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SOME PERTURBED OSTROWSKI TYPE INEQUALITIES FOR
ABSOLUTELY CONTINUOUS FUNCTIONS (III)

S. S. DRAGOMIR!:2

ABSTRACT. In this paper, some new perturbed Ostrowski type inequalities for
absolutely continuous functions are established.

1. INTRODUCTION

In order to obtain various perturbed Ostrowski type inequalities, in the earlier
paper [26] we established the following equality:

Lemma 1. Let f : [a,b] — C be an absolutely continuous on [a,b] and x € [a,b].
Then for any A\ (z) and A2 (x) complex numbers, we have

(1.1) f(x)+

ﬁ {(b—x)zAz(x)—(:U—a)2>\1(a:)} —bia/abf(t)dt

bia/j(ta)[f'(t)A1(:E)]dt+b1

b
[ e-nr @@,
where the integrals in the right hand side are taken in the Lebesgue sense.

The following equality in terms of one parameter holds:

Corollary 1. With the assumption in Lemma 1, we have for any A (x) € C that

a;bz>)\(x)bia/abf(t)dt
1

= ba/;(t—a)[f'(t)—)\(x)]dt—i—bla/x t—b)[f' (t) — A (x)] dt.

Remark 1. If we take A(xz) = 0 in (1.2), then we get Montgomery’s identity for
absolutely continuous functions, namely

(1.2)  f(z)+ (

b
(13) fa@) -y [ rwa
T b
:bia/a (t—a)f’(t)dt—kbia/w (t = b) ' (1) dt,

for x € [a,b].

We have the following midpoint representation:
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Corollary 2. With the assumption in Lemma 1, we have for any A1, Ao € C that

b
(50 gm0 te- - [

a+b
1 2

b
:b—a/a “‘aﬂf'(t)—Mdefa/ (t=B) [/ (1) = Ao] .

a+b
2

In particular, if A1 = Ao = A\, then we have the equality

(1.5) f(a;b) —bia/abf(t)dt

_ 1/2
Cb—al,

The identity (1.1) has many particular cases of interest.
If € (a,b) is a point of differentiability for the absolutely continuous function
f i [a,b] — C, then we have the equality:

o) 1@+ (=) rw- s [ roa

b
(-0l @) - Nde+ — [ ¢-n)1f -

. b
= /,l(t_a)[f’(t)—f’(:v)]d”ﬁ/w (t=0)[f' () - ' (2)]dt.

—a

In particular we have

(1.7 () - [ rwa

a+b

— [ ealro-r(50)]e

vt [anlro-r (4]«

b—a Jat
2

provided f’ (2+2) exists and is finite.
a

2
For z € (a,b), if we take in (1.1)
)\1(513): f(ZIJ)—f(CL) and )\2(513): f(b)_f(l‘)7
T—a b—x
then we get, after some elementary calculations,

— X r—a a b
e = e BT

_ ! [(ta) {f’(t)f(x)f(a)} dt

b—a T—a

+b1a/:(t—b) {f’(t)—f(b;_i(x)}dt.
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In particular, we have

19) ;{f<a;b>+f(b);f(a)}_bla/:’f(t)dt

a+b
2

:bia/a (t-a)

b _ atb
*z;ia/az,, (t="b) [f’(t)f(b) 15 )]dt-

f1@) -

If we assume that the lateral derivatives f! (a) and f” (b) exist and are finite, then
we have from (1.1) for A\ (z) = f} (a) and A (x) = f_ (b)

b
(L10)  J @)+ g (b= O = =0 £ @] — = [ s @
1

- [ e-alro- @]

b—a

for all x € [a,b].
In particular, we have

b
(1.11) f<a;b> b5 b—a) [7 ()~ £ (@)] - bia/ f () dt
1 ath

[ e-alro- @

:b—a

b
eria/azb(tb) L () = f2 ()] dt.

If we take in (1.1) A2 (z) = Ao (z) = f' (“E2) , provided this derivative exists and
is finite, then we get

(1.12) f(:c)+<a;rbx)f’(a;b)bia/abf(t)dt
i [ o |ra-r(50)]

o [enro-r(t)]a
for all z € [a,b] .

In [26] we obtained the following perturbed Ostrowski type inequality:

+
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Theorem 1. Let f : I — C be a differentiable function on I and [a,b] C I. If the
derivative f': I — C is of bounded variation on [a,b], then

(1.13) ‘ /f <a+b w)f’(:v)

+4(b—a) [( —z)? f’(b)—(x—a)Qf'(a)H
Si(b—@[(gg_Z) \7(f’)+(2_2) \/(f’)]
gi(b—@

b -q1/4
V() 1

for any x € [a,b].
Another perturbed Ostrowski type inequality obtained in [27] is as follows:

Theorem 2. Let f : I — C be a differentiable function on I and [a,b] C I. If the
derwative f': I — C is of bounded variation on [a,b], then

(1.14) |f(x)+(a—2'—bm>f’(x)bia/abf(t)dt
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a+b
1 T—
|:4 + ( b—a

][V

@<H
<
I
€~3<v
—
s
S~—
—_

b 79 1/(1
V() ]

for any x € [a,b].

For other Ostrowski type inequalities see [1]-[19] and [23]-[46].
Motivated by the above results, we establish in this paper other perturbed Os-
trowski type inequalities for complex valued differentiable functions.

2. INEQUALITIES FOR DERIVATIVES OF BOUNDED VARIATION

Assume that the function f : I — C is differentiable on the interior of I, denoted
I, and [a,b] C I. Then, from (1.10) we have the equality

b

1) f@+ e [b-2 0~ @) f @] - —— [ f@a

2(b—a) b—a /,

1 “ ! ! 1 b ! !

- | a0 @i = [ o=l o) - o
for any x € [a,b].
In particular, for x = %rb, we have
b

ey () se-oro-ra- 2 [ 1o

et R RCLACEROL

b
[ e e - )

b—a fatb
2
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Theorem 3. Let f : I — C be a differentiable function on I and [a,b] C 1. If the
derivative f': I — C is of bounded variation on [a,b], then for any x € [a,b]

b
F@)+ sy (0= P O = =0 S @] == [ rwya

[ rx t b b
< / (t—a)\l/(f’)dH/m (b—t)\t/(f’)dt]
( (

(2.3)

—a

3 —a)*\/ (),

1 t P 1/p
W(x—a)lﬂ/q <fa$ (\/ (f')) dt) ;

(o) (\/ (f’)) at

b
s-2)"\/(f,

IN
>
|
S

1 b P 1/p
e e ) )

b
b
(b—z) [, <\/ (f/)> dt.
¢
where p > 1, %—l—%zl.
Proof. Taking the modulus in (2.1) we have

b
F@)+ 5= [0 O == 1 @] -5 [ 1o

(2.4)

T b
< [ tmar@ - @l [ om0l e~ £ ol

“b—-al/,
for any « € [a, ] .
Since the derivative f’ : I — C is of bounded variation on [a, b] , then

If'(t) = £ (@) < \/ (') for any t € [a, ]
and ,
[/ (®) = £ (&) < \/ () for any ¢ € [x,b].

Therefore
xr

[ e-alro-raas [ ¢-aV @
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and

b b b
/(b—t)lf’(b)—f’(t)ldté/ (b—1)\/ (f)di

for any x € [a,b].

Adding these two inequalities and dividing by b — a we get the first inequality in
(2.3).

Using Holder’s integral inequality we have

xT
\ () [ (t—a)dt,
a

and

b
s-2)"\/ (/).

b b b p 1/p
L(b—t)Y(f’)dts m(b—x)Hl/q(ff(\/(f’)) dt) :

b
(b—=)f; (\/ (f’)) dt.

x
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Remark 2. From the first branch in (2.3) we have the sequence of inequalities

1

23) [f@+ g (0= O~ e £ @] - 2 [0

b 14941/4
V() ]

for any x € [a,b].
From the second branch in (2.3) we have

1

b
F@)+ 5y (0= 7 O = =0 S @] == [ Fwya

t

< Vj(t—a>\a/(f’>dt+/:(b—t)\j/(f’)dt]
141/q e/t P 1/p

< (q+11)1/q{(§_2) " (/ (Y(f’)) dt)

i (Z_i)wq (/b <\b/ (f’))pdt> l/p} (b—a)"/?
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_ 1 (w—a) +<b )qﬂ
T (g+ 1) b—
o [t p b p q1/p
XV <\/(f’> dt+/ <\/ ) ] (b—a)"/?
a a z t
1 z—a)\i! b— )\ 1
<
_(q+1)1/q (b—a) Jr<b—a>

z p b pq1/p
x [(w—a) (\/ (f’)) +(b—x) (\/ (f’)) ] (b—a)"

a x

for any x € [a,b] and p > 1,%+%:1.
From the third branch in (2.3) we have

b
F@)+ sy (0= P O = =0 S @] == [ Fwa

(2.7)

b
(=4[ (\t/(f’)> a+ (=2) A (\i/(f’)) at

IA
X
L —|
— |

t b

max{ I (\/ >dt, L (\/ >dt}
a t

for any x € [a, b andp>1,%+%:1.

Remark 3. We observe that, if we take x = “TH’ in (2.5) then we get the perturbed
midpoint inequality

b
H(5) rs0-oro-ra- = [ o

2 t b b
Sbia[/a (t—a)\a/<f’>dt+/a+b<b—t>\/(f’)dt]

2 t

(2.8)




10 S.S. DRAGOMIR 2
3. INEQUALITIES FOR LIPSCHITZIAN DERIVATIVES
We start with the following result.

Theorem 4. Let f : I — C be a differentiable function on I and [a,b] C I. Let
z € (a,b). If a; > =1 and Ly, > 0 with i = 1,2 are such that

(3.1) |f' (t) = f' (@)| < La, (t —a)™ for any t € [a,z)
and
(3.2) [f"(0) = f' ()] < Lay (b= 1) for any t € (z,0],

then we have

b
(33) ’f(rc) = (N AURICE MO BTy UL
= b i a |:Oéfj-1 2 (- a)aﬁ? + agL(—X:Q (b x)aﬁ?} ’

Proof. Using the conditions (3.1) and (3.2) we have

(6227 (0~ e~ ) ' (@)] — /abf(t) dt

1

b—a)

1
b—a

<

T 1 b
[ =i o @l ;= [ 6-0lf ® -1 @)
b

1 v 1
<-— L, t—a) T hat —La/ b—t)*2 gt
i) R A
1 (x —a)™t? 1 (b— )™ t?
T b—a M o +2 b—a “* ag+2

1 Locl a1+2 Locz as+2
= _— — _— b— 2
b—a[oq—i-Q(x )2

and the inequality (3.3) is obtained. O

Corollary 3. Let f: I — C be a differentiable function on I and [a,b] C I. If the
deriwative is ' of r-H-Hélder type on [a,b], i.e. we have the condition

@)= f () <Ht— s

for any t, s € [a,b], where r € (0,1] and H > 0 are given, then

b
(3.4) s (-2 O - -2’ @] - o [ rwa

for any x € [a,b].
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In particular, if f' is Lipschitzian with the constant L > 0, then

(35) ‘f(fc) g [0 =0 @] - = [ roa

<3t (50) (=) oo,

for any x € [a,b].

Remark 4. With the assumptions of Corollary 8 we have the midpoint inequality

a b
(36 'f( ) ge-alro-r- 2 [ 1o

< H
= 21 (r 1 2)

(b—a)*.

If if [’ is Lipschitzian with the constant L > 0, then

a b
a0 () ool o -r@- 2 [ o
g%L(b—a)Q.

4. INEQUALITIES FOR DIFFERENTIABLE FUNCTIONS WITH THE PROPERTY (S5)

Let f: I — C be a differentiable convex function on I and [a,b] C I. Then f’ is
monotonic nondecreasing and by the equality (2.1) we have

1
2(b—a)

(=) /' (4) = (2= ) /' (0)] —bia/:fu)dtzo

(4.1)  f(x)+

or, equivalently

1 2 g 2 g1 1 ’
. — |- —(z— > - -
42 e (0= O - -0 @] 2 5 [ rd-f @
for any z € [a,b].
We observe that the inequalities (4.1) and (4.2) remain valid for the larger class
of differentiable functions f that that satisfy the property (S) on the interval [a,b],
namely

(S) fla) < /(1) < £ (b)
for any ¢ € [a,b].

Theorem 5. Let f: I — C be a differentiable function on I and [a,b] C I.
(i) Let x € [a,b]. If f satisfies the property (S) on the interval [a,z] and [x,b],
then

(4.3) f'<x><“;bm>sbia/:f<t>dtf<z>.
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(i) If f satisfies the property (S) on the interval [a b], then for any x € [a, b]
o fl@)@—a)+ 1 ) /f ot

b—a
1 / ’
gm[w— )1 (0) ~ (- )’ f (o).

Proof. (i) Since f satisfies the property (S) on the interval [a, z] and [z, )], then

F@+ g 0= 0 - -t @] - [ rwa
b

b_a/;aa)[f'(t)f()]dwbi (b—)[f (b) — f (1)) dt

T b
<=/ (t—a)[f’(x)—f’(a)]dHbia/w (=01 ()~ f (@) ds

:M/”(t_a)dt+w/b<b_t>dt

b—a h_
_ f’(iv)_f’(a) ' (x_a)z_’_f’(b)—f’(x) ' (b—x)2

b—a 2 b—a 2
— 5 [ @~ F @) e =0+ () = £ @) -]
:ﬁ[(b—x)Qf/(b)_(x_a)Qf/(a)] _f,(CL') (a;—b—x),

which proves the inequality (4.3).
(ii) If f satisfies the property (S) on the interval [a,b], then for any = € [a, b]

z b
bia/a (t—a)[f’(t)—f()]dwb% (b—t)[f (b) — f' (t)]dt
z—a [* / b—a b ’ /
Sb_a/a Lf (t)ff()]dt+bf [f (b) — f'(t)] dt

=bia<x—a>[f<x>—f<a>—f'<a><x_a>]
b b= a) [ () (b—2) T (0)+ 1 (a)]
= — [f@ -0~ f@@—a) - f () (@—a]
[P O r 06— 2)+ (@) 6 2)]

== W e-2-F @@ -~ @) -0 -F0)(b-2)
+1 (@) (b~ a)}

! —2)* = f'(a) (z — a)® a)(z—a -z
_ )@ )b_i()( )+f(:c)—f()( b)ir(;f(b)(b )7

which proves the inequality (4.4). O

Remark 5. The inequality (4.3) was obtained for the case of convex functions in
[20] while (4.4) was established for convex functions in [21] with different proofs.
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Further, we use the Cebysev inequality for synchronous functions (functions with
same monotonicity), namely
I I I
4.5 t)Yh(t)dt > —— t)dt - —— h(t) dt.
@s) o [ sonaz = [sma = [ ne

Theorem 6. Let f : I — C be a differentiable function on I and [a,b] C I. Let
x € [a,b]. If f is convex on the interval [a, x] and [x,b], then

—a —x b
ao g |f@ M ORZD ) o g
Proof. We have

b
@D 1@+ g5 [6-0' O - -0 @] - = [ 0@

x b
= [ ol o -s @l o=l - e

for any « € [a, ] .
Since f’ is monotonic nondecreasing on [a, x], then by Cebysev inequality (3.4)
we have

[e-oro-raa = L [a-ga [ 17o-7 e
= L0 [f @) f@ - f (@)@ a)
- Jf@e-0-r@E-0-r@e-o
and, by the same inequality,
[o-orw-row = 2 [ona [re-row
= SO )b 2)~ F0)+f (@)
1

S ®e-2 -~ r -2+ f@)6-2).

If we add these two inequalities, then we get

T b
/ (t—a) [f' (t) — ' (@) dt + / (b1 () — f ()] dt

1 / 2
> S[f@@-a0-f@@-a-f@)@-a]
PO 00 F 0 -+ ) 0]

(6227 0) ~ (e~ /' @)] + 57 @) (0~ a)

2
1
—5 @)@ —a)+ f(b)(b—2)].
Dividing by b —a and utilizing the equality (4.7) we deduce the inequality (4.6). O

N |

Remark 6. If the function is convex on the whole interval [a, b], then, the inequality
(4.6) is true for any = € [a,b].
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