
SOME PERTURBED OSTROWSKI TYPE INEQUALITIES FOR
ABSOLUTELY CONTINUOUS FUNCTIONS (III)

S. S. DRAGOMIR1;2

Abstract. In this paper, some new perturbed Ostrowski type inequalities for
absolutely continuous functions are established.

1. Introduction

In order to obtain various perturbed Ostrowski type inequalities, in the earlier
paper [26] we established the following equality:

Lemma 1. Let f : [a; b] ! C be an absolutely continuous on [a; b] and x 2 [a; b] :
Then for any �1 (x) and �2 (x) complex numbers, we have

f (x) +
1

2 (b� a)

h
(b� x)2 �2 (x)� (x� a)2 �1 (x)

i
� 1

b� a

Z b

a

f (t) dt(1.1)

=
1

b� a

Z x

a

(t� a) [f 0 (t)� �1 (x)] dt+
1

b� a

Z b

x

(t� b) [f 0 (t)� �2 (x)] dt;

where the integrals in the right hand side are taken in the Lebesgue sense.

The following equality in terms of one parameter holds:

Corollary 1. With the assumption in Lemma 1, we have for any � (x) 2 C that

f (x) +

�
a+ b

2
� x
�
� (x)� 1

b� a

Z b

a

f (t) dt(1.2)

=
1

b� a

Z x

a

(t� a) [f 0 (t)� � (x)] dt+ 1

b� a

Z b

x

(t� b) [f 0 (t)� � (x)] dt:

Remark 1. If we take � (x) = 0 in (1.2), then we get Montgomery�s identity for
absolutely continuous functions, namely

f (x)� 1

b� a

Z b

a

f (t) dt(1.3)

=
1

b� a

Z x

a

(t� a) f 0 (t) dt+ 1

b� a

Z b

x

(t� b) f 0 (t) dt;

for x 2 [a; b] :

We have the following midpoint representation:
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Corollary 2. With the assumption in Lemma 1, we have for any �1; �2 2 C that

f

�
a+ b

2

�
+
1

8
(b� a) (�2 � �1)�

1

b� a

Z b

a

f (t) dt(1.4)

=
1

b� a

Z a+b
2

a

(t� a) [f 0 (t)� �1] dt+
1

b� a

Z b

a+b
2

(t� b) [f 0 (t)� �2] dt:

In particular, if �1 = �2 = �; then we have the equality

f

�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt(1.5)

=
1

b� a

Z a+b
2

a

(t� a) [f 0 (t)� �] dt+ 1

b� a

Z b

a+b
2

(t� b) [f 0 (t)� �] d:

The identity (1.1) has many particular cases of interest.
If x 2 (a; b) is a point of di¤erentiability for the absolutely continuous function

f : [a; b]! C, then we have the equality:

f (x) +

�
a+ b

2
� x
�
f 0 (x)� 1

b� a

Z b

a

f (t) dt(1.6)

=
1

b� a

Z x

a

(t� a) [f 0 (t)� f 0 (x)] dt+ 1

b� a

Z b

x

(t� b) [f 0 (t)� f 0 (x)] dt:

In particular we have

f

�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt(1.7)

=
1

b� a

Z a+b
2

a

(t� a)
�
f 0 (t)� f 0

�
a+ b

2

��
dt

+
1

b� a

Z b

a+b
2

(t� b)
�
f 0 (t)� f 0

�
a+ b

2

��
dt

provided f 0
�
a+b
2

�
exists and is �nite.

For x 2 (a; b) ; if we take in (1.1)

�1 (x) =
f (x)� f (a)

x� a and �2 (x) =
f (b)� f (x)

b� x ;

then we get, after some elementary calculations,

1

2

�
f (x) +

(b� x) f (b) + (x� a) f (a)
b� a

�
� 1

b� a

Z b

a

f (t) dt(1.8)

=
1

b� a

Z x

a

(t� a)
�
f 0 (t)� f (x)� f (a)

x� a

�
dt

+
1

b� a

Z b

x

(t� b)
�
f 0 (t)� f (b)� f (x)

b� x

�
dt:
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In particular, we have

1

2

�
f

�
a+ b

2

�
+
f (b) + f (a)

2

�
� 1

b� a

Z b

a

f (t) dt(1.9)

=
1

b� a

Z a+b
2

a

(t� a)
"
f 0 (t)�

f
�
a+b
2

�
� f (a)

b�a
2

#
dt

+
1

b� a

Z b

a+b
2

(t� b)
"
f 0 (t)�

f (b)� f
�
a+b
2

�
b�a
2

#
dt:

If we assume that the lateral derivatives f 0+ (a) and f
0
� (b) exist and are �nite, then

we have from (1.1) for �1 (x) = f 0+ (a) and �2 (x) = f
0
� (b)

f (x) +
1

2 (b� a)

h
(b� x)2 f 0� (b)� (x� a)

2
f 0+ (a)

i
� 1

b� a

Z b

a

f (t) dt(1.10)

=
1

b� a

Z x

a

(t� a)
�
f 0 (t)� f 0+ (a)

�
dt

+
1

b� a

Z b

x

(t� b)
�
f 0 (t)� f 0� (b)

�
dt;

for all x 2 [a; b] :
In particular, we have

f

�
a+ b

2

�
+
1

8
(b� a)

�
f 0� (b)� f 0+ (a)

�
� 1

b� a

Z b

a

f (t) dt(1.11)

=
1

b� a

Z a+b
2

a

(t� a)
�
f 0 (t)� f 0+ (a)

�
dt

+
1

b� a

Z b

a+b
2

(t� b)
�
f 0 (t)� f 0� (b)

�
dt:

If we take in (1.1) �2 (x) = �2 (x) = f 0
�
a+b
2

�
; provided this derivative exists and

is �nite, then we get

f (x) +

�
a+ b

2
� x
�
f 0
�
a+ b

2

�
� 1

b� a

Z b

a

f (t) dt(1.12)

=
1

b� a

Z x

a

(t� a)
�
f 0 (t)� f 0

�
a+ b

2

��
dt

+
1

b� a

Z b

x

(t� b)
�
f 0 (t)� f 0

�
a+ b

2

��
dt;

for all x 2 [a; b] :
In [26] we obtained the following perturbed Ostrowski type inequality:
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Theorem 1. Let f : I ! C be a di¤erentiable function on �I and [a; b] � �I: If the
derivative f 0 : �I ! C is of bounded variation on [a; b] ; then

�����f (x)� 1

b� a

Z b

a

f (t) dt+
1

2

�
a+ b

2
� x
�
f 0 (x)(1.13)

+
1

4 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i����
� 1

4
(b� a)

"�
x� a
b� a

�2 x_
a

(f 0) +

�
b� x
b� a

�2 b_
x

(f 0)

#

� 1

4
(b� a)

�

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:

�
1
4 +

�
x� a+b

2

b�a

�2�"
1
2

b_
a

(f 0) + 1
2

�����
x_
a

(f 0)�
b_
x

(f 0)

�����
#
;

��
x�a
b�a

�2p
+
�
b�x
b�a

�2p�1=p "" x_
a

(f 0)

#q
+

"
b_
x

(f 0)

#q#1=q
p > 1; 1p +

1
q = 1;

h
1
2 +

���x� a+b
2

b�a

���i b_
a

(f 0)

for any x 2 [a; b] :

Another perturbed Ostrowski type inequality obtained in [27] is as follows:

Theorem 2. Let f : I ! C be a di¤erentiable function on �I and [a; b] � �I: If the
derivative f 0 : �I ! C is of bounded variation on [a; b] ; then

�����f (x) +
�
a+ b

2
� x
�
f 0 (x)� 1

b� a

Z b

a

f (t) dt

�����(1.14)

� 1

b� a

"Z x

a

(t� a)
x_
t

(f 0) dt+

Z b

x

(b� t)
t_
x

(f 0) dt

#

� 1

2
(b� a)

"�
x� a
b� a

�2 x_
a

(f 0) dt+

�
b� x
b� a

�2 b_
x

(f 0)

#
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� 1

2
(b� a)

�

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:

�
1
4 +

�
x� a+b

2

b�a

�2�"
1
2

b_
a

(f 0) + 1
2

�����
x_
a

(f 0)�
b_
x

(f 0)

�����
#
;

��
x�a
b�a

�2p
+
�
b�x
b�a

�2p�1=p "" x_
a

(f 0)

#q
+

"
b_
x

(f 0)

#q#1=q
p > 1; 1p +

1
q = 1;

h
1
2 +

���x� a+b
2

b�a

���i b_
a

(f 0) ;

for any x 2 [a; b] :

For other Ostrowski type inequalities see [1]-[19] and [23]-[46].
Motivated by the above results, we establish in this paper other perturbed Os-

trowski type inequalities for complex valued di¤erentiable functions.

2. Inequalities for Derivatives of Bounded Variation

Assume that the function f : I ! C is di¤erentiable on the interior of I; denoted
�I; and [a; b] � �I: Then, from (1.10) we have the equality

f (x) +
1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� 1

b� a

Z b

a

f (t) dt(2.1)

=
1

b� a

Z x

a

(t� a) [f 0 (t)� f 0 (a)] dt+ 1

b� a

Z b

x

(b� t) [f 0 (b)� f 0 (t)] dt;

for any x 2 [a; b] :
In particular, for x = a+b

2 ; we have

f

�
a+ b

2

�
+
1

8
(b� a) [f 0 (b)� f 0 (a)]� 1

b� a

Z b

a

f (t) dt(2.2)

=
1

b� a

Z a+b
2

a

(t� a) [f 0 (t)� f 0 (a)] dt

+
1

b� a

Z b

a+b
2

(b� t) [f 0 (b)� f 0 (t)] dt:
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Theorem 3. Let f : I ! C be a di¤erentiable function on �I and [a; b] � �I: If the
derivative f 0 : �I ! C is of bounded variation on [a; b] ; then for any x 2 [a; b]�����f (x) + 1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� 1

b� a

Z b

a

f (t) dt

�����(2.3)

� 1

b� a

"Z x

a

(t� a)
t_
a

(f 0) dt+

Z b

x

(b� t)
b_
t

(f 0) dt

#

� 1

b� a

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

1
2 (x� a)

2
x_
a

(f 0) ;

1
(q+1)1=q

(x� a)1+1=q
 R x

a

 
t_
a

(f 0)

!p
dt

!1=p
;

(x� a)
R x
a

 
t_
a

(f 0)

!
dt

+
1

b� a

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

1
2 (b� x)

2
b_
x

(f 0) ;

1
(q+1)1=q

(b� x)1+1=q
 R b

x

 
b_
t

(f 0)

!p
dt

!1=p
;

(b� x)
R b
x

 
b_
t

(f 0)

!
dt:

where p > 1; 1p +
1
q = 1:

Proof. Taking the modulus in (2.1) we have�����f (x) + 1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� 1

b� a

Z b

a

f (t) dt

�����(2.4)

� 1

b� a

Z x

a

(t� a) jf 0 (t)� f 0 (a)j dt+ 1

b� a

Z b

x

(b� t) jf 0 (b)� f 0 (t)j dt;

for any x 2 [a; b] :
Since the derivative f 0 : �I ! C is of bounded variation on [a; b] ; then

jf 0 (t)� f 0 (a)j �
t_
a

(f 0) for any t 2 [a; x]

and

jf 0 (b)� f 0 (t)j �
b_
t

(f 0) for any t 2 [x; b] :

Therefore Z x

a

(t� a) jf 0 (t)� f 0 (a)j dt �
Z x

a

(t� a)
t_
a

(f 0) dt
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and Z b

x

(b� t) jf 0 (b)� f 0 (t)j dt �
Z b

x

(b� t)
b_
t

(f 0) dt

for any x 2 [a; b] :
Adding these two inequalities and dividing by b� a we get the �rst inequality in

(2.3).
Using Hölder�s integral inequality we have

Z x

a

(t� a)
t_
a

(f 0) dt �

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

x_
a

(f 0)
R x
a
(t� a) dt;

�R x
a
(t� a)q dt

�1=q  R x
a

 
t_
a

(f 0)

!p
dt

!1=p
;

(x� a)
R x
a

 
t_
a

(f 0)

!
dt;

=

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

1
2 (x� a)

2
x_
a

(f 0) ;

1
(q+1)1=q

(x� a)1+1=q
 R x

a

 
t_
a

(f 0)

!p
dt

!1=p
;

(x� a)
R x
a

 
t_
a

(f 0)

!
dt

and

Z b

x

(b� t)
b_
t

(f 0) dt �

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

1
2 (b� x)

2
b_
x

(f 0) ;

1
(q+1)1=q

(b� x)1+1=q
 R b

x

 
b_
x

(f 0)

!p
dt

!1=p
;

(b� x)
R b
x

 
b_
x

(f 0)

!
dt:

�
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Remark 2. From the �rst branch in (2.3) we have the sequence of inequalities

�����f (x) + 1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� 1

b� a

Z b

a

f (t) dt

�����(2.5)

� 1

b� a

"Z x

a

(t� a)
t_
a

(f 0) dt+

Z b

x

(b� t)
b_
t

(f 0) dt

#

� 1

2
(b� a)

"�
x� a
b� a

�2 x_
a

(f 0) +

�
b� x
b� a

�2 b_
x

(f 0)

#

� 1

2
(b� a)

�

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:

�
1
4 +

�
x� a+b

2

b�a

�2�"
1
2

b_
a

(f 0) + 1
2

�����
x_
a

(f 0)�
b_
x

(f 0)

�����
#
;

��
x�a
b�a

�2p
+
�
b�x
b�a

�2p�1=p "" x_
a

(f 0)

#q
+

"
b_
x

(f 0)

#q#1=q
p > 1; 1p +

1
q = 1;

h
1
2 +

���x� a+b
2

b�a

���i b_
a

(f 0) ;

for any x 2 [a; b] :
From the second branch in (2.3) we have

�����f (x) + 1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� 1

b� a

Z b

a

f (t) dt

�����(2.6)

� 1

b� a

"Z x

a

(t� a)
t_
a

(f 0) dt+

Z b

x

(b� t)
b_
t

(f 0) dt

#

� 1

(q + 1)
1=q

8<:
�
x� a
b� a

�1+1=q  Z x

a

 
t_
a

(f 0)

!p
dt

!1=p

+

�
b� x
b� a

�1+1=q  Z b

x

 
b_
t

(f 0)

!p
dt

!1=p9=; (b� a)1=q
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� 1

(q + 1)
1=q

"�
x� a
b� a

�q+1
+

�
b� x
b� a

�q+1#1=p

�
"Z x

a

 
t_
a

(f 0)

!p
dt+

Z b

x

 
b_
t

(f 0)

!p
dt

#1=p
(b� a)1=q

� 1

(q + 1)
1=q

"�
x� a
b� a

�q+1
+

�
b� x
b� a

�q+1#1=p

�
"
(x� a)

 
x_
a

(f 0)

!p
+ (b� x)

 
b_
x

(f 0)

!p#1=p
(b� a)1=q

for any x 2 [a; b] and p > 1; 1p +
1
q = 1:

From the third branch in (2.3) we have�����f (x) + 1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� 1

b� a

Z b

a

f (t) dt

�����(2.7)

� 1

b� a

"Z x

a

(t� a)
t_
a

(f 0) dt+

Z b

x

(b� t)
b_
t

(f 0) dt

#

�
�
x� a
b� a

�Z x

a

 
t_
a

(f 0)

!
dt+

�
b� x
b� a

�Z b

x

 
b_
t

(f 0)

!
dt

�

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

h
1
2 +

���x� a+b
2

b�a

���i "R xa
 

t_
a

(f 0)

!
dt+

R b
x

 
b_
t

(f 0)

!
dt

#
h�

x�a
b�a

�q
+
�
b�x
b�a

�qi1=q
�
""R x

a

 
t_
a

(f 0)

!
dt

#p
+

"R b
x

 
b_
t

(f 0)

!
dt

#p#1=p

max

(R x
a

 
t_
a

(f 0)

!
dt;
R b
x

 
b_
t

(f 0)

!
dt

)
for any x 2 [a; b] and p > 1; 1p +

1
q = 1:

Remark 3. We observe that, if we take x = a+b
2 in (2.5) then we get the perturbed

midpoint inequality�����f
�
a+ b

2

�
+
1

8
(b� a) [f 0 (b)� f 0 (a)]� 1

b� a

Z b

a

f (t) dt

�����(2.8)

� 1

b� a

"Z a+b
2

a

(t� a)
t_
a

(f 0) dt+

Z b

a+b
2

(b� t)
b_
t

(f 0) dt

#

� 1

8
(b� a)

b_
a

(f 0) :
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3. Inequalities for Lipschitzian Derivatives

We start with the following result.

Theorem 4. Let f : I ! C be a di¤erentiable function on �I and [a; b] � �I: Let
x 2 (a; b) : If �i > �1 and L�i > 0 with i = 1; 2 are such that

(3.1) jf 0 (t)� f 0 (a)j � L�1 (t� a)
�1 for any t 2 [a; x)

and

(3.2) jf 0 (b)� f 0 (t)j � L�2 (b� t)
�2 for any t 2 (x; b];

then we have�����f (x) + 1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� 1

b� a

Z b

a

f (t) dt

�����(3.3)

� 1

b� a

�
L�1
�1 + 2

(x� a)�1+2 + L�2
�2 + 2

(b� x)�2+2
�
:

Proof. Using the conditions (3.1) and (3.2) we have�����f (x) + 1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� 1

b� a

Z b

a

f (t) dt

�����
� 1

b� a

Z x

a

(t� a) jf 0 (t)� f 0 (a)j dt+ 1

b� a

Z b

x

(b� t) jf 0 (b)� f 0 (t)j dt

� 1

b� aL�1
Z x

a

(t� a)�1+1 dt+ 1

b� aL�2
Z b

x

(b� t)�2+1 dt

=
1

b� aL�1
(x� a)�1+2

�1 + 2
+

1

b� aL�2
(b� x)�2+2

�2 + 2

=
1

b� a

�
L�1
�1 + 2

(x� a)�1+2 + L�2
�2 + 2

(b� x)�2+2
�

and the inequality (3.3) is obtained. �

Corollary 3. Let f : I ! C be a di¤erentiable function on �I and [a; b] � �I: If the
derivative is f 0 of r-H-Hölder type on [a; b] ; i.e. we have the condition

jf 0 (t)� f 0 (s)j � H jt� sjr

for any t; s 2 [a; b] ; where r 2 (0; 1] and H > 0 are given, then�����f (x) + 1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� 1

b� a

Z b

a

f (t) dt

�����(3.4)

� H

r + 2

"�
x� a
b� a

�r+2
+

�
b� x
b� a

�r+2#
(b� a)r+1 ;

for any x 2 [a; b] :
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In particular, if f 0 is Lipschitzian with the constant L > 0; then�����f (x) + 1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� 1

b� a

Z b

a

f (t) dt

�����(3.5)

� 1

3
L

"�
x� a
b� a

�3
+

�
b� x
b� a

�3#
(b� a)2 ;

for any x 2 [a; b] :

Remark 4. With the assumptions of Corollary 3 we have the midpoint inequality�����f
�
a+ b

2

�
+
1

8
(b� a) [f 0 (b)� f 0 (a)]� 1

b� a

Z b

a

f (t) dt

�����(3.6)

� H

2r+1 (r + 2)
(b� a)r+1 :

If if f 0 is Lipschitzian with the constant L > 0; then�����f
�
a+ b

2

�
+
1

8
(b� a) [f 0 (b)� f 0 (a)]� 1

b� a

Z b

a

f (t) dt

�����(3.7)

� 1

12
L (b� a)2 :

4. Inequalities for Differentiable Functions with the Property (S)

Let f : I ! C be a di¤erentiable convex function on �I and [a; b] � �I: Then f 0 is
monotonic nondecreasing and by the equality (2.1) we have

(4.1) f (x) +
1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� 1

b� a

Z b

a

f (t) dt � 0

or, equivalently

(4.2)
1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� 1

b� a

Z b

a

f (t) dt� f (x)

for any x 2 [a; b] :
We observe that the inequalities (4.1) and (4.2) remain valid for the larger class

of di¤erentiable functions f that that satisfy the property (S) on the interval [a; b] ;
namely

(S) f 0 (a) � f 0 (t) � f 0 (b)

for any t 2 [a; b] :

Theorem 5. Let f : I ! C be a di¤erentiable function on �I and [a; b] � �I:
(i) Let x 2 [a; b] : If f satis�es the property (S) on the interval [a; x] and [x; b] ;

then

(4.3) f 0 (x)

�
a+ b

2
� x
�
� 1

b� a

Z b

a

f (t) dt� f (x) :
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(ii) If f satis�es the property (S) on the interval [a; b] ; then for any x 2 [a; b]
f (a) (x� a) + f (b) (b� x)

b� a � 1

b� a

Z b

a

f (t) dt(4.4)

� 1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
:

Proof. (i) Since f satis�es the property (S) on the interval [a; x] and [x; b] ; then

f (x) +
1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� 1

b� a

Z b

a

f (t) dt

=
1

b� a

Z x

a

(t� a) [f 0 (t)� f 0 (a)] dt+ 1

b� a

Z b

x

(b� t) [f 0 (b)� f 0 (t)] dt

� 1

b� a

Z x

a

(t� a) [f 0 (x)� f 0 (a)] dt+ 1

b� a

Z b

x

(b� t) [f 0 (b)� f 0 (x)] dt

=
f 0 (x)� f 0 (a)

b� a

Z x

a

(t� a) dt+ f
0 (b)� f 0 (x)
b� a

Z b

x

(b� t) dt

=
f 0 (x)� f 0 (a)

b� a � (x� a)
2

2
+
f 0 (b)� f 0 (x)

b� a � (b� x)
2

2

=
1

2 (b� a)

h
(f 0 (x)� f 0 (a)) (x� a)2 + (f 0 (b)� f 0 (x)) (b� x)2

i
=

1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� f 0 (x)

�
a+ b

2
� x
�
;

which proves the inequality (4.3).
(ii) If f satis�es the property (S) on the interval [a; b] ; then for any x 2 [a; b]

1

b� a

Z x

a

(t� a) [f 0 (t)� f 0 (a)] dt+ 1

b� a

Z b

x

(b� t) [f 0 (b)� f 0 (t)] dt

� x� a
b� a

Z x

a

[f 0 (t)� f 0 (a)] dt+ b� x
b� a

Z b

x

[f 0 (b)� f 0 (t)] dt

=
1

b� a (x� a) [f (x)� f (a)� f
0 (a) (x� a)]

+
1

b� a (b� x) [f
0 (b) (b� x)� f (b) + f (x)]

=
1

b� a

h
f (x) (x� a)� f (a) (x� a)� f 0 (a) (x� a)2

i
+

1

b� a

h
f 0 (b) (b� x)2 � f (b) (b� x) + f (x) (b� x)

i
=

1

b� a

n
f 0 (b) (b� x)2 � f 0 (a) (x� a)2 � f (a) (x� a)� f (b) (b� x)

+f (x) (b� a)g

=
f 0 (b) (b� x)2 � f 0 (a) (x� a)2

b� a + f (x)� f (a) (x� a) + f (b) (b� x)
b� a ;

which proves the inequality (4.4). �
Remark 5. The inequality (4.3) was obtained for the case of convex functions in
[20] while (4.4) was established for convex functions in [21] with di¤erent proofs.
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Further, we use the µCeby�ev inequality for synchronous functions (functions with
same monotonicity), namely

(4.5)
1

d� c

Z d

c

g (t)h (t) dt � 1

d� c

Z d

c

g (t) dt � 1

d� c

Z d

c

h (t) dt:

Theorem 6. Let f : I ! C be a di¤erentiable function on �I and [a; b] � �I: Let
x 2 [a; b] : If f is convex on the interval [a; x] and [x; b] ; then

(4.6)
1

2

�
f (x) +

f (a) (x� a) + f (b) (b� x)
b� a

�
� 1

b� a

Z b

a

f (t) dt:

Proof. We have

f (x) +
1

2 (b� a)

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
� 1

b� a

Z b

a

f (t) dt(4.7)

=
1

b� a

Z x

a

(t� a) [f 0 (t)� f 0 (a)] dt+ 1

b� a

Z b

x

(b� t) [f 0 (b)� f 0 (t)] dt

for any x 2 [a; b] :
Since f 0 is monotonic nondecreasing on [a; x] ; then by µCeby�ev inequality (3.4)

we haveZ x

a

(t� a) [f 0 (t)� f 0 (a)] dt � 1

x� a

Z x

a

(t� a) dt �
Z x

a

[f 0 (t)� f 0 (a)] dt

=
1

2
(x� a) [f (x)� f (a)� f 0 (a) (x� a)]

=
1

2

h
f (x) (x� a)� f (a) (x� a)� f 0 (a) (x� a)2

i
and, by the same inequality,Z b

x

(b� t) [f 0 (b)� f 0 (t)] dt � 1

b� x

Z b

x

(b� t) dt �
Z b

x

[f 0 (b)� f 0 (t)] dt

=
1

2
(b� x) [f 0 (b) (b� x)� f (b) + f (x)]

=
1

2

h
f 0 (b) (b� x)2 � f (b) (b� x) + f (x) (b� x)

i
:

If we add these two inequalities, then we getZ x

a

(t� a) [f 0 (t)� f 0 (a)] dt+
Z b

x

(b� t) [f 0 (b)� f 0 (t)] dt

� 1

2

h
f (x) (x� a)� f (a) (x� a)� f 0 (a) (x� a)2

i
+
1

2

h
f 0 (b) (b� x)2 � f (b) (b� x) + f (x) (b� x)

i
=

1

2

h
(b� x)2 f 0 (b)� (x� a)2 f 0 (a)

i
+
1

2
f (x) (b� a)

�1
2
[f (a) (x� a) + f (b) (b� x)] :

Dividing by b�a and utilizing the equality (4.7) we deduce the inequality (4.6). �
Remark 6. If the function is convex on the whole interval [a; b], then, the inequality
(4.6) is true for any x 2 [a; b] :



14 S. S. DRAGOMIR1;2

References
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