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TWO VARIABLES VERSION OF HERMITE-HADAMARD TYPE
INEQUALITIES WITH APPLICATIONS TO ESTIMATION OF
PRODUCT OF MOMENT OF TWO CONTINUOUS RANDOM

VARIABLES.

M. A. LATIF, S. S. DRAGOMIR'2, AND E. MOMONIAT

ABSTRACT. In this paper, new Hermite-Hadamard type inequalities for co-
ordinated convex and co-ordinated quasi convex functions are proved in a
unique way. These results generalize many results proved in earlier works
for these classes of functions. Finally, applications of our results are given
to estimate the product of moments of two independent continuous random
variables.

1. INTRODUCTION
A function f: I — R, ) # I C R, is said to be convex on I if the inequality

FAz+ @ =Ny) <Af (@) + (1 =) f(),

holds for all z, y € I and A € [0, 1].
An important inequality for convex functions is the Hermite-Hadamard’s in-
equality (see for instance [7]), which is stated as follows:

(1.1) f<a+b)<b_la/abf(x)dx<f(a);_f(b)7

2

where f : I — R, ) # I C R a convex function and a, b € I with a < b. The
inequalities in (1.1) hold in reversed if f is a concave function.
It has been an important task to to provide sharp bounds for the quantities

|f<a;rb>_bia/abf(x)dx f(a);f(b)_bia/abf(x)dx

Many mathematicians have tried to provide sharp bounds for the above two quan-
tities over the past few years by proving different identities. Moreover, a lot of
variants of the (1.1) have been proved by using different forms and generalizations
of convexity, see for instance the works in [2, 4, 5, 6, 9, 23, 24] and the references
cited in there.

The following generalization of convexity for functions of two variables, known
as convexity on co-ordinates, was initiated by Dragomir [4].

and
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Let [a,b] X [c,d] be a bidimensional interval in R? with a < b and ¢ < d. A
mapping f : [a,b] X [¢,d] — R is said to be convex on [a,b] X [c,d] if the inequality

f()\.’ﬂ + (1 - )‘)Zv )‘y + (1 - )\)’LU) < /\f(x,y) + (1 - )‘)f(sz)

holds for all (x,y), (z,w) € [a,b] X [¢,d] and A € [0,1].

A function f : [a, b] x[¢, d] — R is said to be convex on co-ordinates on [a, b] X [c, d]
if the partial mappings fy : [a,b] = R, fy(u) = f(u,y) and f, : [c,d] = R, fo(v) =
f(z,v) are convex where defined for all z € [a,b],y € [c,d].

A different way of describing convexity of f on co-ordinates on [a,b] X [¢,d] is
given in the definition below.

Definition 1. [13] A function f : [a,b] X [c,d] — R is said to be convex on co-
ordinates on [a,b] X [c,d] if the inequality

flz+ (1 —t)y,sz+ (1 —s)w)
holds for all (t,s) € [0,1] x [0,1] and (z, 2), (y,w) € [a,b] X [¢,d].
It has been proved in [4] that every convex mapping f : [a,b] X [¢,d] — R is
convex on co-ordinates. Furthermore, there exist co-ordinated convex functions
which are not convex, (see for example [4]).

The following Hermite-Hadamard type inequality for co-ordinated convex func-
tions on the rectangle from the plane R? was also proved in [4]:

Theorem 1. [4] Suppose that f : [a,b] X [¢,d] — R is co-ordinated convex on
[a,b] X [c,d]. Then one has the inequalities:

a+b c+d
wy g (220

[bia/j’f@fﬁw e [ ()
<Gaaal, [ SEvae
jl[bia/fm“/w
/faydy+—/fbydy

< flad+flad+ flbe)+fbd)
- 4

<

1
2

The above inequalities are sharp.

Latif et al. [17], proved the following Hermite-Hadamard type inequalities which
provide a weighted generalization for the left side of (1.2).

Theorem 2. [17] Let f : A C R? — R be a twice differentiable mapping on A°

and p : [a,b] x [c,d] — [0,00) be continuous and symmetric to “Tt and ¢ for
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[a,b] X [¢c,d] C A° witha <b, ¢ <d. If fis € L([a,b] x [¢,d]) and | fis| is convex on
the co-ordinates on [a,b] X [c,d], then

(13) ‘f(jb;d) [ [ remias [ 1@p
[ (g [ (55

2oty

< % [ Frs (@) + | frs (@ d)] + |fos (b c)| o (b))
La(s) pLa(t
/ / (/ / (z,y da:dy) dtds,
where Ly (t) = %a 1+tb and Ly (t) = 5sc 1+5d

Theorem 3. [17] Let f : A C R? — R be a twice differentiable mapping on A°

and p : [a,b] x [c,d] = [0,00) be continuous and symmetric to “t and <4 for

[a,b] x [c,d] C A° with a < b, ¢ <d. If fis € L([a,b] X [¢,d]) and |fis|? is convex
on the co-ordinates on [a,b] X [c,d] for ¢ > 1, then

(1.4) ‘f(““’”d)// 2.y dxder//fzy (z,y) dedy
—/Cd/abf(z,”d> (2, y) dedy — // <“+b ) (2, y) dzdy

S (b—a) (d ) [|ft9 (a C)‘ + |ft9 (CL d)| + |ft9 (b C)| + |ft9 (b d)']

T ( /“ T b dxdy> s,

where Ly (t) and Lo (t) are defined in Theorem 2.

In a recent paper [22], Ozdemir et al. gave the notion of co-ordinated quasi-
convex functions which generalizes the notion of co-ordinated convex functions.

Definition 2. [22] A function f : [a,b] X [¢,d] C R? — R is said to be quasi-convex
on [a,b] x [, d] if the inequality

fOz+ (1 =Xz, Ay + (1 = NMw) < max{f(z,y), f(z,w)}
holds for all (z,y), (z,w) € [a,b] X [¢,d] and X € [0,1] .

A function f : [a,b] x [¢,d] — R is said to be quasi-convex on the co-ordinates on
[a,b] x [c, d] if the partial mappings f, : [a,b] = R, fy(u) = f(u,y) and f; : [¢,d] —
R, fz(v) = f(z,v) are quasi-convex where defined for all = € [a,b],y € [c, d].

Another way of expressing the concept of co-ordinated quasi-convex functions is
stated below.



4 M. A. LATIF, S. S. DRAGOMIR!2, AND E. MOMONIAT

Definition 3. [16] A function f : [a,b] X [c,d] C R? — R is said to be quasi-convex
on co-ordinates on [a,b] X [¢,d] if

[z + (1 =1t)z, sy + (1 = s)w) <max{f (z,y), f (z,w), f (2,9), f (z,w)}
holds for all (x,y), (z,w) € [a,b] X [¢,d] and (s,t) € [0,1] x [0, 1].

The class of co-ordinated quasi-convex functions on [a,b] x [¢,d] is denoted by
QC([a,b] x [c,d]). It has also been proved in [22] that every quasi-convex function
on [a, b] X [¢, d] is quasi-convex on co-ordinates on [a, b] X [¢, d] but the converse does
not hold true.

The following inequalities related to the right side of (1.2) was obtained by Latif
et al. in [16] for quasi-convex on co-ordinates on [a,b] X [c, d].

Theorem 4. [16] Let f : A C R? — R be a partial differentiable mapping on A°
and let [a,b] X [e,d] C A° witha < b, ¢ < d. If fis € L([a,b] X [c,d]) and |fis]
is quasi-convex on the co-ordinates on [a,b] X [c,d], then the following inequality
holds:

(1.5)

b pd e . .
(b_a)l(d_c/a/af(x,y)dyd:c+f(’)+f(,d)4+f(b7)+f(b,d)

b d
- lbia/a @0+ f ad)de+ 5 [ [f(a,y)+f<b,y>]dy]

o (o 5 e (55 e (55255
ts ) 2 ts ] s |Jts

c+d a+b a+b c+d
b () (00) [ (2255 )
fts (byc—;d) fts <a—2i_bac> 7fts <a+b et )’}
f (b c—l—d) P (a+b d) P (a—l—b c+d> }]
ts 7‘75* s 2 ) ) s

For more recent results on this field, we refer the readers to [1, 5, 8], [10]-[22]
and the references therein.

In the present paper, we establish new weighted integral inequalities of Hermite-
Hadamard type for the classes of convex and quasi-convex functions on co-ordinates
on [a,b] x [¢,d] which generalize the results given in Theorem 2, Theorem 3 and
Theorem 4. Applications of our results to estimate the moment of product of
independent random variables are provided as well.

<K {sup {|fts ((L,C)‘ )

sup {|fts (a,d),

—I—sup{fts (b, )],

+sup {|fts (b,d)],

b—a)(d—c
where K = (g%.

2. SOME AUXILIARY RESULTS

In what follows we use the following notations
Let w (x,y) : [a,b] X [¢,d] — [0,00) be a continuous function such that

b pd
//w(&y)dydmzl.
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We denote the integral f; fcd xw (z,y) dydx by a1, the integral f; fcd yw (z,v) dydz
by ¢; and the integral f: fcd xyw (z,y) dydx by a1, i.e.

b pd b pd

ay :/ / zw (x,y) dydz o4 z/ / xyw (z,y) dydr and
ab Cd a (&

01:/ / yw (z,y) dx

Now we present a result in which the function w (z,y) is symmetric on co-ordinates
with respect to ‘%b and %d on co-ordinates.

Lemma 1. If w(z,y) : [a,b] X [¢,d] — [0,00) is symmetric on co-ordinates with
o h 4. Then

_a+b _c+d dan — a+b c+d
ay = 9 , C1 = B ana o = B 9 .

Proof. Since w is symmetric on co-ordinates with respect to the midpoint ‘%rb, we

have
b pd b pd
a1:/ / xw(:c,y)dydx:/ / 2w (a+b—x,y)dydx

/ab/cd(aer:E)w(x,y)dydx

which gives the desired result since

b pd
/ / w (x,y) dydx = 1.
a c

Similarly, one can prove that

and

b pd
oq:/ / xyw(x,y)dydxz(a;b> (C;d>.

Lemma 2. Let f : Q C R?> — R be a twice partially differentiable mapping on
Q° and fis € L([a,b] x [ d)), where [a,b] x [c,d] C Q° with a < b, ¢ < d. Let
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w: [a,b] X [¢,d] = [0,00) be a continuous mapping. Then

(2.1) (b—al ac// —x)(d—y)w(x,y) dydx
f(a,d)/a/c (Hz)<yfc>w<x,y>dydx+f<b,c>/a/C<xfa><dfy>w<x,y>dydx

f(b,d)/ab/cd(l‘—a)(y—C)w(z,y)dyd:r +Lb/cdf(x,y)w(x,y)dydx

1 b pd 1 b pd
- // b—2a)f aywxydydxf // xz—a) f(by)w(z,y)dydz
d—c a Jc d—c a Jc
// (d—vy) f(z,c) xydydxf //
b—a a Jc

y—c) f(z,d)w(z,y)dyde

= a;:a))(cl_c / / H (w,a,¢,a1,e157,2) fro (1= 1) a4 arr, (1 - 2) ¢ + e12) dzdr
+W/ / H (w,ay,¢,b,c157,2) frz (1 —r)ar +br, (1 — 2) ¢ + ¢12) dzdr
+W//Hwa61 ar,d;7,2) frz (1 =7) a +arr, (1 = 2) e1 + d2) dzdr
+W//Hwal c1,b,d; 7, 2) fro (1 —7) a1 +br, (1 = 2) e1 + dz) dzdr,
where

b
H (w,a,7,B8,0;1,2) = / / (b—2)(d—y)w(z,y)dydr
(1-r)a+pr —z)v+6z

b (1—2)y+dz
/ / (b—) (v~ c)w (2,9) dyd
(1—r)a+pr Je

(1-r)a+pr d
/ (z —a)(d—y)w(z,y)dyde
(1—2)y+d=z
SU — (l

(1 r)a+0r (1- z)’y+6z
/ / —¢)w(a.y) dyda,
(a,7),(B,6) € [a,b] x [c,d].
Proof. The following identities hold
(2.2) f(x,y)—f(a,y)—f(z,c)+f(a,c) = // (x —t)o (y—s) fis (t, s) dsdt,
(2.3)

F (@)~ f (@)~ f (e.d) + f (a,d) = // (¢ = 1) (s —y) fue (t,5) ds,

(2.4)

fxy) = fby) = f(xe)+ f(be) // (t —x) o (y — ) fis (t,5) dsdt
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and

b d
(2.5) f(x,y)ff(b,y)ff(aadHf(b,d):/ / o (t— )0 (5 — y) fua (t,5) dsd,

where o (+) is the Heavyside function defined by
0, u<0
o (u) =
From (2.2), we have

b d
(26) //(b_x)(d—y)f(l“,y)w(x,y)dydm
b d
‘//“’—x)<d—y>f<a,y>w<x,y>dydx

7

b d b d
7//(H)<d—y)f(a:,cm<x,y>dydx+f<a,c>//<bfx><d—y>w<x,y>dydx

/ab/cdav:c)(dy) (/:/Cdo@ct)a(ys>fts<t,s>dsdt>w(w)dydx
:/ab/cd (/tb/sd(b—x)(d—y)w(x,y)dydm) Fos (£, 5) dsdt.

Similarly, we also have

b d
(2.7) / / (b— ) (y— ) f (@,9)w (z,y) dyde

b d b d
—//<b—x>(y—c)f(a,mw(x,y)dydx—//(b—x)<y—c>f<x,d>w<x,y>dydx

b d
+f<a,d>//<b—x><y—c)w<x,y>dydx

:_/:/Cd (/tb/cs(b—x)(y—c)w(x,y)dydl‘> Jis (t,5) dsdt,

b d
(2.8) / / (= a) (d— y) f (@, y) w (2, y) dyda

b d b d
*//(x*a)(d*y)f(b,y)w(x,y)dydx*//(x*a)(d*y)f(fv,C)w(x,y)dydx

b d
+f<b,c>/ / (z —a) (d — y)w (z,y) dyde

/ab/cd (/at/sd(xa)(dy)w(x,y)dydaz> Fro (£, 5) dsdt
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and

/ab/cd(xa)(yc)f(b,y)w(ﬂf,y)dydx
_/b/d(‘”_a)(y o) f (a,d)w (z,y) dydx

—i—fbd//ma w (2, y) dydz
/ / (/ / z—a) wydydw) fis (t, ) dsdt.

From (2.6)-(2.9), we get

(2.10) __[ ac// b—ux) w (z,y) dydz

// b—zx) w (z,y) dydz

bc// x—a) w (z,y) dydx

bd// x —a) acydydx]

// w (z,y) dydx

// x—a) f(by)w(x,y)dydz
//f:z:y (z,y) dydx

//[// (b—x) w (x,y) dydx
// (b—x) w (z,y) dydz
// T —a) w (z,y) dydx

/ / r-a) (z,y) dydz| fis (L, s) dsdt.

(z,y dydm—
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Now

(2.11)

//V/bx i
// (b—2) (y — &) w (=) dyde
// r—a) y) dydz
// z—a) xydyda:}f (t, s) dsdt
//{//bm i
//xa xydydx//ba: w (2, ) dydz
// z—a) :cydyd:c}ft( s) dsdt
s [ [ o
//xa mydyd:c//ba: w (z,y) dydz

/ / T —a) (z,y dydx} fis (t, 8) dsdt

//V/H w (0ry) dyds
//xa xydydm//bx w (z,y) dydz

/ / T —a) (z,y dydx} fis (t,8) dsdt

[// (b—x) w (z,y) dydz
// x—a) w (z,y) dyde — // (b—2x) w (z,y) dydz

/ / (x —a) (z,y dyda?] fis (¢, 8) dsdt.

After making suitable substitutions to the integrals in (2.11) together with (2.10),
we get the required identity. |
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Remark 1. If we take w (z,y) = W’ for all (z,y) € [a,b] X [¢,d], the (2.1)
reduces to

fla,0)+ f(a,d)+ f (bc) + f (b,d) 1 b
(212) tamaaa ), | s

4

(b—a16 —c) [/ / tsfst( —t 1;tb,1gsc+lgsd)dsdt
// sfst<l+t +1;tb,1;Sc+1;sd>dsdt
// fst( ! +1;tb,1;—sc+1gsd>dsdt

// fst( + +1;tb,1;sc+1gsd>dsdt].

The identity (2.12) was established in [16].

ath +d
Corollary 1. If the function w (x,y) is symmetric with respect to “32 and T on
co-ordinates on [a,b] X [c,d], then

b d
(2.13) fla,e)+ f(a,d) + f(b,c)+ f (b,d) +/ / f (@, y)w(z,y) dyda

4
// y—oc)f(z,d)w(z,y)dydz

[ [ wreoven e,
bfa// — ) [ (by)w(@,y) dyde—— // z—a) f(b,y)w(z,y)dydz

:/ / H (w,a,c,b,d;t,s) fis (at + (1 —t) b,es + (1 — s) d) dsdt.

Lemma 3. Let A : C ([a,b] X [¢,d]) = R be a positive linear functional on C ([a,b] X [c, d])
and let e; and k; be monomials e; (x) = z*, kj (y) = v/, x € [a,b], y € [e,d], i

j € N. Let g be a convex function on co-ordinates on [a,b] x [c,d], then the following
inequality holds

(2.14)  A(g(e1,k1))
1

< G—a)d—0 [A((b—e1) (d—Fk1))g(a,c) + A((b—e1) (k1 — ¢)) g (a,d)
+A((e1 —a)(d— k1)) g (b,c) + A((ex —a) (k1 —¢)) g (b, d)] .

Proof. By using the convexity of g on co-ordinates on [a, b] X [¢, d], we obtain

(b_ el)g(aa kl) + (61 — a’)g(bv kl)
b—a

[(b—e1)(d—Fk1) g (a,c)+ (b—e1) (k1 —c)g(a,d)
(e1—a)(d=k1)g(b,c) + (er —a) (k1 — ¢) g (b,d)].

(2.15) g (e, k) <

—_

=b-a@—0
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Since A is a positive linear functional, we get the inequality (2.14) by applying A
on (2.15). O

3. MAIN RESULTS

To make the presentation compact, we will use the following notations for the
next theorem.

a0 Bilaend = [ [ -0 -0 o) s
/a‘“ /: (a1 —2)° (c1 — y)* w (z,y) dydz/al: /:1 (a1 —2)* (1 — y)? w (z,y) dydz

b d
+ / / (a1 — ) (c1 — )% w (@, y) dyde,

82) Brfaco)= | " / " (01— ) (01 — 1) w (@) dyda
I /C:Z(al—m) (e — 9w (e, y) dyda
_/: /;1 (a1 — x) (c1 — y)° w (z,y) dydaH—/: /: (a1 — @) (1 — y)*w (2, y) dyd,

33) Balachd= [ [ (@2 - g dyds

- /:<a1—x>2<c1—y)w(w)dydw—/:/:l (a1 = 2)° (1 — ) w () dyd
+/b/d (a1 — z)? (1 — y) w (2, y) dyda

and

30 Bilacrd)= [ [ @ -0y w o) dyds

—/aal/:ml—x)(cl—y)w(x,y>dydx—[lf/601 (a1 =) (e1 — y) w (@) dyda
+/:/:(a1 —x)(c1 —y)w (z,y) dydx.

Theorem 5. Let f : Q C R2 — R be a twice partially differentiable mapping
on Q° and fis € L([a,b] X [¢,d]), where [a,b] X [c,d] C Q° with a < b, ¢ < d.
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If w: [a,b] X [¢,d] — [0,00) be a continuous mapping and |fis| is conver on co-
ordinates on [a,b] X [c,d], then the following inequality holds

b rd
(3.5) r,y) w(z,y) dydx */ / flar,y)w (z,y) dydz
b rd
—/ / [ (@, c1)w (2, y) dyde + f (a1, c1)
1
< m [| fts (a, )| A1 (a,¢,b,d) + | fis (a,d)| Az (a, ¢, b,d)
=+ |fts (ba C)| A3 (aa c, b, d) + |ftS (bv d)' A4 (a’v ¢, bv d)} )
where
Aq (a,e,b,d) = %Bl (a,c,b,d) + (b —2@1)32 (a,c,b,d)

Lld-a

)33 (a,c,b,d) + (b—ay1) (d—c1) By (a,c,b,d),

1 b—
Az (a,¢,b,d) = 131 (a,c,b,d) + ( 2a1)82 (a,¢,b,d)
+(612 )B3(acbd) + (b—a1)(c1 — ¢) By (a,c,b,d),

1 —
A3 (a7 ¢, ba d) = ZBl (a7 ¢, b? d) + (al 9 a) B2 (CL, ¢, b7 d)

(d — 61)
2

+ Bs (a,¢,b,d) + (a1 —a) (d — ¢1) By (a,¢,b,d)

and

1 _
A4 (CL,C, ba d) = ZBl (a,c, bv d) + (al a) BQ (a,c, ba d)

2
(c1—¢)
+ 2

B3 (aa c, ba d) + (a’l - CL) (Cl - C) B4 (a” G, b7 d) .

Proof. We can write

(3.6) f(z,y) - [, e) + flar, )

// (e—t)o(y—s)—olar—t)o(y—s)

(x—=t)o(c1 —s)+o(ar —t)o(c1 — 8)] fis (L, 5) dsdt
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From (3.6), we obtain

(3.7) //fxy xydydxf//fal, w (z,y) dydx

_/G/Cf(:r,cl)w(x,y)dydx+f(a1761)

:/b/d (/b/dw(x,y)dydx—a(al—t)/ab/sdw(x,y)dydx

(1 — s / / z,y)dydx + o (a1 —t) o (¢1 — s)) fis (t, 8) dsdt

Taking absolute value on both sides of (3.7) and applying Lemma 3,we have

/fxy J;ydydm—//fal, w (z,y) dydx

_/a/cf(x,cl)w(x,y)dydﬁf(al,a)

(3.8)

b pd
w(x,y)dydx—a(al—t)/ / w (z,y) dydz

0(01s)/tb/cdw(x,y)dydx+a(a1t)o(qs)

< m bfts (aa0)|/ab/6d

—U(cl—s)/tb/cdw(x,y)dydx—ka(al—t)a(cl—s)

|fts (tv S)‘ dsdt

b pd
w(x,y) dyde — o (a1 —t) / / w (x,y) dydx

(b—1t)(d— s)dsdt

+ ‘fts(

b pd
w(x,y)dydm—a(al—t)/ / w (x,y) dydx

b pd
—U(cl—s)/t/w(x7y)dydx+a(a1—t)a(cl—5)

1 <b,c>|/ab/cd

—0(01—s)/tb/cdw(x?y)dydm—i-o(al—t)o(cl—s)

(b—1t)(s—c)dsdt

b pd
w(x,y)dydm—a(al—t)/ / w (z,y) dydx

(t —a)(d—s)dsdt

+|fts(a )

b pd
w(x,y)dydx—a(al—t)/ / w (z,y) dydz

les// ,y) dydz + o (ay — t) o (c1 — )

(t—a)(s—c) dsdt] .
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/ / (z,y) dydz

(3.9) w(z,y) dydr — o (a1 —

o (et - // (o 9) iy + 0 (a1 — 1) s — 5)| (= £) (A — ) dd
// ([ [ e oo
( [ [ wes dydx) ) dsdt
( [ [ ws dydx> o) dsdt
// ([ [ vt -0

g=cP oo // o= 0= // i

—c) b @) // (z,y) dydz

(b—2x)

- 5 /a /C 2$) dyd:ch / / (z,y) dydzx
_ 2 ai d _ 2

+ (d 261) / / (b 23:) (z,y) dydm— / / (z,y) dydx

2 ay c1 _ 2

—(b _;1) / / (d 2y) (x,y) dydm—i— / / (z,y) dydz
_ 2 ay 4 d _ 2

+ (b 2a1) / / (d 2y) (z,y) dydx— a1 / / (z,y) dydx
al C1 2

+/ / (d— y) (x,y) dydx — / / (z,y) dydzx
ay d (d _

/ / (z,y dydx—|—/ / (z,y) dydz.

After simplification, we get

(3.10) // // (z,y)dydz — o (a1 —

/ / (z,y) dydz

-5 / / w(z,y)dyde + o (a1 —t)o(c1 —s)| (b—1) (d — s)dsdt
t c
1 b— d—
= 1 Bi(a.c.bd) + %BQ (a,¢,b,d) + %Bg (a,¢,b,d)
+(b—a1)(d—c1)Bs(a,cb,d) = A; (a,c,b,d).
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Similarly, one can get that

b pd
(3.11) w (x,y) dydz — o (a1 — t)/ / w (z,y) dydz

b pd
70(01—5)/t / w(z,y)dyde + o (a1 —t)o(c1 —8)| (b—1) (s — ¢) dsdt

:%Bl(a,qb,d)—i—(b;al)Bg( ,eb,d) + (e )Bg(acbd)
+(b7a1) (Cl 7C)B4 (a,c,b,d) *AQ (a,c,b,d),

b pd
(3.12) w(z,y) dyde — o (a1 —t) / / w (z,y) dydx

b pd
—U(cl—s)/t / w(x,y)dyde + o (ag —t)o (1 — s)| (a —t) (d — s) dsdt

1 — d—
= Z31 (a,c,b,d) + (a12 a)Bg (a,c,b,d) + ( 261)33 (a,c,b,d)

+ (al - Cl) (d - Cl) B4 ((Z, ¢, b7 d) = A3 (a’a ¢, b7 d)

and

b pd
(3.13) w(z,y) dyde — o (a1 —t) / / w (x,y) dydz

(a —t) (s —c)dsdt

b pd
—U(cl—s)/t/w(m,y)dydm—i—a(al—t)a(cl—s)
1

:ZBl(a,c,b,d)—F( 5 )Bg(acbd) (1 5 )Bg(acbd)
+ (a1 —a) (c1 — ¢) By (a,c,b,d) = Aq (a,c,b,d).

Using (3.10)-(3.13) in (3.8), we get the required result. This completes the proof of
the theorem. (]

Corollary 2. Suppose that the assumptions of Theorem 5 are satisfied and that
x,y) is symmetric with respect to “H’ and <2 on co-ordinates. The the following
2
mequalzty holds:

(3.14) /ab/cdf(x,y)ww,y)dydx/j/jf(a ,y>w(x,y)dydx
(s (45250

< (lfis (@, )+ |fes (@, ) + | fus (0, €)[ + | fis (b, )]

//< Hb)(y—czd)w(x,y)dydx.

Proof. Since the function w (z,y) is symmetric with respect to “7“’ and %d on co-

ordinates. Hence the function (a1 — z) (¢1 — y)* w (2, y) is symmetric with respect
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to 22 and <£¢ on co-ordinates, the function (a1 — z) (1 — y)* w (x,y) symmetric
c+d
2

with respect to and the function (a; — x) (¢c1 — y) w (z,y) is symmetric with
respect to %b Therefore, we have

/:1 /:1 (a1—3«”)2 (01—11)2w(SC,y)dydaz::/aa1 /: (al—m)Q (Cl—y)2w(gj7y)dydx
:/: /;1 (a1 —2)* (a1 —y)2w(:v,y)dydx=/: /: (a1 — 2)% (1 — y) w (2, y) dyd,
[ [ @t = [* [ o @0t
/b/01 (a1 — ) (cly)Qw(x,y)dyda:/b/d (a1 — ) (c1 — y)* w (2, y) dydz,
/ / (@1 =) (e —y)w ey dyd“_/ / ay — )% (1 — y) w (x,y) dydz

// (a1 — x) clfy) a:ydydx*// al—m (c1 —y)w (z,y) dyde.

From the above equations, we obtain

B (a,¢,b,d) = By (a,¢,b,d) = Bs (a,¢,b,d) =0

and

4 (a,¢,b,d) = 4/; /c; <JL‘— a;b) <y— C;d) w (z,y) dydz.
Applying the above quantities in (3.10), we get (3.14). O
Remark 2. If we take w (z,y) = S R0) R— (3.5) and g (x,y) is symmetric

J2 8 9(w,y)dyda
with respect to “T“’ and # on co-ordinates, then we get the inequality (1.3).

Theorem 6. Let f : Q C R? — R be a twice partially differentiable mapping on
0° and fis € L([a,b] x [c,d]), where [a,b] X [c,d] € Q° with a < b, ¢ < d. If
w : [a,b] X [¢,d] = [0,00) be a continuous mapping and |fs|* is convex on co-
ordinates on [a,b] X [¢,d] for ¢ > 1, then the following inequality holds

/fxy xydydx—//fal, w (z,y) dydx

b d
—/ / f (@ er)w (@) dyde + f (a1,01)

(3.15)

1

<4 (/b /d <x—an(y—cl)w(x,y)dydx)l_q ((b_)l(d_))

X (| fis (a,¢)|" Ay (a,¢,b,d) + | fis (a,d)|? Aa (a,c,b,d)
+ |fts (ba C)|q A3 ((Z, ¢, b7 d) + |fts (bv d)lq A4 (G7C, b7d)] )

Q=



TWO VARIABLES VERSION OF HERMITE-HADAMARD TYPE INEQUALITIES 17

where Ay (a,c¢,b,d), Az (a,c,b,d), Az (a,c,b,d) and A4 (a,c,b,d) are defined in The-
orem 5.

Proof. An application of Holder inequality in (3.8) yields that

b d
(3.16) l’,y)W(fE,y)dydx*/ / f (a1, y) w(z,y) dydx

_/b/df(x,cl)w(l",y)dydﬁﬁ+f(alacl)

w(x,y)dydr — o a1—t// (z,y) dydx

dsdt)

w (z,y) dyde — o (a1 —t) /a /S w (z,y) dydz

cl—s// (z,y)dydz + o (a1 —t)o (c1 —s)
(L

—a(c1—s)/tb/cdw(x,y)dydx—i-a(al—t)a(q—s)

1
q

| fis (t,8)]7 dsdt)

Applying Lemma 3, we have

b pd
(3.17) w (x,y) dydr — o (ag — 1) / / w (z,y) dydz

| fes (t,5)|? dsdt

—U(cl—s)/tb/cdw(x,y)dydx—i-a(al—t)cr(cl—s)
1

S m Hfts (a,c)|q A1 (a, C, b, d) + |fts (a,d)|q A2 (CL, C, b, d)
+1fis (b,0)|" A3 (a, ¢, b,d) + | fis (b, d)|? Ay (a,c,b,d)].

On the other hand, we also have

b pd
(3.18) w(x,y) dydr — o (ag — 1) / / w (z,y) dydz

dsdt

—a(cl—5)/tb/cdw(x7y)dydm+a(a1—t)o(cl—s)

/ / </t/sw(x,y)dydx> dsdt—«—/b/c1 (/b/sw(x,y)dydx> dsdt
I (// ,ydydgdsm/m/q (// xydydx)dsdt
4// (2 — 1) (y — 1) w (2, y) dyd.
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A combination of (3.16)-(3.18) gives (3.15). This completes the proof of the theo-
rem. ]

Remark 3. If w(z,y) is symmetric with respect to “T'H’ and %d on co-ordinates,

then from (3.15), we obtain the following inequality

b d b d b
//f(x,y)w(x,y)dydxf/ / f(iw)w(%y)dydx
bord d b d
(5wt r (50 )|

|fes (@, 0" + | fus (a, )T + | fus (b, )" + | fos (b, d)lq] 0

4
b d
a+b c+d
—~ —~ dydz.
X/;b/gd <x 5 )(y 5 )w(w,y) ydz

Remark 4. If w(z,y) = % and g (x,y) is symmelric with respect to

‘ITH’ and %d on co-ordinates, then the inequality (3.15) reduces to the result proved

in [18].

(3.19)

2

For our next results, we use the following notations.

b d
B2) Wl f) = G [f(a,c) [ ] o-0@-weydyis

o)
b d b d
+f (a,d) / / (b— ) (y — ) w (z,y) dyda-+f (b,) / / (& — a) (d — y)w (z, y) dyde

+f<b,d>/ab/j<m—a)(y—c)w(x,wdyda: +Lb/6df<x,y>w<x,y>dydx

1
b—a
1
d—c

/ab/Cd(b—x)f(a,y)w(x,y)dydx—b_la/ab/Cd(a:—a)f(b,y)w(x,y)dydx

/ab/cd(dy)f(:z:,c)w(z,y)dyda:diC/ab/cd(yc)f(x,d)w(gg,y)dydx.

It is clear from (3.20) that

1 _ fla,0) + f(a,d) + [ (bc) + f (b,d)
02 ¥ (Ggia) - i
b d
-5 | V@ Fealdr— s [ @)+ £ 0y

Jr(b—a)l(d—c)/ab/cdf(m,y)dydz.
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We also use the following notations

sup{frz (a,¢), frz (a1,¢), frz (@, 1), frz (a1, 1)} = m (a,¢,b,d),
sup{fr= (a1,¢), frz (a1, c1), frz (b,¢) s frz (b, c1)} = m2 (a,c,b,d),
sup{frz (a,c1), frz (a,d), frz (a1, ¢1) , frz (a1, d)} = 3 (a, ¢, b,d),
sup {frz (a1,¢1), frz (a1,d) , frz (b 1), frz (b,d)} = mu (a,c,b,d).

The next result gives upper bound of |V (w, f)| when the function f (z,y) is quasi-
convex on co-ordinates.

Theorem 7. Let f : O C R? = R be a twice partially differentiable mapping on
Q° and fis € L(|a,b] x [c,d]), where [a,b] X [¢,d] C Q° with a < b, ¢ < d. If
w : [a,b] X [e,d] — [0,00) be a continuous mapping and |fis| is quasi-convex on
co-ordinates on [a,b] X [c,d], then the following inequality holds

(3.22)
a; —a)({cp —¢C ! !
| (w, f)] < ((b—a))((d))m (a,c, b,d)/ / |H (w,a,c,a1,c1;m, 2)| dzdr
+W (a,c,b,d) / / |H (w, a1, ¢,b,cq;r,2)| dzdr

(a1 —

(;ng(acbd//|Hwacl,a1,drz)dzdr
c

)
w a,c w,ay, C N zar
O ) [ [V a2z

Proof. Since | fis| is quasi-convex on co-ordinates on [a,b] X [c, d], we have

fro(=m)a+air,(1—2)c+c12)
<sup {frz (a,c) s fra (alvc)mfrz ((1,61) y frz (alacl)} =m (a,c, b, d) )

frz (A =71)ay +br,(1 —2)c+ c12)
< sup {fTZ (0’170) ) f?”Z (alvcl) ’ f?”z (b,C) 7f7"z (bv Cl)} =12 (CL,C, ba d)a

fro(=7)a+a1r, (1 —2) 1 +dz)
< SuP{frz (avcl) s frz (a’d)afrz (alacl)’frz (al,d)} =173 (a,c, b, d)

and
fre(U=7)ay +br,(1 — 2) c1 +dz)
S sup {f?“z (a17 Cl) ) f?“z (ala d) ) f?“z (b7 Cl) ) f?'z (b7 d)} =4 (CL, C, b’ d)
for all (r,z) € [0,1] x [0,1]. Hence the inequality (3.22) follows from (2.1). O

Theorem 8. Let f: Q C R?Z — R be a twice partially differentiable mapping on
Q° and fis € L([a,b] x [c,d]), where [a,b] X [¢,d] C Q° with a < b, ¢ < d. If
w : [a,b] X [¢,d] — [0,00) is a continuous mapping symmelric with respect to QTH’
and <52 on co-ordinates and |fs| is quasi-convez on co-ordinates on [a,b] x [c,d],
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then the following inequality holds

b d
(3.23) |f(a’c)+f(a’d)4+f(b’c>+f(b’d) +/ / f(z,y)w(z,y) dyde

bia/ab/cd@x>f<a,y>w(x,y>dydxbia/ab/cd(xa)f@,y)w(x,y)dydm
/b/cd(d—y)f(:li,c)w(lf,y)dyd:z:—i/b/d(y_c)f(x7d)w(z,y)dyd$

d-c @
</ / (x—a)(y—c) (xy)dydz)
et s (5520) (a”d) (505
s { g (S50 e (5051 e 0, fm(,”d>}
+Sup{f7z (a’ C;d) f7z(a7d) frZ <Cl/—"_b7c+d> f7Z( >}

+Sup{frz <m7c+d) frz (M ) frz ( 7c+d> frz (b,d)}:|

Proof. The symmetry of w (z,y) with respect to “T'H’ and C'*z'—d on co-ordinates gives

(324) @ (w,f) = L@+ (ad) : f(b,e) + [ (b.d)

b pd b pd
[ [ teweedds s [ f @)l dyds

1 b pd 1 b pd
— // b—x)f aywmydydx— // (z—a) f(by) w(z,y)dyde

b—a b—a

// (d—y) f(x,c) xydydx— // y—oc) f(z,d)w(z,y)dydx.
d—c
We also observe that

W/ / |H (w,a,c,a1,c1;m, 2)| dzdr

- b—a) fc/ /
—// <xfa><y—c>w<x,y>dydx—/t/c<xfa><y—c>w<x,y>dydx

Jr/td/:(z“) (y — ) w(z,y) dydzx

(x—a)(y—c)w(x,y)dydz

dsdt,
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(l() ;élcil / / |H (w, a1, ¢,b,c5r, 2)| dzdr

) // ‘// z-a) w (z,y) dydx
// z—a) w (2, y) dydr — // - a) w (@) dyds
// z—a) w (z,y) dydz

_ _ 11
11) a))(d cl//\Hwalcbclrzﬂdzdr
a

(x—a) w (z,y) dydx
// (x —a) w (z,y) dyde — // (z —a) w (z,y) dydz
// T —a) w (x,y) dydz

and

(IZ ;Ed Cl//|Hwa1 c1,b,d;r, 2)| dzdr

21

dsdt,

(

S

| =

dsdt

(z —a) (z,y) dydzx
/ / (x —a) (z,y) dydx — / / (x —a) (z,y) dydzx
/ / (z —a) (z,y) dydzx

Consider the function p : [a,b] X [¢,d] — R defined by
t s
pts) = [ [ -0 - oy dyds

_/at/sd(l”—a)(y—c)w(x,y)dydx—/tb/cs(x_a)(y_c)w($7y>dydx
+/td/:(x_a) (y — c)w (v,y) dydz.

dsdt.

Then

ps(t,8) =(b—a)(d—c)w(t,s) >0,(ts) €la,b] X [c,d]
This shows that p (¢, s) is an increasing function on [a, b] X [¢, d] and

p(alacl) =0.
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Now it is easy to see that

(alfa clfc

/ |H (w,a,c,a1,c1;m, 2)| dzdr

(b—a)
B (b—al)(cl—c / /
DI |H (w,ay,¢,b,cq;r, 2)| dzdr
= W/ / |H (w,a1,c¢,b,c1;r, 2)| dzdr
(b 1) (d —C1 / /
= H(
b—a)(d— |H (w, a1, c1,b,d;r, 2)| dzdr
a+b r-¢2-d
- [ [T e-aw-uyds
Hence the inequality (3.23) follows from the inequality (3.22). O

4. APPLICATIONS TO RANDOM VARIABLES

Let 0 <a<b 0<c<d af € Rand let X and Y be two independent
continuous random variables having the bi-variate continuous probability density
function w : [a,b] X [¢,d] — [0,00). The a-moment of X and the S-moment of YV’
about the origin are respectively defined as follows

b d
E, (X) :/ twy (t) dt, Eg (Y) :/ sPw, () ds
which are assumed to be finite, here wy : [a,b] — [0,00) and ws : [¢,d] — [0,00)

are the marginal probability density functions of X and Y. Since X and Y are
independent random variables, we have

w(t,s) =w (t) wa(s)
for all (¢, s) € [a,b] X [¢,d]. Hence

E.p5(XY) //t"‘ P (t, s) dsdt = (/ t%wy (t)dt) (/cdsﬁwQ(s)ds>

= Eo (X)Eg(Y).

With the above notations, it is obvious that
E(X) fE(Y)
B (a,¢,b,d) = / / (E(X) - a:)2 (E(Y)— y)2 w (x,y) dydz
a c
X) 2 2
[ [ B - W) - ) dyde
a E(Y)

b E(Y)
B /E(X) / (B(X) =2 (E(Y) = y)* w(z,y) dyd

b
2 2
i /E(X) /E(Y) (B(X) —2) (E(Y) —y) w (2,y) dyda,
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E(X) pE(Y)
By (a,¢,b,d) = / / (E(X) =) (B(Y) —y)*w (x,y) dyde
BX)
_/ / (E(X) =) (E(Y) - y)*w (z,y) dydz
a E(Y)
b E(Y)
_/ / (BE(X) —2)(B(Y) —y)w(z,y) dydz
B(X)

/E(X)/ E(Y) —y)’w(x,y) dyde,

/ / B(Y) ~y)w (e,y) dyd
E(X) E(Y)
and
E(X) pE(Y
(a,c,b,d) / / E(Y) -y w(z,y)dydx
E(X) pd
/ EY)—y)w(z,y)dydx
E(Y)

b E(Y)
/ / (B (X) — 2) (1 — y) w (2, y) dydz
E(X

/ E(X) /E(Y EY)—-y)w(z,y)dydz.

Moreover, we get that

(b— E(X

1
Ay (a,c, b, d) = ZBI (avca b, d) + 2 ))B2 (a,c,b, d)

_,_@Bg(a,c,b,d)—f—(b—E(X)) (d— E(Y)) Ba(a.c,b,d),

As (a,e,b,d) = %Bl (a,c,b,d) + WBQ (a,c,b,d)
+ %Bg (a,c,b,d) + (b— E (X)) (E(Y) —¢) By (a,¢,b,d)

(E(X) —a)

1
A3 (aa ¢, b7 d) = ZBl ((1, ¢, b7 d) + 9

+ WB;; (a,¢,0,d) + (E(X) —a)(d = E(Y)) By (a,¢,b,d)

B2 (a7 C, ba d)
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and
Ay (a,c,b,d) = iBl (a,c,b,d) + %)—(1)32 (a,e,b,d)
+ B2 e b,d) 4 (B(X) —a) (B (V) ~ ) By a,0..d).

Now we give some applications of our result to random variables.

Theorem 9. The inequality

(4.1)  |Ea (X)Es(Y) — [E(X))" Bs (Y) — Ba (X) [E(Y))” + [E (X)]" [E(Y)]B‘

of

S0 a@d—o [a® 11 Ay (a,¢,b,d) + a® 1 dP Ay (a, ¢, b, d)

+b2 1P Ay (a, e,b,d) + 021V Ay (a,¢,b,d)]

holds for 0 < a < b, 0 < ¢ < d and a, > 2, where A; (a,c,b,d), As(a,c,b,d),
As (a,¢,b,d) and A4 (a,c,b,d) are defined above.

Proof. Let f(t,s) = t*s” on [a,b] x [c,d] for a, B > 2, we observe that |fi, (¢,5)] =
apBt*=1s7~1 is convex on co-ordinates on [a,b] x [c, d].

Now
b pd b pd
/ / f(ts)wl(t,s)dsdt = / / t*sPwy (t) wy () dsdt
b

d
< / t%wy (t) dt) ( / sPwy (s) ds> = E,(X)Ez(Y)

b d
//fmﬁMWMMZWMW%W%

b d
/ / Ften)w(t, s)dsdt = Ea (X)[E (V)]

and
flar,en) = [E (X)) [E(Y)).
Hence the inequality (4.1) follows from the inequality (3.5). O
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