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WEIGHTED REVERSE INEQUALITIES OF JENSEN TYPE FOR
FUNCTIONS OF SELFADJOINT OPERATORS

S. S. DRAGOMIR!:2

ABSTRACT. On making use of the representation in terms of the Riemann-
Stieltjes integral of spectral families for selfadjoint operators in Hilbert spaces,
we establish here some weighted reverse inequalities of Jensen’s type for convex
functions of operators. Some applications for simple functions of operators are
also provided.

1. INTRODUCTION

Let (92, A, 1) be a measurable space consisting of a set 2, a o -algebra A of parts
of 2 and a countably additive and positive measure y on A with values in RU{oc0} .
For a p-measurable function w : Q — R, with w (z) > 0 for u -a.e. (almost every)
x € €, consider the Lebesgue space

Ly, (Qu):={f:Q—R, fis p-measurable and / w (z)|f (z)|dp (z) < oo}
Q

For simplicity of notation we write everywhere in the sequel fQ wdyp instead of

Jow (@) dp(x).
In order to provide a reverse of the celebrated Jensen’s integral inequality for
convex functions, the author obtained in 2002 [6] the following result:

Theorem 1. Let @ : [m, M] C R — R be a differentiable convex function on (m, M)
and f: Q — [m,M] so that ®o f, f, ® o f, (D' o f)f € Ly (Q,un), where w >0
p-a.e. (almost everywhere) on Q with fQ wdp = 1. Then we have the inequality:

(1.1) OS/Q(%f)wdu‘I)(/wadu)
< [@ o) fudu= [ @ pwdn [

Q

IN

%[@' (M) — @ (m)]/iw'ffﬂfwdu‘dﬂ-
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If u(Q) < ocoand ®of, f, ® o f, (Pof)f € L(Q,u), then we have the
inequality:

(1.2) os/@/ﬁ(%f)@@(}@/ﬂf@)

1 o oL = b
< Q)/Q@ 1) fdp um)/g@ f)duu(m/ﬂfdu
1., , 1 1
<0 0n o m) o [ | fdu'du-

The following discrete inequality is of interest as well.

Corollary 1. Let @ : [m, M] — R be a differentiable convex function on (m,M).
If z; € [m,M] and w; > 0 (i =1,...,n) with W,, := >, w; = 1, then one has
the counterpart of Jensen’s weighted discrete inequality:

i=1 i=1
i=1 i=1 i=1

IN

1 n n
3 [®" (M) — @ (m)] Zwl T — ijmj .
i=1 j=1
Remark 1. We notice that the inequality between the first and the second term in
(1.8) was proved in 1994 by Dragomir & Ionescu, see [24].

If f, g: Q — R are p-measurable functions and f, g, fg € Ly, (€, ), then we
may consider the Cebysev functional

(1.4) Tw (f,9) = / wfgdp — / wfdu/ wgdj.
Q Q Q
The following result is known in the literature as the Griiss inequality
1
(1.5) Tw (f9)l < 7 (T =) (A =9),
provided
(1.6) —o<y< f(r) ST <00, —0<d<g(zx) <A<

for p —a.e. (almost every) x € Q.

The constant i is sharp in the sense that it cannot be replaced by a smaller
constant.

If we assume that —oco < v < f(z) < T < oo for p —a.e. = € Q, then by the
Griiss inequality for g = f and by the Schwarz’s integral inequality, we have

(1.7) /Qw‘f—/gwfdu’dus [/waQdu— (/wadu)Ts;(F—v).

In what follows, we assume that w : Q@ — R, with w (x) > 0 for u —a.e. x € Q, is
a p-measurable function with [, wdp = 1.

On making use of the results (1.1) and (1.7), we can state the following string
of reverse inequalities:
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Lemma 1. Let @ : I — R be a differentiable convex function on the interval of
real numbers I and m, M € R, m < M with [m, M) C I, I is the interior of I. If
f:Q — R is u-measurable, satisfies the bounds

(1.8) —co<m< f(x) <M< oo forp-ae x €S
and ®o f, f, ®" o f, (®'of)f € Ly, (Qpu), then

(1.9) OS/Q(@Of)wdu@</wadu>

< [ @ o rudu= [ @i [ o
<gloon-o [ |- | wfdu‘wdu

IA

Q
o 00w [ et ([ )|

119/ (M) — @ (m)] (M —m).
Remark 2. We notice that the inequality between the first, second and last term
from (1.9) was proved in the general case of positive linear functionals in 2001 by
the author in [5].

If the differentiability condition is removed, then ®' can be replaced in the in-
equality (1.9) above with a section ¢ of the subdifferential 0®. We omit the details.

IN

The following reverse of the Jensen’s inequality holds [20], [21]:

Lemma 2. Let & : I — R be a convex fzmction on the interval of real numbers I
and m,M € R, m < M with [m,M] C I. If f : @ — R is u-measurable, satisfies
the bounds (1.8) and f,® o f € L, (Q,u), then

(1.10) 0< /Q(d) o f)wdp — @ (/Q fwd,u)
(M — Jq fwdu) (fg fwdp —m)

< tE?rlrlsz) Vg (t;m, M)
< ( / fwdu) < / Fwdp — m> el (1\]4\4) - :’lﬁr (m)
Si m) [®" (M) — &, (m)],

where Wg («;m, M) : (m, M) — R is defined by

We also have the inequality

) o< [ @opud—a ([ rudn) < {0 - mywa ([ fodim, o)

< 3 (M —m) [8 (3 ~ &, (m)],

provided that [, fwdp € (m,M).
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We also have:

Lemma 3. With the assumptions of Lemma 2, we have the inequalities

(1.12) Og/ﬂw(q)of)du(x)—(b(/ﬂfwdu)
<oma [ Mo

« [‘P(T”H‘I’(M)q,(wﬂ

2

2
< ;maX{M—/wad,u,/wadu—m} [®" (M) — @' (m)].

Since
M — [ fwdp [, fwdp —m <1
M-m =~ M-m —
we also have the simpler inequality
(1.13) 0</w(<I>of)du(x)—<I>(/ fwdu)
Q Q
<9 {@(m)—iz—@(M) _ & (m—;M)] .

The discrete case of this inequality was obtained in [41].
For a real function g : [m, M] — R and two distinct points a, € [m, M] we
recall that the divided difference of g in these points is defined by

1. 90B)—g(@)
[Oé, ﬁa g] T B — .
The following result holds [22]:

Lemma 4. Let & : I — R be a convex function on the interval of real numbers I
and m,M € R, m < M with [m,M] C I. If f: Q — R is u-measurable, satisfying
the bounds (1.8) and f, ®o f € Ly, (2, ), then by assuming that [, w fdp # m, M,

we have
(1.14) / <I>(f><1>< / wfdu> sgn [f / wfdu] wdu'
S/Q@Of)wdu—<1>(/ﬂwfdu>
< % (:/wadu,M;‘I’: - :m,/gwfdu;q{)Dw(f)
<3 (| [ wranrio| = |m. [ wrane]) Duai)
<5 (| [ wrnria| = |m. [ wrae]) or-m).
where
Do ()= [ w f/wadu‘du
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wawzuij—<éwwfr.

The constant % in the second inequality from (1.10) is best possible.

and

For recent results related to Jensen’s inequality, see [1]-[7], [26]-[42] and the
references therein.

2. INEQUALITIES FOR SELFADJOINT OPERATORS

Let A be a selfadjoint operator on the complex Hilbert space (H, (.,.)) with the
spectrum Sp (A) included in the interval [m, M] for some real numbers m < M and
let {E)}, be its spectral family. Then for any continuous function f : [m, M] — R,
it is well known that we have the following spectral representation in terms of the
Riemann-Stieltjes integral (see for instance [26, p. 257]):

M
(2.1) GWan) = [ fWdiEa).
and

M
(2.2 I el = [ 1P dlEa,

for any z,y € H.

The function g, (A) == (Exz,y) is of bounded variation on the interval [m, M]
and g, (m —0) = 0 while g, , (M) = (z,y) for any =,y € H. It is also well known
that g, (\) := (Ex, z) is monotonic nondecreasing and right continuous on [m, M|
for any =z € H.

The following result that provides an operator version for the Jensen inequality:

Theorem 2 (Mond-Pecari¢, 1993, [35]). Let A be a selfadjoint operator on the
Hilbert space H and assume that Sp(A) C [m,M] for some scalars m, M with
m < M. If ® is a convex function on [m, M], then

(MP) O ((Az,z)) < (P (A)z,x)
for each x € H with ||z| = 1.

As a special case of Theorem 2 we have the following Holder-McCarthy inequal-
ity:
Theorem 3 (Holder-McCarthy, 1967, [32]). Let A be a selfadjoint positive operator
on a Hilbert space H. Then for all x € H with ||z| = 1,

(i) (ATz,z) > (Az,z)" for all v > 1;

(ii) (ATz,z) < (Az,x)" for all0 <71 < 1;

(iii) If A is invertible, then (A"z,z) > (Az,x)" for all r < 0.

The following reverse for the (MP) inequality that generalizes the scalar Lah-

Ribari¢ inequality for convex functions is well known, see for instance [25, p. 57

Theorem 4. Let A be a selfadjoint operator on the Hilbert space H and assume

that Sp (A) C [m, M| for some scalars m, M with m < M. If ® is a convex function

on [m, M], then

M — (Az, z)
M—-m

(Az,z) —m
(LR) (®(A)z,z) < S

@ (m) + D (M)



6 S.S. DRAGOMIR

for each x € H with ||z|| = 1.
In [23] we obtained the following weighted version of (MP) and (LR).

Theorem 5. Let A be a selfadjoint operator on the Hilbert space H and assume
that Sp (A) C [m, M] for some scalars m,M with m < M. If ® : [k, K] CR—=R
is a continuous convex function on the interval [k, K], w : [m,M] — [0,00) is
continuous on [m, M|, f : [m, M] C R — R is a continuous function on the interval
[m, M| and with the property that

(2.3) k< f(t) <K foranyt € [m,M],
then
(w(A) f(A)z,) (w(A)(®o f)(A)z,x)
2o o () < M
(e ) o+ (22 Yo
_— k b

for any x € H with (w (A) z,z) # 0.

For various particular instances of (2.4) that are of interest being related to
Holder-McCarthy’s inequalities mentioned above, see [23].

For classical and recent result concerning inequalities for continuos functions of
selfadjoint operators, see [35], [34], [36], [31], [25], [6], [10], [13], [18], [11], [15], [19],
[17], [16], [14], [9], and [12].

3. FURTHER REVERSE INEQUALITIES
We have the following new results:

Theorem 6. Let A be a selfadjoint operator on the Hilbert space H such that
Sp (A) C [m, M] for some scalars m, M with m < M. Assume that ® : [k, K] C
R — R is a continuous convex function on the interval [k, K], w : [m, M] — [0,00)
is continuous on [m,M], f : [m,M] C R — R is a continuous function on the
interval [m, M) and satisfies the property (2.3)

(i) If ® is continuously differentiable on (k, K), then we have

(3.1) 0< <U)(A) (CI)of) (A)x7$> 9 <<w(A)f(A),’L":]j>>

<wmmx> (w(A)z, )

(@0 f)(A) f(A)w(A)z,z)
= (w (A)z, )

(@0 f) (A w(A)z,z) (f (A)w(A)z,2)

(w(A)z,z) (w(A)z, )

- (| - S o )
S 5 [(I)— (K) - (I>+ (k)] <w (A) $7x>

Lo o o (A wA)z,z)  ((w(A)f(A)z2)\*|
< for ) ot ] | S (A )]

IN

1[0 () - @ (9] (K - )
for any x € H with (w (A) z,z) # 0.
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(ii) If we consider the function Ve (-;k, K) : (k, K) — R defined by

O(K)—D(t) () — (k)

Vo ik K) = —F—— ~——%
then
(w(A) (@0 f)(A)z,z)  ((w(A)f (A)z,)
32 0 @) z,2) ‘b( (0 (4)z,2) )
(K _ (w(A)f(A):v,r)) ( (w(A)f( A):E ) k)
(w(A)z,) (w(A)z,z)
: K—k b Yo (G EK)
WA S A () fA) )\ S () ¥, (k)
§<K (w(4)z,2) )( (w (4) 7. 2) ’“) K-k
< [8(K) — L ()] (K k)
and
(w(A) (@0 f)(A)rx) [ (w(A)f(A)z.2)
(3.3) O T @) q’( (w(A)z,7) )
1 (w(4) f (A)z,2)
sqE- ’“”“( (w(A)z,7) ”“’K>
gi[@’_ (K) — @, (k)] (K —k)

for any x € H with (w (A) z,z) # 0.
(iti) We have the inequalities

(W(A) (@0 f)(A)ra) [ {w(A)f(A)z)
(34) O T @) aa) ® <w<A>x,a:>)

K— A Wra)  (wA)(Aea)
< 2 max { (wAza)  ~(w(A)za)

K-k ’ K-k

y [@(k)—;@(K} _(I)<k—;K>}

and

(3.5) 0<

for any x € H with (w (A) z,z) # 0.
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(iv) We also have the inequalities

(36) 0< (w(A) (@of)(A)z,z) o <<w<(£)(£)(;1);,x>>

(f(Aw(A)z,x)
(7 ) - Lo a0

1 ((w(A)f(4)z,2)

Sz%( (w(A)z,2) ”“K> (w(A)z,2)
1 (w(A) f(4)z,3)

<o (Matmea oK)

(o (4,4 (w (4)2,7)
Ly (A ] (), .
<o (Mt o) (-0

for any x € H with (w (A) z,x) # 0.

Proof. (i) Let {Ex}, be the spectral family of the operator A. Let € > 0 and write
the inequality (1.9) on the interval [m — ¢, M| and for the monotonic nondecreasing
function g (t) = (Ewx,z), ¢ € H with (w (4) z,z) # 0, to get

Jore (@0 ) W w(t)d(Bu,z) (f?fg f (0w () d (B, x>>
M w(t)d (B, ) M w(t)d (B, )
SM (@0 f) (1) f (t)w (t)d (B, z)
ff_s w (t) d(Ex, z)
L (@ o f) () w () d(Bu,w) [2f () w(t)d(Ew,a)
M w(t)d(E,z) M w(t)d(E,z)
1[0 (K) - @ (k)]
2 ff_s w (t) d(Ex, )
) /M ﬁf_Lf (s) w (s) d (B, z)
m—e S w (s)d{Esx, x)
[ (k) — @, (k)]

(3.7) 0<

<

IN

f) - w (t) d(Epx, x)

<

Jor  PPWw @) d(Baz) (ff_a £ (5)w(s)d (B, ) ) |
fri\:[—ew(s)d<E5x7m> f7i\z/[—sw(8)d<E8m7x>

X
1 N =

< [0 (K) — @/, (0] (K — 1.

Letting € — 0+ and using the spectral representation theorem summarized in (2.1)
we get the required inequality (3.1).

(ii) Follows by Lemma 2, (iii) follows by Lemma 3 while (iv) follows by Lemma
4. The details are omitted. (]

We have the following generalization and reverse for the Holder-McCarthy
inequality:
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Corollary 2. Let A be a selfadjoint operator on the Hilbert space H such that
Sp(A) C [m, M] for some scalars m, M with m < M. Assume that w : [m, M] —
[0,00) is continuous on [m, M|, f: [m, M] C R — R is a continuous function on
the interval [m, M| and satisfies the property (2.3) with k > 0. Assume also that
p € (—00,0) U (1,00).

(i) We have
(w(A) P (A)z,z)  ((w(A)f(A)z,z))"
9 o<y - (M)

[ @e @ (W w A (A w () ,)

=P w @) (w(A)z, ) (w(A) z,2)
Ly O — SR )

< gp (K7 =) (w (A) 7, 7)
1t oy [P Aw@ ) ((w(d) f (A,

<t e (Mt o )]

< ip (KP~' — kP~ 1) (K — k)

for any x € H with (w (A) xz,x) # 0.
(i1) If we consider the function ¥, (-1 k,K) : (k,K) — R defined by

KPP P _ P

\I}p(t;ka): K —t - t_k_v

(wA) P A)ez) [ {w(A)f (A)a,z)\
39 0= =0 @) wa) ( (w (4) z,2) )

(- i) (i o)

sup VY, (t;k, K
K-k te(k,K) p< )

o o S (e

p(KP = kPN (K — k)

for any x € H with (w (A) z,z) # 0.
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(iii) We have the inequalities

(w(A) W) rz) [ (w(d)f(A)z,z)\
(8.11) O (@) ( (w(A) z.2) >
(

K lw@iWez) (wA)fAzz)
< 2max{ (w(A)z,z) (w(A)z,z)

K-k ’ K-k

y K+ KP (k+ K P
2 2

and

(3.12) 0< (w(A) fP(A)z,z) ((w (4) f(A) x7m>)p

for any x € H with (w (A) z,z) # 0.
(iv) We also have the inequalities

(313) 0<

(w(4) z,2)
L () fWea) A - s )
Sf”( (0 (4)z,2) ”“’K> (w(A) z,7)
1 ((w(A)f(A)z,)
Sf”’( (w (&) z,2) ”“K>
(FPAWwA)z,2)  [(wA)f(A)z2)\’]
T w @) (<w<A>m,x> )]
1 ((w(A)f(A)z.2) )
SN”( (w(A)z,2) ”“K>(K )

for any x € H with (w (A)z,x) # 0.

If p € (0,1), then by taking ® (t) = —t? we can get similar inequalities. However
the details are omitted.

If we take @ (t) = —Int, t > 0 in Theorem 6 then we get the following logarithmic
inequalities:

Corollary 3. Let A be a selfadjoint operator on the Hilbert space H such that
Sp(A) C [m, M] for some scalars m, M with m < M. Assume that w : [m, M] —
[0,00) is continuous on [m, M], f:[m,M] C R — R is a continuous function on
the interval [m, M| and satisfies the property (2.3) with k > 0.
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(i) We have

(3.14) 0<In <<w A) x,x)) _ (w(A)Inf (A)z,x)

(w(A4)z,z)
fHAw(A 3:,$> (f (A w(A)z,z)
x, ) (w(A) z,x)
F(A) - A

—1
1 (w(A)z,z) Z, x>
2 kK (w(A)x,x)

(FPAwA)z,z) <<w (A)f(A)w7x>)2
(w(A) z,z)

1
2 kK
1(K —k)?
4 kK
for any x € H with (w (A) xz,z) # 0,

(11) If we consider the function ¥_y, (1 k, K) : (k, K) — R defined by
Int—Ink InK —Int

\If,hl (t;ki,K) =

t—k K-t
then
i e (0 et
e
e e
and
(3.16) ogln( ;‘)‘ ) lnf ,z)
(K -DY- ( <£<£>(A)> >’“K> L

for any x € H with (w (A) z,x) # 0.
(i1i) We have the inequalities

(3.17) 0<In (<w (;1) f(;l):g w>) (w (1<4) In f (A)z,z)
(w

(w(4) w(A) z,z)
&
< 2max

AfAz,z)  (wAf(Azz)
(w(A)z,z) (w(A)z,z) k In k+ K
K-k ’ K-k WEK

and

(318) 0<In <<w(A)(f)(f;1)x’x>> _(w@) W fA)ez) <k+K>2

(w(A) z,x) (w(A) z,x) WEkK
for any x € H with (w (A) z,z) # 0.
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(iv) We also have the inequalities

(3.19) 0<In (<w (A)f(A)%@) _(w@)Inf(4)z )

(w(A)z,z) (w(A)z, )
<o (i) S G
<o ()
[ ()]
o (S )i

for any x € H with (w (A) z,x) # 0.

4. SOME EXAMPLES

If we choose w(t) =1 and f(¢t) = ¢ with ¢ € [m, M] C [0,00) then we get from
Corollary 2 that

(4.1) 0 < (APz,z) — (Az, )’ < p [(APz,z) — (AP 'z, 2) (Az, 2)]
< %p (MP~F —mP~ ) (|A - (Az, z) 1y | 2, @)
< %p (MP~! —mPT) [<A2x,x> - (Aa;,a:)ﬂ :
< 1 (P =) (M —m)
(4.2) 0 < (APx,z) — (Ax, z)?
(M — (Az, z)) ((Az, z) —m) ,
< W —m tG(SrlrlLI,)M) U, (t;m, M)
Mpfl _ mpfl
<P, M~ (Az,2)) ({Az, 2) —m)
Ly ) ).
(4.3) 0 < (APx,z) — (Az,z)" < i (M —m) ¥, ((Az,z);m, M)
< ip (MP=t—mP~1) (M —m),

(44)  0< (APz,x) — (Az,z)"

M —(Az,z) (Az,z) —m | [mP+MP (m+M P
M-m > M-m 2 2 ’

< Qmax{

(4.5) 0 < (AP, 2) — (Aw, )" < 2 [mp +MP (erM)p]

2 2
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and

(46) 0 (A%,2) — (Az, )" < S0, (Av,2) :m, M) {|A — (Az,2) 1] 7, )

(NI

A\
\
S
bS]
=
&
S
3
=
7~
h
no
8
S
~
I
=
&
8
e,

< 10y (A, 2) s, M) (M —m)

for any x € H, ||z|| = 1.
If we choose w(t) =t%, ¢ # 0 and f(t) = ¢ with t € [m, M] C [0,00) then we get
from Corollary 2 that

(APtag, x) (AT 2, )
Wi 0 T ‘( A1z, 2) )
(APtag ) (APTIlg ) <Aq+1m,:r>1

=P (Adzx, z) (Adz, x) (Adz, x)

<Aq+1z,x>

Y <‘A ~ may x’x>
=3P ( -m) (Adz, )
27 2
1 _ _ <A(I+2z z> <Aq+1:p x>
Z p=1 _ o p—1 ’ _ ’
= 9P (M m) (Adzx, x) (Adz, x)
< ip (MP~! —mP~Y) (M —m),

(AP+ag, 1) (AT, ) P
8 0= 0y ‘( (Aiz, 2) )

<Aq+1x,z> <Aq+lz7w>
<M (Aaz,z) (Adz,z) -m

< sup Y, (t;m, M
M—m te(m, M) p )
< pMp*1 —mp~1 e (AT g, ) (AT g, ) .
M—-—m (Adz, x) (Adz, x)
1
< Lot = ety 01 ),
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(APtag, x) (AT 2, ) ?
“w)0§<Aw@>‘<<Aw@>>

Aq+1x,m> <Aq+1m,m>
M — < 7 2 -m p p p
SQmax{ (A%z,x) (Adz,z) }[m + M _(m—|—M> }’

M-m ' M—-—m 2 2

o<<A““’x>—(“‘””’?)ZQV";M‘H<m+Mﬂ

- (Adz,x) (Adz, x 2
and
(APTay 1) (ATHg 2)
4.12 < —
(412) 0= (Adz, x) (Adz, x)
AqJr z x
—2°7 (Aqx 1 (Adz, )
. <Aq+1w>;m,M () ()]
2 (Adz, ) (Adz, ) (Adz, z)
1 (AT, z)
<-U,| ——m M| (M-
= 4 P( <AqSC,LE> ;m, ( m)

for any « € H \ {0}.
If we choose w(t) =1 and f(¢) = ¢ with ¢ € [m, M] C [0,00) then we get from
Corollary 3 that

(4.13) 0 <In(Az,z) — (InAz,z) < (A" 'z, z) (Az,z) — 1
1 M—-m
= §m7 (A= (Az,z) 1|z, x)
M—m 9 3 M—m
<3 [ — ] < JEE
(4.14) 0 <Iln(Az,z) — (ln Az, )
(M — (Az, z)) ((Az, z) —m) ,
< T te?ntgaM)‘Ihln (t;m, M)
1 1(M —m)?
< Um (M — (Az,z)) ((Az,x2) —m) < 1
(4.15) 0 < In (Az,z) — (In Az, z) < i (M = m) U _ 1 ((Az, ) : m, M)
1M —my
4 mM
(4.16) 0 <In{Az,z) — (In Az, x)

< 9 max M — (Az,z) (Az,z) —m In m+ M
- & M—-m > M-m 'mM /)’
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m+ M 2
417 0<1In(Az,2) — (In Az, ) <1
( ) <In(Az,z) — (In Az, z) n<2m)
and
(4.18) 0 <Iln(Az,z) — (ln Az, )

< %\Il,ln ((Az,z)y;m, M) {|f (A) — (Az,z) 1y |z, x)

< SV (Az,2) s, M) [(4%0,2) — (Az, )]
< 3V (Az,3) s, M) (M —m)

for any x € H with ||z| = 1.
If we choose w(t) = t9, ¢ # 0 and f(¢t) =t with ¢t € [m, M] C [0, 00) then we get
from Corollary 3 that

ATty x) _ (A%1n Az, z)
(Adz, z) (Aaz, )

(419) 0<In <<

_ <Aq+1z,z>
- (A g, z) (AT g, o) L < 1K —k <’A (Aizz) LH|TT
= (Adz,z) (Adz,z) 2 kK (Adz, x)
1K -k <Aq+2x,x> B <A‘1+1x,x> 1® < E(K — k)2
— 2 kK (Aig, x) (Adg, x) ~4 kK
(AT g, ) (A%1n Az, x)
4.2 <1 —
(4.20) 0= n( (Adz, ) (Aaz, )
<Aq+1x,x> <Aq+13c,:c>
< (K_ At ey " U1, (tk, K)
— Sup — In ; 9
K-k o)
< (k- (Atz,z) \ (A, z) ) < LE- k)
-~ Kk (Adz, x) (Adz, x) —4 kK
<A‘1+1:C,33> (A%1n Az, x)
4.21 <1 —
(421) 0<ln ( (Adz, x) (Adz, )
1 <Aq+1ac,x> 1(K — k)2
<K k) Uy, [ ) <2
> 4( k) 11’1( <Aq$,(L'> 7k7 =14 LK )
(AT g, ) (A91n Az, )
4.22 <1 —
(4.22) 0<n ( (Adz, z) (Adz, )
(




16 S.S. DRAGOMIR

(4.23) < (AT g, ) ~ (A%In Az, z) <l k+ K\’
' - (Adz, ) (Adz, ) kK ) '

and

(AT g, ) ~ (A'ln Az, z)

(A7, 2) (Atz, 2)
ATt a:,z>

T .
S*mfm 7&

2 (Adz, x) (Adz, )
< 1\11 (AT 2, ) (AT 2z, ) (AT, ) :
=9 M\ (A, z) Y (Adz, ) (Adz, )

1 (AT g, )
<o (P k) (k- k
=4 ! (Adz, ) ( )

for any x € H \ {0}.
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