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GENERALIZED HERMITE -HADAMARD TYPE INTEGRAL
INEQUALITIES FOR FUNCTIONS WHOSE 3RD DERIVATIVES
ARE S-CONVEX

MEHMET ZEKI SARIKAYA AND HUSEYIN BUDAK

ABSTRACT. In this paper, we have established Hermite-Hadamard type in-
equalities for functions whose 3rd derivatives are s-convex depending on a
parameter. These results have generalized some relationships with [4].

1. INTRODUCTION

Definition 1. The function f : [a,b] C R — R, is said to be convex if the following
inequality holds

fOz+ (1= Ny) <Af(2)+ (1 =N f(y)
for all x,y € [a,b] and X € [0,1]. We say that f is concave if (—f) is convez.

The inequalities discovered by C. Hermite and J. Hadamard for convex functions
are very important in the literature (see, e.g.,[6],[10, p.137]). These inequalities
state that if f : I — R is a convex function on the interval I of real numbers and
a,b € I with a < b, then

(1.1) f(a;b) < bia/abf(as)dxg M

We note that Hadamard’s inequality may be regarded as a refinement of the concept
of convexity and it follows easily from Jensen’s inequality. Hadamard’s inequality
for convex functions has received renewed attention in recent years and a remarkable
variety of refinements and generalizations have been found (see, for example, [1, 2,
6, 7, 10]) and the references cited therein.

Definition 2. [3] Let s be a real numbers, s € (0,1]. A function f : [0, 00)—[0, 00)
is said to be s—convex (in the second sense), or that f belongs to the class K2, if f

flaz+ (1 —a)y) <a’f(x) + (1 —a)*f(y)
for all x,y € [0,00) and « € [0, 1].

An s—convex function was introduced in Breckner’s paper [3] and a number
of properties and connections with s—convexity in the first sense are discussed in
paper [8]. Of course, s—convexity means just convexity when s = 1.
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Lemma 1. Let f: 1 CR — R be a three times differentiable function on I° with
a,bel and a <b. If f"" € Lla,b], then

b

f(a)+f(b) 1 b—a ! !
T s - P ) - £ ()

a

(b-a)® |

(1.2) - &= /t(l—t)(Qt—1)f”’[tb+(1—t)a]dt.
0

In [4], Chun and Qi establish the following inequalities:

Theorem 1. Let f : [a,b] — R be a three times differentiable mapping on (a,b)
with 0 < a < b. If | f"|? is s-convex on [a,b] for same fized s € (0,1] and q > 1,
then

b
f(a)+ f(b) 1 b—a
2 _b—a/f(m)dx_ 12

(b o a)S 22—5 (6 + s+ 23—&-25)
192 (s4+2)(s+3)(s+4)

[ (®) = f'(a)]

1
q

(1.3) <

Uf/// (a)|q 4 |f”/b|q]>

Theorem 2. Let f : [a,b] — R be a three times differentiable mapping on (a,b)
with 0 < a < b. If | f"|? is s-convex on [a,b] for same fized s € (0,1] and q > 1,
then

o )= [ (a)

s (ba)s( 1 );(2”(828“) [f”/(a)lq+|f"’blq]);

b
fla+f®) 1 b
2 _bfa/f(@dx_

96 p+1 (s+1)(s+2)
1,1
where st = 1.
Theorem 3. Let f : [a,b] — R be a three times differentiable mapping on (a,b)

with 0 < a < b. If |f"|? is s-convex on [a,b] for same fized s € (0,1] and q > 1,
then

2 b—a

a

b

’ ;4a)3 ((p + 1)1(p + 3)) 5 <(s + 2)2(3 +3) “

1,1
where;+§—1.

(15) <

Ufl// (a)|q + |f/llb|q])

For more information and recent developments on this topic, please refer to
[4, 5,9, 11, 12].

The aim of this paper is to establish generalized Hermite-Hadamard’s inequalities
for function whose 3rd derivatives in absolute value at certain powers are s-convex
functions and these results have generalized some relationships with [4].
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2. MAIN RESULTS

We give a important identity for three times differentiable convex functions:

Lemma 2. Let f : [a,b] — R be a three times differentiable mapping on (a,b) with
a<b. If € L[a,b], then the following equality holds:

(2.1)
2
W[]ﬂ()\a-&-(l—)\)b) — b+ (A= a)]
Aa+(1-=X)b
_M_TQA)[J[(M—F(l—)\)b)‘*‘f()‘b"F(1_)‘)a)]+bia flw)de
Ab+(1-N)a

4 3 1
e ”)12“ —a) /t (1—8) (2t —1) f" [tha+ (1= A)b) + (1 —t) (Ab+ (1 — \) a)] dt

0
where X € [0,1]\{3}.
Proof. Tt suffices to note that

1
I = /t(l—t)(Qt—1)f”'[t()\a+(1—A)b)+(1—t)()\b+(1—>\)a)]dt
0

= =2[3f"[tha+ (1 —=XN)b)+ (1 —t)(Ab+ (1 —N)a)]dt

43 [ 27 [t(Aa+ (1= A)b) + (1 — ) (Ab+ (1 — A) a)] dt

/
/

—/tf’” a4+ (1= N B)+ (1 — ) b+ (1— \) a)] dt
= —;Il + 31, — Is.

Integrating by parts

I = /t?’f”’ [t(Aa+ (1 —=X)b) + (1 —1) (Ab+ (1 — ) a)] dt

0
F'Qa+(1=XNb)  3f'(a+(1-\)b)
(1—2X\)(b—a) (1 =207 (b—a)’

Aa+(1—A)b

f(z)dz,

L6/(at (L-N)b) 6

(1-20)7(b—a)®  (1-20)" (b~ a)4,\b+(14)a
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similarly,
1
L = /t?f”’ a+ (1= Nb)+(1—8) b+ (1 \)a)] dt
0
Cf"Pat (=00 2f(Aa+ (1-A)b)
(1=2X)(b—a) (1=20)72(b—a)’
2f(Ma+(1-X2)0b) 2f(Ab+(1-Na
(1=20)*0b—-0a)® (1—=2)°0b-a)
and

I = /tf”’[t()\a—s—(1—/\)b)+(1—t)(/\b+(1—/\)a)]dt

0

f"(Aa+(1=X)0) _ ffa+(1=X)b)  f/(Ab+(1—=Xa)
(1=2))(-a) (1-20)*0b-a)® @1-20)>0-a)®

Hence, we get
1

I = /t(l—t)(2t—l)f”’[t(/\aJr(l—)\)b)+(17t)()\b+(17)\)a)]dt
0
FQa+1=Xb)—f (A+(1—-XNa)
(1—=20%(b—a)?

Aa+(1—=A)b
_6[f()\a+(1—)\)b):f()\b3+(l—)\)a)] 142 . f(@)da.
(1 =2X\)"(b—a) (1 =2X\)"(b—a) A
This completes the proof. ([l

Remark 1. If we take A =1 or A\ =0 in Lemma 2, then the identity (2.1) reduces
the identity (1.2) which is proved in [4].

Now, we state the main results:

Theorem 4. Let f : [a,b] — R be a three times differentiable mapping on (a,b)
with a < b. If | f"'|? is s-convex on [a,b] for same fized s € (0,1] and ¢ > 1, then
the following inequality holds:

W [f' Aa+(1=X)b) = f (Ab+ (1= N)a)]
Aa+(1-X)b
_@[f()\a—&-(l—)\)b)+f()‘b+(1_>‘)a)]+bia fla)de
Ab+(1—X)

(=20  (b—a)® [ 22 (645 +225) \ *
- 192 (s+2)(s+3)(s+4)

Q=

(2.2) x (If"Aa+@ =X +[f" Ao+ (1—N)a)|’)
where A € [0,1]\{3}.
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Proof. Using Lemma 2, s-convexity of |f"”/|? and well-known Holder’s inequality,
we obtain

2
U2V B2 1 (at (1= A B) = 1 (b + (1= A a)

12
Aa+(1-2)b
—@[f(Aa+(1—A)b)+f(Ab+(1—A)a)]+bia f(w)da
Ab+(1-X)a
4 3 1
< (1= ”)12“ —9) t(l — )2t — 1| |f" tha+ (1 = A) D)+ (1 — 1) (A + (1 — N a)]| dt
1 -3
(1- 2>\ ( )
< t(1—t)[2t—1|dt
/
X (/t(l—t)2t—1| If" tha + (1 = X)b) + (1 —t) ()\b+(1—/\)a)]|th)
0
o (b — o) 1-1 L
< (1 2)\)12(17 ) <116) (U-//l ()\CL 4 (1 _ )\) b)|q /terl (1 _ t) |2t _ 1‘ dt
0
+f" A+ (1 =N a)? [t —t)* |2t — 1|dt) .
v fre
o a-20tb-a)? 1\
B 12 (16)
s+ 25125 a
(oo g 17 Gat (L= 0D+ 177 0+ (1= 0" )
@=2)"(b—a)® (2270 (645 +2°%) ‘
B 192 (s+2)(s+3)(s+4)
X (1F" (a+ (1= B+ | b+ (1 - N)a)|) 7
The proof of Theorem 4 is comleted. O

Remark 2. If we take A =1 or A\ = 0 in Theorem 4, then the inequality (2.2)
reduces the inequality (1.3) which is proved in [4]

Theorem 5. Let f : [a,b] — R be a three times differentiable mapping on (a,b)
with a < b. If |f"|? is s-convex on [a,b] for same fized s € (0,1] and q > 1, then
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the following inequality holds:

2
U220 O (a1 - X)) — £ (b + (1= N )

12
Lo . Aa+(1—N\)b
! _2 )[f(Aa+(1—A)b)+f(Ab+(1—A)a)]+m / fx)ds
Ab+(1—N)a

< USBRbodl (L ()

(2.3) X (If" Aa+ @ =X +[f" A+ (1— ) a)|’)

Q=

where X € [0,1]\{3} and zlv + % =1.

Proof. Using Lemma 2, s-convexity of |f”’|? and well-known Hoélder’s inequality,
we obtain

2
U2V O (47 (ot (1= M) B) — f b+ (1 A)a)]
Aa+(1-N)b
-t _2%) [f a+ @ =2)b)+f(Ab+ (1= Na)]+ ﬁ / feyds
Ab+(1-N)a

3 1
/t T—t)[2t = 1| |f" [ta+ (1 =A)b) + (1 —t) (Ab+ (1 — N a)]|dt
0

1
1—2/\
( (/t” (1—-1) |2t—1|dt>
0

X (/|2t " ta+ (1 =) b)+ (1 —t) (Ab+ (1 —N) a)]|th)
0

1—2)\

P

IN

1
a
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1-20)*0b—a)? 1 »
p " ()

X (|f’”()\a+(1— |“/\2t eodt+ | f" (Ab+ (1 — A |“/|2t—1| (1—-1)° )

=

IN

= 2/\)142(b = (22”“ (p+ 1)) (25 (SSESJ(i + 2)) %

< (If" O+ (1= N)0)[+ | (\b+ (1 — A)a)|*) ¥

R =)

< (1" Aa+ @ =2B)" +[f" (A + (1= N)a)|")

IN

Q=

which is the inequality (2.3). d

Remark 3. If we choose A =0 or A = 1 in Theorem 5, then the inequality (2.3)
reduces the inequality (1.4).

Theorem 6. Let f : [a,b] — R be a three times differentiable mapping on (a,b)
with a < b. If |f"|? is s-convex on [a,b] for same fized s € (0,1] and ¢ > 1, then
the following inequality holds:

(=20 G 10 (1= ) = £ (bt (1= Aa)]

12
123 Aa-+(1—A)b
~E 1 Qe (- 00 4 £ 00+ (1= X)a) [ e
/\b+1 Aa

< _2”244(1)‘“)3 <(p+1>1(p+3)>; ((s+2)2(s+3));

(24) < (If"Aa+ @ =X +[f" Ao+ (1= a)|’)

Q=

where A € [0,1]\{3} and % + % =1.

1
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Proof. Using Lemma 2, s-convexity of |f"”/|? and well-known Holder’s inequality,
we have

2
W[f’(,\a+(1—/\)b)—f’(/\b+(1—)‘)“)}
Aa+(1-A)b
_H_T?A)[f()\a—k(l—)\)b)+f(>\b+(1_)‘)a)]+bia f(@)dx
Ab+(1-N)a
o - 2A)142(b_ a)3/t<1 )26~ 1 £ [Ha+ (1= N B) + (1 1) (b + (1 — ) o)) de
0
(1—2)\ / vur)
< t(1—t)|2t —1|"dt
\/
y /t(l7t)‘fm[t(MJr(lf)\)b)+(17t)()\b+(1—)\)a)]|th
0
(1-23)° (b= a) Ly
= 12 (2(p+1)(p+3)>

1 1 i
« |f”’()\a+(1—>\)b)|q/t5+1 (1—t)dt+|f”’(>\b+(1—)\)a)|q/t(1—t)s+1dt
0

0

- B (o) (eae)

< (1" Aa+ L=+ [f” (A0 + (1= A)a)|")

- - _QA)244(b_a)3 ((P+ 1)1(p+3)>; <(8+2)2(8+3)>é

< (/" Aa+ @ =2B)" +[f” (A + (1= A)a)|")

Q=

Q=

O

Remark 4. If we take A = 0 or A\ = 1 in Theorem 6, then the inequality (2.4)
becomes the inequality (1.5).
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