the operator U, then F\ = E) for all A € [0, 27].

Also, for every continuous complex valued function f : C(0,1) — C on the
complex unit circle C (0,1), we have

27
(1.6) Fwy= [ ream,

where the integral is taken in the Riemann-Stieltjes sense.
In particular, we have the equalities

(L7) uanawzéﬁfwwdwww>

and

(18) |vme=A”uwwfwwwW=A”v@%fwa%m,

for any z,y € H.

From the above properties it follows that the function g, (\) := (Exz,z) is
monotonic nondecreasing and right continuous on [0, 2| for any « € H.

Some examples of such functions of unitary operators are

27
exp (U) = / exp (e) dE,
0

and )
U" = / ein)\dE)\
0

for n an integer.
We can also define the trigonometric functions for a unitary operator U by

sin (U) = /27r sin (ei)‘) dEy and cos(U) = /27r cos (ei)‘) dE)
and the hyperbolic funoctz'ons by 0
sinh (U) = /27r sinh (ei)‘) dEy and cosh (U) = /27r cosh (e“‘) dE)
where 0 0

sinh (z) := % [expz — exp (—2)] and cosh (z) := % [exp z + exp (—2)],z € C.

2. INEQUALITIES FOR THE RIEMANN-STIELTJES INTEGRAL
We have the following result.
Theorem 1. Assume that f : C(0,1) — C satisfies the following Hélder’s type

condition
(2.1) 1f () = f (w)| < H |z —w|"
for any w,z € C(0,1), where H > 0 and r € (0,1] are given.

If [a,b] C [0,27] and the function v : [a,b] — C is of bounded variation on [a,b],
then

(2.2) ITe (f,u;a,b;t)| < 2"HDB, (u;a,b,t)
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for any t € [a,b], where the bound B, (u;a,b;t) is given by
(2.3) B, (u;a,b;t)

t b
= Slél[iﬁ]{bln (S_a)} v (u —l—srél?)g]{sinr <b;$)}\t/(u).

Moreover, if we denote

Ay (t) = 513[3?%] {sinr (8 ; a) } and B, (t) := gﬁ,}é} {sinT <b ; S) } )

then we have the inequalities:
(2.4) B, (u;a,b;t)

max {A, (t), B. ()} \/ (u)
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for any t € [a,b].
Proof. We have the equality

for any ¢ € [a,b].
It is known that if p : [¢,d] — C is a continuous function and v : [¢,d] — C is of

bounded variation, then the Riemann-Stieltjes integral f p(t) dv (t) exists and the
following inequality holds

d
[ pa®)] < m p@r\ o)

Taking the modulus in the equality (2.5) and utilising the property (2.6) we
deduce

(2.7) |Te (f, usa,b;t)|

[ 1) = s @) awes)

(2.6)

IN

+ /at [f (eis) —f (ei“)} du (s)

t

b
< maxc [ (") = £ ()| (@) + mac |£ () = 7 ()] V/ ()

s€la,t] M

b t
<HLI£@>; ¢ = eV (u) + ma e - | \/<u>]

for any ¢ € [a,b].
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Since

els _ eit|2 _ |6is|2 _ 9Re (ei(sft)) + |6it’2

-1
=2 —2cos (s —t) = 4sin? <S2 )
for any t,s € R.

sin st
2
For [a,b] C [0, 2] we have

|6ib_eis|r — 9T gin" <b25>

i ialT sS—a
is _ pia|" _ or r
" — ™| sm( 5 >
for any s € [a,b].

Utilising the inequality (2.7) we deduce the desired result (2.2).
By making use of the Holder inequality

for any t,s € R, then

T

(2.8) e — e“V =2"

and

max {m,n} (p + q)
mp +ng <
@ 1 1 _
(ml/a + nl/a) (pl/ﬁ + ql/ﬁ) , a>1,1+ 5= 1

that holds for m,p,n,q > 0, we deduce the inequality (2.4). O

Define the functional

(2.9) Me (f,ui0,b) = Te <f, wa,b; a‘;b)

f(e“)[ (b) - u(a;b)} +F () [u(“;b) _u<a)}

b

f

For t = ‘”b we have

a+b s—a B b—a
sens,%ﬁb sin” 5 =sin” 1 ,
(57) = Lo (55°) = (55°)
B, = max sin = sin .
2 HE) 2 4

We can then state the following particular case of interest for applications as shown
below.

and

Corollary 1. With the assumptions of Theorem 1 we have
b b

(2.10) |Mc (f,u;a,b)| <2"H sin” (b;a) \/(u) < %H (b— a)r\/(u)

a a
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In particular, if f is Lipschitzian with the constant K > 0, then
b

. (b—a 1 b
(2.11) |Mc (f,u;a,b)| < 2K sin (4) V (w) < S (b—a) \ ().

a
The constant 2 in the first inequality (2.11) is best possible in the sense that it
cannot be replaced by a smaller quantity.

Proof. We must only prove the sharpness of the constant 2 in the first inequality
(2.11).
Assume that there is an F > 0 such that

(2.12) ’f () [u(b) —u <“;b>} + (e {u (“‘2”)) - u(a)]
[ e
< EK sin <b;“> \j/(u)

for an interval [a,b] C [0,2n], a K-Lipschitzian function f : C(0,1) — C and a
function of bounded variation u : [a,b] — C.
If we take [a,b] = [0,27], f (2) = z then K = 1 and the inequality (2.12) becomes

(2.13) u(2m) —u(0) — /0 ! e du (s)

2m
<E\/(u)
0
for any function of bounded variation u : [0, 27] — C.

Integrating by parts in the Riemann-Stieltjes integral, we have

27

/027r edu(s) = e"*u(s)|, i/o% e u(s)ds = u (2r) — u (0) 1/0% ¢ (s) ds

and the inequality (2.13) becomes

2T
/ eu(s)ds
0

for any function of bounded variation w : [0, 27] — C.
Now, if we take the function

(2.14)

2w
<E\/(u)
0

-1 ifselo,7]
u(s) =
1 ifse[nm2n],
2
then w is of bounded variation, \/ (u) =2 and
0

27 i 27
/ eu(s)ds = —/ eds + / eds
0 0 ™

= lgmyloyton L 2
1 1 (3 1 1

and the inequality (2.14) becomes 4 < 2F showing that E > 2. ]
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Remark 1. If the lenght of the interval [a,b] is less than m, i.e. 0 < b—a < m,

then
A, (t) :==sin" (t—?a> and B, (t) := sin” <b;t>

and by (2.2) and by (2.4) we have
(2.15)  |Tc (f,uia,bit)]

<9'H [sinr (t 5 a) \:/(u) + sin” (b;t) \j/(u)]
max {sin” (152) ,sin” (%5%) } \/ (w)

—
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for any t € [a,b].
Remark 2. Ifa =0 and b = 27, then

Te (f,u;0,2m7) = £ (1) [u(?w)—u(O)]—/O " () dus),
and

Ar ()= g (s () =1

B, (m) := nEla%( | {sinr (27T2 S>} =1.
se|m,2m

Therefore from (2.2) we have

while

210)  |fW 0 -uO)] - [ ()

b
s)| < 27'H\/ (u)

Theorem 2. Assume that f : C(0,1) — C satisfies the Hélder’s type condition
(2.1). If [a,b] C [0,27] and the function w : [a,b] — C is Lipschitzian with the
constant L > 0 on [a,b], then

(2.17) |Tc (f,u;a,b;t)| < 2"LHC, (a,b;t)

for any t € [a,b], where
t —
>d5+ sin7'<s 2a> ds

+( )T+1

(r+1)2

(2.18) Cy(a,byt) sin”
r+1

< (b_
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for any t € [a,b].
In particular, if f : C(0,1) — C is Lipschitzian with the constant K > 0, then
we have

(2.19) |Te (f,u;a,b;t)] < 8LK |:Sin2 <b;t> + sin? (t ; a>:|

for any t € [a,b].

Proof. Tt is well known that if p : [a,b] — C is a Riemann integrable function and
v : [a,b] — C is Lipschitzian with the constant M > 0, then the Riemann-Stieltjes

integral f; p(t) dv (1) exists and the following inequality holds

b b
(2.20) / p(t)dv(t) < M / Ip (1)) dt.
Utilising this property and the equality (2.5) we have
(2.21) |Te (f, usa, b;t)]

<

[ U@ s @]+ | [ 1@ s @ e

b t
<L ib) is d is) ia d
<p| [1rE) = r@)las+ [ 17 -1 ()] ]
b t
LH ib isrd is iard
< /t|e e| s+/a|6 e \ S]
—9'LH

b t
h— _
/t sin” <28> ds—i—/a sin” (S 5 a) ds]
for any ¢ € [a,b].
On making use of the elementary inequality sinz < x,z € [0, 7] we have
b t
bh— _
/t Sinr< 2S>ds+/(Lsinr <82a)ds
b r t T
b—s s—a
< d d
<[ (5) e [ (557) o
B (b _ t)’l’+1 + (t _ a)r+1

(r+1)2r
for any t € [a,b]. This proves the inequality (2.18).

Forr=1
b t
b— _
Ci (a,b;t) ::/ sin <S> ds+/ sin (sa) ds
t 2 a 2
b—t t—
22c0s<2)+2cos< 2a>

= [Sin2 (T) + sin? (t;(I)}
for any t € [a,b].

Using (2.17) for r = 1 we deduce (2.19). O
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)

1

Remark 3. Fora =0 and b =27 we have

sin? (b4_t) + sin? (t—4a) = sin? (g — i) + sin? (
t t
= cos? (4) + sin? (4)

N

and by (2.19) we deduce that

2
(2.22) P -uO]- [ (@) < sex

for any t € [a,b].
The case of midpoint rule t = “T'H) is as follows:

Corollary 2. Assume that f : C (0,1) — C is Lipschitzian with the constant K > 0
and w : [a,b] — C is Lipschitzian with the constant L > 0 on [a,b]. Then we have

(2.23) | M (f,u;a,b)| < 16LK sin® (b 3 a) .

The case of monotonic nondecreasing integrators that is important for applica-
tions for unitary operators is as follows.

Theorem 3. Assume that f : C(0,1) — C satisfies the Hélder’s type condition
(2.1). If [a,b] C [0,27] and the function u : [a,b] — R is monotonic nondecreasing
on [a,b], then

(2.24) |Te (f,u;a,b;t)] < 2"HD, (u;a,b;t)

for any t € [a,b], where

(2.25) Dy (u;a,b;t) = /tbsinT (b;S> du(s)+/:sinr<‘9;“) du (s)

S;L[w—@ww@+[@—@wm4

for any t € [a,b].

Proof. Tt is well known that if p : [a,b] — C is a continuous function and v :
[a,b] — R is monotonic nondecreasing on [a, b] , then the Riemann-Stieltjes integral

f: p(t) dv (t) exists and the following inequality holds

b
/pwmw

b
(2.26) < / lp ()] dv (t) .
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Utilising the property (2.26), we have from (2.5) that
(2.27) |Te (f, u; a,b;1)]
t

[ s ano| | [ 1) e a

<[[ e -reta /|f 1))
<H [/t |eib—eislrdu(s)+/at’eis—ei“rdu(s)]
=2"H [/tbsinr (ZD;S) du(s)—&—/:sinr (s;a) du(s)]

for any ¢ € [a,b], which proves (2.24).
Moreover, by the elementary inequality sinz < z, z € [0, 7] and the monotonicity

of u we also have
t —
S) du (s) +/ sin” <S a) du (s)

/tbsinr<b; 5
< () o [(557) o

which proves (2.25). O

<

Corollary 3. Assume that f is as in Theorem 3. If the function u : [0,27] — R is
monotonic nondecreasing on [0, 27|, then

(2.28) ‘f(l) [u(27) —u (0)] - /:ﬂf (e") du(s)
< 2TH/O27r sin” (g) du(s) = 2"*H /:Tr (1 —cos s)r/2 du (s).

Proof. We have

for any t € [0,2n7].
Since for s € [0, 2] we have

sin(f)— 1 —coss 1/2
2/ 2

then the last part of (2.28) is obtained. O
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3. APPLICATIONS FOR FUNCTIONS OF UNITARY OPERATORS

We have the following vector inequality for functions of unitary operators.

Theorem 4. Assume that f : C(0,1) — C satisfies the Hélder’s type condition
(2.1). If the operator U : H — H on the Hilbert space H is unitary and {Ex}y¢( 2n)
is its spectral family, then

2m

B W) @y = (f )yl <27H\ (Eoe,y) < 27H || ||y
0

for any x,y € H.

Proof. For given z,y € H, define the function u () := (Exz,y), A € [0,27]. We
will show that u is of bounded variation and
27 27

(3.2) V (@) =\ (Eoya,y)) < =]yl

0 0

It is well known that, if P is a nonnegative selfadjoint operator on H, i.e., (Pz,z) >
0 for any x € H, then the following inequality is a generalization of the Schwarz
inequality in H

(3-3) (Pa,y)* < (Px,z) (Py,y),

for any z,y € H.

Now, if d:0 =1ty < t;] < ..<th_1 <tp, = 27 is an arbitrary partition of
the interval [0, 27], then we have by Schwarz’s inequality for nonnegative operators
(3.3) that

2m

(3.4) V (Eoyz,y))

0

= sup {HZ_; [{(Bres —Eti)w>|}
<oup {5 (1B = )2 (B~ 0] =1

d i=o

By the Cauchy-Buniakovski-Schwarz inequality for sequences of real numbers we
also have that

n—1 /2 rpy
05 1< (S -mna| [ (@RI

=0

1/2

n—1 1/2 rpq 1/2
< Sl;p Z <(Eti+1 B Eti) Ty :E>] [z <(Etai+1 - Eti) Y y>‘|
o 1/2 ror 1/2
= \0/<<E<->w7w>)] \0/<<E<,)y,y>)] = llz!l 1y

for any z,y € H.
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Utilising the inequality (2.16) we can write that

2w

(3.6) ]f (1) (Bar) - | " F () d <Esx,y>\ <o\ ((Epye.u))
0

for any z,y € H.
On making use of the representation theorem (1.7) and the inequality (3.2) we
deduce the desired result (3.1). O

Theorem 5. With the assumptions of Theorem 4 we have
B O - (@) < 22H ([1n - Re(U) 22,7,

for any x € H, where

_U+U*
==
Proof. Utilising the inequality (2.28), we have

Re(U) :

27 )
(3.8) ‘f (1) [(Borzx,z) — (Foz, x)] — /0 f (e”) d{Esz,x)

2m
< 2T/2H/ (1—coss)/?d(E,z, z)
0

for any =z € H.
Since

2 2
/ (1—coss)/?d(Esz,z) = / (1-Re (eis))r/2 d{Esz,x)
0 0

_ <(1H - Re(U))"/Qx,x>
for any x € H, then by (3.8) we get the desired result (3.7). O

Example 1. In order to provide some simple examples for the inequalities above
we choose two complex functions as follows.

a) Consider the power function f : C\{0} — C, f(z) = 2™ where m is a
nonzero integer. Then, obviously, for any z,w belonging to the unit circle
C (0,1) we have the inequality
[f (2) = f(w)| <|m||z — w]
which shows that f is Lipschitzian with the constant L = |m| on the circle
C(0,1).
Then from (3.7), we get for any unitary operator U that

(3.9) lall* = (U™, 2)| < 2/2 jm| (L = Re (@) *2.).

for any x € H.
For m =1 we also get from (3.1) that

2

(3.10) (@, y) — (Uz,y)l <2\ ((Eyz.y)) < 2|z |1y
0

for any x,y € H.
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b) Fora # +1,0 consider the function f : C (0,1) — C, f, (2) = ==

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

that
__lallz—w|
|fu (Z) fa (U))| - |1—az| ‘].—(l’LU|
for any z,w € C(0,1).
If z =€ with t € [0,27], then we have
I1—az]> = 1-2aRe(2)+a?|z]* =1—2acost + a?
1-2la| +a® = (1—|a])?

v

therefore

1 < 1 J 1 < 1
< an <
1 —az| = [1—la| 1= aw[ = |1 —|a

for any z,w € C(0,1).
Utilising (3.11) and (3.12) we deduce

ol
(1~ la])?

for any z,w € C( 1), showing that the function f, is Lipschitzian with
a

= a “l‘)Q on the circle C (0,1).

Now, if we employ the inequality (3.1), then we can state the inequality

[fa (2) = fa ()] <

the constant L,

(1= a) " Goy) — {1y —a) )| < 2"2v (B )

(1= al)
2]a
< [l 1yl
2
(1 —1al)

for any unitary operator U and for any x,y € H.
On making use of the inequality (3.7) we also have

(1 =a) " fzl* - ((ln — al) ' 2,

21/2 |a| B 1/2

for any x € H.

4. A QUADRATURE RULE

We consider the following partition of the interval [a, b]

ANy:a=20< 21 < ... <Tp_1<Tp=02>0

and the intermediate points £, € [xg,2k+1] where 0 < k < n — 1. Define hy :=
Tpt1 — 2k, 0 <k <n-—1and v(A,) =max{hy : 0 <k <n— 1} the norm of the
partition A,,.
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For the continuous function f : C (0,1) — C and the function u : [a,b] C [0, 27] —
C of bounded variation on [a,b], define the generalised trapezoid quadrature rule

(4.1) T(ﬂuAmO
'—E:{f ') [u (zhr1) — w (§)] + f (€% [u (&) — u (@)}

and the remainder R, (f,u, Ay, &) in approximating the Riemann-Stieltjes integral

f; f (eit) du (t) by T, (f,u, Ay, &) . Then we have

b
(4.2) / F () du () = Ty (s A, €) + R (Forty A €).

The following result provides a priory bounds for R, (f,u,A,,§) in several in-
stances of f and u as above.

Proposition 1. Assume that f : C(0,1) — C satisfies the following Holder’s type
condition

If (z) = fw) < H |z —w|"

for any w,z € C(0,1), where H > 0 and r € (0,1] are given.

If [a,b] C [0,27] and the function u : [a,b] — C is of bounded variation on [a,b],
then for any partition A, : a = 29 < 1 < ... < Tp_1 < T, = b with the norm
v(A,) <7 we have the error bound

(4.3) [R MuAmf

<2"H Z sin”
Thy1

(
§2THI;)SI ( “_x’“) <2T281 (w“)\/(u)
A,

Th+1 + Tk

* 2

€ —

{m’““ o D VW

zp

Tk Tk

D)V < a0\

< 2"H sin” <

for any intermediate points &), € [xg, xp+1] where 0 <k <n—1.
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Proof. Since v (A,,) < 7, then on writing inequality (2.15) on each interval [z, Tx11]
and for any intermediate points &, € [xg, 2k+1] where 0 < k < mn — 1, we have

[ e

Ty

~f (emk“) [u(zr+1) —u ()] — f (emk) [u (&) —u (xk)”

&k Th41
< 2"H |sin” ('Ek ;xk) \/ (u) + sin” <xk+12_ gk) \/ (u)

(4.4)

Tk &k
&, —x T — £ e
< ZTHmaX{sinT < k 5 k) ,sin” <k+12k>} \/ (u)
T

N O (C= A WERER LI

Tk

NE

Tk

_ Th41l Tt Tk

Ek 5

2

(
(

< 2" Hsin” (M) m{; (u) < 2" H sin” (M) m{; ()
(

o NGRS LA

Ty
Summing over k from 0 to n — 1 in (4.4) and utilizing the generalized triangle
inequality, we deduce (4.3). O

For the continuous function f : C (0,1) — C and the function « : [a, ] C [0, 27] —
C of bounded variation on [a,b], define the trapezoid midpoint quadrature rule

f (e {U (Tri1) —u (W)]

n—1

(4.5) M, (f,u,Ay) =

(]

0

|
=l

n

EX () fu (P < o]

=0

o

and the remainder T, (f,u,A,) in approximating the Riemann-Stieltjes integral
f; [ (e) du (t) by M, (f,u,A,). Then we have

b
(4.6) / S () du(8) = My (i, A) + T (f,A,)

Proposition 2. Assume that f and A, are as in Proposition 1, then we have the
error bound

Th41

4
k=0 Tk

b b
< 2"H sin” (”f“) V(@) < 2iy (An)H\/ (u).

a a
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We consider the following partition of the interval [0, 27]
I',:0=X < M <...< M1 <\, =271

and the intermediate points &, € [Ag, Agt1] where 0 < k < n — 1. Define hy :=
M1 — M, 0<k<n-—1and v(T,,) =max{h; : 0 <k <n—1} the norm of the
partition I',.

If U is a unitary operator on the Hilbert space H and {E/\}Ae[ogﬂ]v the spectral
family of U, then we can introduce the following sums

(4.8) T (f.Tn & 2,y)

= :El {f (ei)\kﬂ) <(E)\k+1 - Eﬁk) $7y> +f (ei)\k) <(E5k - E)‘k) x7y>}

for z,y € H.
For a function f : C(0,1) — C that satisfies the Holder’s type condition (2.1),
we can approximate the function f of unitary operator U as follows

(4.9) (f(U)z,y) =T, (f,.Tn,&2,y) + Ry (f, T, 52, y)

for z,y € H, where the reminder satisfies the bounds

(4.10)  |Ry (f,Tn,&2,9)]

Ak+1
< 2THZsm ( {)\kHQ_)\k + &k — w }) \/ (<E(')$7y>)
Ak
A - A At
<2’“HZ§1 (’““") \ (Eye.w))
Ak
Mort — AR v
<2’Zs1n < bt k) \/ (<E(.)337y>)
Ak

< 9" H sin’ <”(§")) \ (Eoa,y)) < v () B\ ((E

0
for any z,y € H.

The interested reader may apply the above results for various Lipschitzian func-
tions f : C(0,1) — C. However, the details are not presented here.

REFERENCES

[1] Alomari, M. W. A companion of Ostrowski’s inequality for the Riemann-Stieltjes integral
f: F(@)du(t), where f is of bounded variation and wis of r — H-Holder type and applications.
Appl. Math. Comput. 219 (2013), no. 9, 4792-4799.

[2] Alomari, M. W. Some Griiss type inequalities for Riemann-Stieltjes integral and applications.
Acta Math. Univ. Comenian. (N.S.) 81 (2012), no. 2, 211-220.

[3] Anastassiou, G. A. Griiss type inequalities for the Stieltjes integral. Nonlinear Funct. Anal.
Appl. 12 (2007), no. 4, 583-593.

[4] Anastassiou, G. A. Chebyshev-Griiss type and comparison of integral means inequalities for
the Stieltjes integral. Panamer. Math. J. 17 (2007), no. 3, 91-109.

[5] Anastassiou, G. A. A new expansion formula. Cubo Mat. Educ. 5 (2003), no. 1, 25-31.

[6] Barnett, N.S.; Cheung, W.-S.; Dragomir, S.S. and Sofo, A.;Ostrowski and trapezoid type
inequalities for the Stieltjes integral with Lipschitzian integrands or integrators, Preprint,
RGMIA Res. Rep. Coll., 9(2006), Article 9, [Online http://rgmia.vu.edu.au/v9n4.html].



GENERALIZED TRAPEZOID TYPE INEQUALITIES 17

[7] Cerone, P. and Dragomir, S. S. New bounds for the three-point rule involving the Riemann-
Stieltjes integral. Advances in Statistics, Combinatorics and Related Areas, 53-62, World Sci.
Publ., River Edge, NJ, 2002.

[8] Cerone, P. and Dragomir, S. S. Approximation of the Stieltjes integral and applications in
numerical integration. Appl. Math. 51 (2006), no. 1, 37-47.

[9] Cerone, P.; Cheung, W. S. and Dragomir, S. S. On Ostrowski type inequalities for Stieltjes

integrals with absolutely continuous integrands and integrators of bounded variation. Comput.

Math. Appl. 54 (2007), no. 2, 183-191.

Cheung, W.-S. and Dragomir, S. S. Two Ostrowski type inequalities for the Stieltjes integral

of monotonic functions. Bull. Austral. Math. Soc. 75 (2007), no. 2, 299-311.

Dragomir, S. S. Inequalities of Griiss type for the Stieltjes integral and applications. Kragu-

jevac J. Math. 26 (2004), 89-122.

[12] Dragomir, S. S. Inequalities for Stieltjes integrals with convex integrators and applications.

Appl. Math. Lett. 20 (2007), no. 2, 123-130.

Dragomir, S. S.; Buse, C.; Boldea, M. V. and Braescu, L. A generalization of the trapezoidal

rule for the Riemann-Stieltjes integral and applications. Nonlinear Anal. Forum 6 (2001),

no. 2, 337-351.

Dragomir, S. S. and Fedotov, I. A. An inequality of Griiss’ type for Riemann-Stieltjes integral

and applications for special means. Tamkang J. Math. 29 (1998), no. 4, 287-292.

Dragomir, S. S. and Fedotov, I. A Griiss type inequality for mappings of bounded variation

and applications to numerical analysis. Nonlinear Funct. Anal. Appl. 6 (2001), no. 3, 425-438.

Helmberg, G., Introduction to Spectral Theory in Hilbert Space, John Wiley & Sons, Inc.

-New York, 1969.

[17] Liu, Z. Refinement of an inequality of Griiss type for Riemann-Stieltjes integral, Soochow J.

Math., 30(4) (2004), 483-489.

10

(11

13

14

15

16

IMATHEMATICS, COLLEGE OF ENGINEERING & SCIENCE, VICTORIA UNIVERSITY, PO Box 14428,
MELBOURNE CiTY, MC 8001, AUSTRALIA.

E-mail address: sever.dragomir@vu.edu.au

URL: http://rgmia.org/dragomir

2ScHo0L OF COMPUTATIONAL & APPLIED MATHEMATICS, UNIVERSITY OF THE WITWATER-
SRAND, PRIVATE BAG 3, JOHANNESBURG 2050, SOUTH AFRICA.



