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INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
GA-CONVEX FUNCTIONS

S. S. DRAGOMIR!:2

ABSTRACT. Some inequalities of Hermite-Hadamard type for G A-convex func-
tions defined on positive intervals are given.

1. INTRODUCTION

Let I C (0,00) be an interval; a real-valued function f : I — R is said to be
GA-convez (concave) on [ if

(1.1) FETN) () A =N f @)+ A ()

for all z,y € I and X € [0, 1].
Since the condition (1.1) can be written as

(1.2) foexp(1=A)lnz+Alny) < (Z)(1—A)foexp(lnz)+ Af cexp(lny),

then we observe that f: I — R is GA-convezx (concave) on [ if and only if f o exp
is convex (concave) on InJ :={Inz,z € I}.If I = [a,b] then In] = [lna,Inbd].
It is known that the function f (z) =1In (1 + z) is GA-convex on (0, 00) [4].
For real and positive values of =, the Fuler gamma function I' and its logarithmic
derivative v, the so-called digamma function, are defined by
o > x—1_—t o F/ (LU)
I'(x): /0 t" e 'dt and ¢ (z) : T()

It has been shown in [54] that the function f : (0,00) — R defined by

£ ) = (@) + o

is GA-concave on (0,00) while the function g : (0,00) — R defined by

1 1

9(2) =¥ (@) + 5+ 152

is GA-convex on (0,00) .
If [a,b] C (0,00) and the function ¢ : [lna,Inb] — R is convex (concave) on
[lna,lnbd], then the function f : [a,b] = R, f () = g (Int) is GA-convex (concave)

on [a,b].
Indeed, if 2,y € [a,b] and A € [0,1], then
f (:L“k)‘gf‘) = g(n (:ck)‘y)‘)) =g[(1=X)Inz+ Any]

< (2) A=A g(nz)+Ag(lny) = (1-A) f(z) +Af ()

showing that f is GA-convex (concave) on [a, b].
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2 S. S. DRAGOMIR™?
We recall that the classical Hermite-Hadamard inequality that states that

a b a
(1.3) f( ‘2”)><b_1a/ foar < OO

for any convex function f : [a,b] — R.
For related results, see [1]-[20], [23]-[25], [26]-[35] and [36]-][46].
In [54] the authors obtained the following Hermite-Hadamard type inequality.

Theorem 1. Ifb > a > 0 and f : [a,b] — R is a differentiable GA-convex (concave)
function on [a,b], then

b _ _
() FU @) < @) [ Fudes () 58 EOED 0.
The identric mean I (a,b) is defined by
LB\
I(a,b):= - <aa)

while the logarithmic mean is defined by

L(a,b) = —2—¢

Inb—1Ina’

The differentiability of the function is not necessary in Theorem 1 for the first
inequality (1.4) to hold. A proof of this fact is proved below after some short
preliminaries. The second inequality in (1.4) has been proved in [54] without dif-
ferentiability assumption.

2. PRELIMINARIES

We recall some facts on the lateral derivatives of a convex function.

Suppose that [ is an interval of real numbers with interior I and f:I—Ris
a convex function on I. Then f is continuous on I and has finite left and right
derivatives at each point of I. Moreover, if 2,y € I and z < y, then f. (z) <
fi(x) < fL(y) < fy (y) which shows that both f’ and f! are nondecreasing
function on I. It is also known that a convex function must be differentiable except
for at most countably many points.

For a convex function f : I — R, the subdifferential of f denoted by Of is the

set of all functions ¢ : I — [—00, 00] such that ¢ (I) C R and

f(x)> f(a)+ (z—a)p(a) for any z,a € I.

It is also well known that if f is convex on I, then Jf is nonempty, f’, fi € 0f
and if p € 3f, then

fL(x) < o (x) < f} (x) for any € 1.
In particular, ¢ is a nondecreasing function.
If f is differentiable and convex on I, then df = {f'}.
Now, since f o exp is convex on [lna,Ind] it follows that f has finite lateral
derivatives on (Ina,lnbd) and by gradient inequality for convex functions we have
(2.1) foexp(z) — foexp(y) = (z —y) ¢ (expy) expy

where ¢ (expy) € [f_ (expy), f’ (expy)] for any z,y € (Ina,Inb).
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If s,t € (a,b) and we take in (2.1) x = Int,y = In s, then we get
(2.2) ()= F(s) > (nt—Ins)p(s)s
where ¢ (s) € [f’_ (s), [ (s)} .

Now, if we take the integral mean on [a, b] in the inequality (2.2) we get

b b
ﬁ/ f@)dt— f(s) > (b—la/ lntdtlns><p(s)s

1 b
m/ﬂ Intdt =1Inl (a, b)

and since

then we get

1
b—a

b

(2.3) / f@)dt>f(s)+(Inl(a,b) —Ins)p(s)s
for any s € (a,b) and ¢ (s) € [f_ (s), ;. (s)] . This is an inequality of interest in
itself.

Now, if we take in (2.3) s = I (a,b) € (a,b) then we get the first inequality in
(1.4) for GA-convex functions.

If f is differentiable and GA-convex on (a,b), then we have from (2.3) the in-
equality

1

(2.4) —

b
/ f@dt> f(s)+ (Inl(a,b) —Ins)f (s)s

for any s € (a,b).
If we take in (2.4) s = 22 = A(a,b), then we get

b a
(2.5) bia/ F@)dt> f(A(ab) - f' (A(a,b))A(a,b)ln(f((a’é’D.
If we assume that f’ (A (a,b)) <0, then, since I (a,b) < A(a,b), we get
1 b
(2.6 o [ Tz f (A

provided that f is differentiable and GA-convex on (a,b).

Also, if we take in (2.4) s = L (a,b), then we get
1(a,b)
L (a,b)

b
(2.7) ﬁ/ f@®)dt> f(L(a,b))+ f'(L(a,b))L(a,b)ln <

If we assume that f' (L (a,b)) > 0, then we get from (2.7) that

).
bia/abf(t)dth(L(a,b))

provided that f is differentiable and GA-convex on (a,b).
Now, if we take in (2.4) s = vab = G (a,b) , then we get

(2.8)

1
bh—

b
(2.9) - / f @) dt > f(G(a,b)) + f' (G(a,b))G (a,b)In (
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Since

In (é((‘;?)) =1n7(a,b) —InG (a,b)

blnb—alna _q— Ina+Inb

b—a 2
_atblnb—Ina A(a,b)—L(ab)
2 b—a B L(a,b) ’

then (2.9) is equivalent to

Al(a,b) — L(a,b)
L(a,b)

1 b
210) o [ 0dz [(G @)+ (GG
If /(G (a,b)) > 0, then we have

b
(2.11) ﬁ/ F)dt > £(C(a,b)

provided that f is differentiable and GA-convex on (a,b).

Motivated by the above results we establish in this paper other inequalities of
Hermite-Hadamard type for GA-convex functions. Applications for special means
are also provided.

3. NEwW RESULTS

We start with the following result that provide in the right side of (1.4) a bound
in terms of the identric mean.

Theorem 2. Let f : [a,b] C (0,00) — R be a GA-convex (concave) function on
[a,b] . Then we have

' —nita a nl(a,b)—Ina
(3.1) ﬁ/ f(t)dtg(z)(lnb In1 (a,b)) f (a) + (In1 (a,b) — Ina) f (b)

Inb—1Ina

_b—L(a,b) L(a,b)—a
= ﬁf@*‘ﬁf@)-

Proof. Since is a GA-convex (concave) function on [a,b] then f oexp is convex

(concave) and we have
Inb—1Int)l Int —1 Inb
(3.2) f(t) — foexp(lnt)foexp<(n nt)ﬁ;ffnnat “a)“)
< () (Inb—1Int) foexp(Ina) + (Int —Ina) f oexp (Ind)
- T Inb—Ina
(Inb—1Int) f(a) + (Int —Ina) f (b)
Inb—Ina

for any t € [a,b].
This inequality is of interest in itself as well.
If we take the integral mean in (3.2) we get

b
bia/ oL

(nb— 545 [V mtdt) f (@) + (55 [/ ntdt —na) £ (0)

Inb—1Ina

< (=)
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and since
b

1
m . Intdt = hl](a,b),

then we obtain the desired result (3.1).
Now, we observe that

Inb—Inl(a,b) Inb—tib=alna g

Inb—Ina Inb—1Ina
_ (b—a)lnb—blnb+alna+b—a
(b—a)(Inb—1na)
_b—a—a(lnb—1Ina)
~ (b—a)(Inb—1Ina)
L(a,b)—a
 b—a

and, similarly
In/(a,b) —Ina b— L(a,b)

Inb—Ina b—a ’
which proves the last part of (3.1). O
If f:1C(0,00) — Risa GA-convex (concave) on I then we have the inequality
fla)+fy
(33 (v < (z) 1D W

for any x,y € I.

The following refinement of (3.3), which is an inequality of Hermite-Hadamard
type, holds (see [44] for an extension for GA h-convex functions). For the sake of
completeness we give here a short proof.

Lemma 1. Let f : [a,b] C (0,00) — R be a GA-convex (concave) function on
[a,b] . Then we have

(34) f(\/@ = (2) lnbilna/ fit)dtg <Z)M'

Proof. By the definition of GA-convex (concave) functions on [a, b] we have

(3.5) F(a720%) < (2) (1= A) f(a) + Af (b)

for any X € [0,1].
Integrating the inequality (3.5) on [0, 1] we get

1 1 1
(3.6) /O f (a0t dx < (Z)f(a)/o (1—/\)d)\+f(b)/0 AdA.
Since

1 1 1
/ (1-MNd = [ M=
0 2

0
and, by changing the variable ¢t = a'=*b*, A € [0, 1], we have

s 1 o)
/0 ac /\b)\)d/\zlnb—lna/a ¢

then by (3.6) we get the second inequality in (3.4).
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By the inequality (3.3) we have
(3.7) ¥ (\/@) —f (w/alf/\b)\a)\blf)) < (2)1 [f (220" + f (a*b)]

for any A\ € [0,1].
Integrating the inequality (3.7) [0, 1] we get

B8)  7(Vab)<(2); [ / @) da / (@) dA} -

[\

2

Since

/1f (ab' ) dr = /1f (@' 20Y) dA = ! /b I8 g
0 ) ~Inb—1Ina J, t ’
then by (3.8) we get the first inequality in (3.4). O

Remark 1. The inequality (3.3) can be also written for any d > ¢ > 0 with ¢,d € I
as

39 F(Ved) < @) [ rEea)ans () 9T,

provided GA-convex (concave) function on I.
We have the following representation result:

Lemma 2. Let g: [z,y] — C be a Lebesgue integrable function on [z,y]. Then for
any A € [0, 1] we have the representation

(3.10) /Og[(l—t)z+ty]dt:(1—)\)/0 g1 =) (1= A) 2+ My) + ty] dt

+)\/1g[(1—t)zr:+t((1—)\)as—i—)\y)]dt.

Proof. For A =0 and A = 1 the equality (3.3) is obvious.
Let A € (0,1). Observe that

1
/0 gl(l—1t) Ay + (1 =X z)+ty]dt

:/0 Gl =N+ 1) y+ (1—1) (1= A a] dt
and ) )
/g[t()\y+(1—)\)x)+(1—t)x]dt:/ g [ty + (1= Xt) ] dt.
0 0

If we make the change of variable u := (1 —¢) A + ¢ then we have 1 — u =
(1—=%)(1—=X) and du = (1 — A) du. Then
1 1 1
/ o1 =OA+0y+(1=0) (1= Naldt = 1= [ glu+ (1 —w)aldu.
0

If we make the change of variable u := At then we have du = Adt and

1 A
/O g[t)\y—&-(l—/\t)m]dt:%/o gluy + (1 — w) o] du.
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Therefore
(1—>\)/ gl =) O+ (1= N )+ ty dt
0
1
+>\/ gty + 1 =N z)+ (1 —t)z]dt
0
1 A
— [ gl @-waldut [ gluy+ (- u)a]du
A 0
:/ gluy + (1 — w) 2] du
0
and the identity (3.3) is proved. O

Corollary 1. Let f : [a,b] C (0,00) — C be a Lebesgue integrable function on
[a,b] . Then for any X\ € [0,1] we have the representation

(3.11) /0 f(a'™*b%) ds

—(1- /\)/Olf <[a(1’\)bA]1S bS) ds+a | f (aH [a(l’”b’\]s) ds.

Proof. Using (3.10) we have
/1 f (al_sbs) ds
0
1
:/ foexp((1—s)lna+ slnbd)ds
’ 1
:(1—)\)/ foexp[(1—¢) (1 —=A)Ina+ Alnb) + tInd]dt
0
+>\/1foexp[(1—t)lna+t((1—)\)lna+>\lnb)]dt
0
1
=(1-A oexp [(1—¢)In | M| +¢lnbd|d
1 )/Of ep[(l 0 [a ]+t }t

+ )\/01 foexp {(1 —t)lna+tln [a(l_’\)b/\” dt

—(1-)) /Ojf <[a<u>b*} >dt+>\/011f (a <1 Wﬂ )d
:(14)/0 f<[a(1’\)b’\} >ds+>\/0 f(a <1 AW} )d

and the identity (3.11) is proved. O

We are able now to provide a refinement of (3.4) as follows:



8 S.S. DRAGOMIRY2

Theorem 3. Let f : [a,b] C (0,00) — R be a GA-convex (concave) function on
[a,b]. Then for any A € [0,1] we have

(3.12) f(\/(%) <(>) (1—A)f(a%b%) +f (a7 0%)

/ f(t
lnb—lna

< (2)3 @) + (0= N £ )+ (@]

SRYIGEY 0}

Proof. We prove the inequalities only for the GA-convex case.
Using the inequality (3.9) we have

7 (Val=30) < /1f ([0~ ) s < L (@) 1)

0 - 2

that is equivalent to

(3.13) f (al?bkzl) < /01 f ([au,\b,\]l—s bs) ds < / (al‘Ab;) +f (b)7

for any X € [0,1].
We also have

f (m) < /olf (alfs [alf)\b)\]s) ds < Fla)+ f (a*2Y)

2

that is equivalent to

(3.14) f (a*b*) < /0 1 f (al_s [al—xbx]s) ds < f(a)+f2(aHbA)

for any A € [0,1].
If we multiply (3.13) by 1 — X and (3.14) by A and add the obtained inequalities
we get, by the identity (3.11), that
A A b )

(1-A)f(a%b%)ﬂf (az;
' alfsbs) ds
s/o f(

f (aI*Ab;) + f(b) N )\f (a) + f2(a1*’\b)‘)

[f (a'20) + (1= A) £ (B) + Af (a)]

[

<

—~
—_

—A)

N |

for any A € [0,1].
This proves the second and third inequalities in (3.12).
By the GA-convexity we have

A

(L= f (T 0 ) 4 ar (a'F03) =

which proves the first inequality in (3.12).
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By the GA-convexity we also have

% [ (a'20) + (1= X) £ (b) + Af (a)]
< %[(17)\)f(a)+>\f(b)+
_ @)+ f(b)

2 b

which proves the last inequality in (3.12).

Corollary 2. With the assumptions of Theorem 3 we have

(3.15)

215 [f (a0) + 7 (atel)]

(2) lnbilna/a fit)dt

(2)1 'f(m)Jrf(be(a)

2

4. RELATED RESULTS

The following result also holds:

Theorem 4. Let f : [a,

|

(1 =X f () +Af(a)]

9

b] C (0,00) — R be a GA-convex (concave) function on

[a,b]. Then for any t € [a,b] we have
f(s
(4.1) Inb— lna/
< (Z)5 {f(t)—i— f () (Ind— l?;?)t{n(z) (Int —Ina)
< (@210,

Proof. We give a proof only for the GA-convex case.
From the inequality (2.2) we have that

(4.2)

f&)=f(s) =

for any s € (a,b) and t € [a,b].
We divide by s > 0 and integrate on [a, b] over s to get

(4.3)

b
1
t)/ L

for any ¢ € [a,b].
However

(Int —1Ins) fi (s)s

b b
/aéds:lnb—lna,/af;(s)dszf(b)—f(a)

and
b
/ fi(s)Insds =

ls| /f

b)Inb— f(a )lna—/

a

b

f(s)

_/:ff)dsz </abf'+ (s)ds> 1nt—/abf’+(s)1nsds

ds.
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Therefore, by (4.3) we get

b
f(@)(Inb—1na) —/ f(s)ds

S

b
> (f(b)—f(a))lnt—f(b)lnb+f(a)1na+/ fiS)dS

a

namely

" f(s)

S

£ (Inb—1na) — (f (b) — £ (a))Int+ f (b)Inb— f (a)Ina > 2/ ds,

a

which can be written as

"1 (s)

S

f@)(nb—1Ina)+ f(b)(Inb—1nt) + f(a) (Int —Ina) > 2/ ds

a

and the first inequality in (4.1) is proved.
Using (3.2) we have

f () (Inb—Int)+ f(a)(Int —Ina)

F®+ nb—Ina

< (Inb—1nt) f(a) + (Int — Ina) f (b)

- Inb—1Ina
f(b)(Inb—1Int)+ f(a) (Int —Ina)

+ Inb—1Ina

= f(a)+ f(b)

for any t € [a,b] that proves the last part of (4.1).

By taking the integral mean in the inequality (4.1) we have:

Corollary 3. With the assumptions in Theorem 4 we have

1 " f(s)
(44) lnb—lna/a s &

b nb—1Inl(a a)(InI(a,b) —lna
S(Z);lbia/f(t)dt—kf(b)(lb ”(’Q;f{n(am I(a,b) ~Ina)

Since a simple calculation reveals (see the proof of Theorem 2) that

f(®)(Inb—1InI(a,b))+ f(a)(InI (a,b) —Ina)
Inb—Ina
L(a,b) —a b—L(a,b)

= ﬁf(bHﬁf(a),
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then the inequality (4.4) is equivalent to

1 "1 (s)
(45) lnb—lna/a s &

g(z)% [bia/bf(t)dtJer(b)Jer(a)
S(Z)M

2
Remark 2. Taking specific values for t € [a,b] in (4.1) we get the following results

f(s
(4.6) Inb— lna /
a

+b\  f(b) (Inb—In%) + f(a) (In2$2 —Ina)
SQH{%:2)+ ]

Inb—1Ina
NRYIOESIC]
a1 gt [ e s e[ (v + L)
RYIOESID
(4.8) lnbllna/bf(S)
[ b) (nb—In 1 (a, lz;l)i+{n(§) (InT (a,b) lna)}
§p<mw» L%“ HED =t P )
SRYICESIC)

and

1 " f(s)
(49) lnb—lna/a s &

< (Z)% [f (L(a,b)) + f(b)(Inb—1InL(a,b))+ f(a)(InL(a,b) —Ina)

Inb—1Ina
HRYICEIU)

Now, observe that

F () (Inb—1Int)+ f(a)(Int —lna) =0
iff

_ f(O)Inb— f(a)lna pf(®) T
Int = T =/ (a) =1In <@f(”)> ’
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which is equivalent to

pf(®) \ T
- (af(a) ) ’

pf () \ TO=T@
— (af(“)) € [a, b]

Therefore, if

then by (4.1) we get

1 b f(s) 1 pf () \ T
. <(>) = —
(4.10) lnb—lna/a s ds < (_)2f (af(a))

The following result also holds

IN
v

Theorem 5. Let f : [a,b] C (0,00) — R be a GA-convex (concave) function on
[a,b]. Then for any t € [a,b] we have

a1y [f (t) +

b—a

_a/‘f 1n5d5< _a/f )hm].a

Proof. We give a proof only for the GA-convex case.
Integrate over s in the inequality (4.2) to get

— In a a nit—1na b
f(B)b(nb—1Int)+af (a) (Int —1 >}_ ia/f(s)ds

1
2

b b b
(4.12) f@ (b—a)—/ f(s) dszlnt/ IL(s) sds—/ fL (s) slnsds

for any ¢ € [a,b].
Observe that, integrating by parts in the Lebesgue integral, we have

/f+ )sds = bf (b) - af (a /f

and

b

b
/ fL(s)slnsds = f(b)blnb— f(a)alna — slns)' f(s)ds

(s)
Ins+1)f(s)ds

lnsdsf/ (s

(
b
(

alna —

= f(b)blnb— f(a

@atna- |
:f(b)blnb—f(a)alna—/
@atna— [
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Using the inequality (4.12) we get

b b
—f(b)blnb—l—f(a)alna,—l—/ f(s)lnsds+/ f(s)ds
bf(b)lntaf(a)lntlnt/bf(s)ds
—f(b)blnb+f(a)alna—i—/bf(s)lnsds+/bf(s)ds

that is equivalent to
b
F()(b—a)—bf (B)Int+af (@)Int+ f(5)blnb— f(a)alna— 2/ F(s)ds
b b
> / f(s)Insds — lnt/ f(s)ds,
namely
b
f@b—a)+fO)b(nb—1Int)+af (a)(Int —Ina) — 2/ f(s)ds
b b
> / f(s)Insds — lnt/ f(s)ds,
for any t € [a,b] and the inequality (4.11) is proved. O

Corollary 4. Let f : [a,b] C (0,00) — R be a GA-convex function on [a,b]. Then

b—a
b b
bia/ f(s)lnsds—(lj_la/ f(s)ds)ln[(a,b).

Moreover, if f is monotonic nondecreasing, then

— In a a a n a —na b
g O 00) @O wh ) L[,

>

no—in a ajla n a —1na b
oy QW) @O I@H ) L[,

b b
bia/ f(s)lnsds(b_la/ f(s)ds)ln](a,b)ZO.

>
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Proof. Integrating over ¢ on [a,b] and dividing by b — a in (4.11) we get

b FO)b(Inb— 7 [Pntdt) + af (a) (7 [ Intdt —Ina
;[bia/ fls)ds+ (ot ) g )

b—a
1 b
_b—a/ f(s)ds

z(s);[ !

b 1 b b
b—a/a f(s)Insds — (b—a/a f(s)ds) ﬁ/a lntdt]7

that is equivalent to (4.13).

Now, since f is monotonic nondecreasing on [a, b], then by Cebysev inequality
for synchronous functions, we have

b b b
bia/a f(s)Insds > (bla/a f(s)ds)bla/a In tdt

that proves (4.14).

O
Corollary 5. Let f : [a,b] C (0,00) — R be a GA-convex function on [a,b]. Then

(4.15) % [f (exp (117)) + F®)b(Inb—pp) +af (a) (up — 1na)]

b—a
1 b

>

S AL

where

fbf(s)lnsds
= Ja SIS ]
fy f:f(s)ds € [lna,Ind]

Proof. Follows by (4.11) on taking

b
Int = M € [lna,Ind].
[ f(s)ds

a

Remark 3. If we take t = Vab in (4.11), then we get

(4.16) ;{f(M)+f(b2)z(tlbe;(a)]—bia/abf(s)ds

b b
2;|‘b—1a/a f(s)lnsds(bia/a f(s)ds)ln\/%].
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If we take t = I (a,b) in (4.11), then we get

f(B)b(lnb—1InTI(a,b))+af (a)(Inl(a,b) —lna)}
b—a

(4.17) % [f (I(a,b))+

b
- [ e

b b
> % lb—la/a f(s)Insds — <b—1a/a f(s)ds) lnI(a,b)] .

We use the following results obtained by the author in [21] and [22]

Lemma 3. Let h : [a, 8] — R be a convex function on [, 8]. Then we have the
inequalities

(418) s () - (50 -
. h(a);h(ﬁ)_ﬂia/jh(t)dt
< S [V (0) Wy @] (8- )

and

(4.19) é{hﬁr (a;ﬁ>—h’_ <a;ﬁ>}(ﬂ—a)

<1 ﬁh(t)dt—h<a+/6>

—a J, 2

0| =

< gL B) =i ()] (B—a).
The constant & is best possible in (4.18) and (4.19).
Finally, we have

Theorem 6. Let f : [a,b] C (0,00) — R be a GA-convex (concave) function on
[a,b] . Then we have

(4.20) é 74 (Vab) = 1 (Vab) | (b~ na)
=(2) f(a);f(b) a lnbilna /ab fiS)dS
< (2) 5 [f- (0~ 1 (a)a] (b~ Ina)

and

(4.21) é |7 (Vab) = 12 (Vab) | (mb ~Tna)

IN

2) lnbilna/ab fiS)dS_f (vab)

<(>) 3 [fL(b)b— f\ (a)a] (Inb—Ina).
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Proof. Consider the function h : [Ina,Inb] — R defined by h (t) = foexp (t) . Since
f is a GA-convex (concave) function on [a,b], then we have the lateral derivatives

Ry (t) = (fL oexp (t)) expt, t € [Ina,Inb].

If we apply the inequality (4.18) for the convex function f oexp on the interval
[lna,Inbd], then we have

é [f_ﬁ_ o exp <lna+lnb> — fl oexp (lna—|—1nb>} (Inb—1Ina)

2 2
. | o nb 1 Inb
. f exp(na)—Ql—f exp (In )_lnb—lna . foexp(t)dt
< é [(f’_ oexp (lnb)) exp (Ind) — (f_ﬂ_ o exp (lna)) exp (lna)] (Inb—1na)

that is equivalent to

(4.22) 7 (Vab) = 1. (Vab)| (b~ na)

fla) + f(b) 1 e
2 _lnb—lna/l
(

[fL(b)b— f, (a)a] (Inb—Ina).

foexp(t)dt

na

IN

If we change the variable s = expt, then ¢t =Ins and dt = %. Therefore

/llnbfoexp(t)dt/abf(s)ds

na S

and by (4.22) we get the desired inequality (4.20).
The inequality (4.21) follows by (4.19). O

Remark 4. If the function f : I C (0,00) — R is differentiable and a GA-convex
function on [a,b] C I then we have the following inequalities

f(a)+ f(b) 1 " f(s)
(4.23) 0= 2 Wnb-lna/a s 0
Sé[f’(b)b—f’(a)a](lnb—lna)
and
1 " f(s)
(4.24) Oglnb—lna/a s ds—f(\/%)
Sé[f’(b)b—f’(a)a](lnb—lna).

5. SOME APPLICATIONS

Let p # 0 and consider the convex function g (t) = exp (pt),t € R. Then the
function f: (0,00) = R, f(t) = g(Int) = exp (plnt) = ¥ is a GA-convex function
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on (0,00). We observe that for 0 < a < b we have

1 bp+17 p+1
1 b T e PFE L
bi/ tPdt =
—a B
a lnlgilana’ p=—1

Lg<a'ab)7 p#_l
L (a7b)a p=-1

17

where L, (a,b) (p # —1) is the p-Logarithmic mean and L is the logarithmic mean

defined in the introduction.
Using the inequality

i [ s < RO g EER =t

for f (t) =t (p#0), we get

b—L(a,b) L(a,b) —a

.1 LP (a,b) < (e P
(5 ) p(a‘7 )— b_a + b_a a
for p # 0.
Observe that

1 [P o

—_— —dt = — Pt

b—a/a t b—a ),

1P — a? —1
e — =Ly") (a,b), p#0.

If we use the inequality

f (\/J) <1-Nf (a;bi) FAf (a;b*)

1 A0
<
_lnb—lna/a t dt
1

3 [f (@' 20Y) + (1= ) £ (b) + A f ()]

f(a) + f(b)
2
for A € [0,1] and f (t) =t* (p # 0), then we get
<

(5.2) G” (a,b) A)GP (a' 720+ AGP (a2, 0Y)

IN

<

(1-
< L(a,b) L7} (a,0)
1 a? + bP
< D 2(1=X) 22X _ D | <
72[6 (a,82) + (1= N b+ 2a?] < >
for A € [0,1].
If we use the inequalities (4.23) and (4.24) for f (t) =P (p # 0), then we get
aP + bP -1 1 ij (a,b) 2
. < - L L < SpPP T (p—
63 o< @i L h) < g e S 00
and
1,121 (a,b)
. < p—1 _ P < Z 2 “p—1 ? _ 2
(5 4) 0 = L (a’7 b) Lpfl (a7 b) G (a7 b) = 8p L ((Z, b) (b )
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