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INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
HA-CONVEX FUNCTIONS

S. S. DRAGOMIR!:2

ABSTRACT. Some new inequalities of Hermite-Hadamard type for H A-convex
functions defined on positive intervals are given.

1. INTRODUCTION

Following [4] (see also [40]) we say that the function f : I € R\ {0} — R is
HA-convex or harmonically convex if

Yy
1.1 — | < (1t t
(1) ity ) <a-05@+ )
for all z,y € I and t € [0, 1]. If the inequality in (1.1) is reversed, then f is said to
be HA-concave or harmonically concave.
In order to avoid any confusion with the class of AH-conver functions, namely
the functions satisfying the condition

f(@) f )
(1=1) f(y)+tf(z)
we call the class of functions satisfying (1.1) as HA-convex functions.
If I € (0,00) and f is convex and nondecreasing function then f is HA-convex
and if f is HA-convex and nonincreasing function then f is convex.
If [a,b] C I C (0,00) and if we consider the function g : [, %] — R, defined
by g(t) = f(3), then f is HA-convex on [a,b] if and only if g is convex in the

usual sense on [, 1] . Therefore, as examples of HA-convex functions we can take

f®)=g (%) , where g is any convex function on [, %] .
For a convex function h : [¢,d] — R, the following inequality is well known in

the literature as the Hermite-Hadamard inequality
c+d 1 h(c) + h(d)
. < < —"— =
(1.3) h( 5 )d—c/c h(t)dt < 5

For related results, see [1]-[20], [23]-[26], [27]-[36] and [37]-[48].
If we write the Hermite-Hadamard inequality for the convex function g (t) =
f (l) on the closed interval [%, %] , then we have
D)

t
()= oty [ (s A

b

(1.2) f(Q=t)z+ty) <

Sl
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that is equivalent to

(1.4) f (fibb) < ba_ba/ f (1) dt < M

Using the change of variable s = %, then

IO

b

-

and by (1.4) we get

(w5 ()< [ 104 L0 @

The inequality (1.5) has been obtained in a different manner in [40] by I. Iscan.
Motivated by the above results, we establish in this paper some new inequalities
of Hermite-Hadamard type for HA-convex functions.

2. A REFINEMENT

We have the following representation result, see [25]. For the sake of completeness
we give here a simple proof.

Lemma 1. Let g : [z,y] C R — C be a Lebesgue integrable function on [x,y]. Then
for any X\ € 0,1] we have the representation

(2.1) /g[(l—t)x—l—ty]dt:(l—/\)/ Gl — 1) (1= A)z+ \y) + ty] dt
0 0
+)\/ gl =)z +t((1 =Nz + Iy)]dt.
0

Proof. For A =0 and XA = 1 the equality (2.1) is obvious.
Let A € (0,1). Observe that

/0g[(l—t)()\y+(1—)\)x)+ty]dt

1
:/0 G =) A8y +(1—t)(1— N a]dt
and
1 1
/g[t()\y+(1f/\)x)+(1ft):c]dt:/ g [thy + (1 — At) z] dt.
0 0

If we make the change of variable u := (1 —¢) A + ¢ then we have 1 — u =
(1—=%)(1—=X) and du = (1 — A) du. Then
1
T g vy + (1 —u)x] du.

If we make the change of variable u := A\t then we have du = Adt and

/19[((1t)>\+t)y+(1t)(1)\)x]dt
0

1 A
/O g[t)\y—&-(l—/\t)m]dt:%/o gluy + (1 — w) o] du.
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Therefore
1
(17)\)/ gl —=t) Ay + (1 — X))+ ty]dt
0
+)\/ gty + 1 =N z)+ (1 —t)z]dt
0
1 A
z/ g[uy—l—(l—u)x]du—F/ gluy + (1 —u)x]du
A 0
= [ ot +-walau
and the identity (2.1) is proved. O

Corollary 1. Let f : [a,b] C (0,00) — C be a Lebesgue integrable function on [a, b]
and X € [0,1], then we have the representation

22 /f(ut)b+tb> dt:“”)/olf(ut)((lil;aﬂbmb)‘“
“/0 f((lt)anLt(Lzl;)\)aJr)\b))dt'

Proof. Consider the function g : [b, a] ,g(s)= ( ) s € [b, a] .
We have by (2.1) for g and z = §, y = % that

(23) /olf (u—ﬁbmb) &

:/olf<(1—t)l+ti) &
1

! 1
~0-0 f((l—t)((l—miﬂi)ﬁi)dt
! 1
=y f((l—t)ﬁt((l—mzﬂi))dt

:(1_A)/olf<(1t)((l%a“w”b)dt

+)\/01f((1t)a+t(c(dl))\)a+)\b)>dt'

The following result holds.
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Theorem 1. Let f : [a,b] C (0,00) — R be an HA-convex function on the interval
[a,b] . Then for any X\ € [0,1] we have the inequalities

(24) f (ff;) A=A ((1 -\ an—b()\+ 1)b) TAf ((2—5)%?>

IN

<37 (Gotem) Ha- N @70

fla) + f(b)
5 .

Proof. Consider the function g: [§,1],g(s) = f (), s€ [}, 1].
Since g is convex on [b, %] then by Hermite-Hadamard inequality for convex
functions we have for A € [0,1]

(25) g((l”amﬂw)g(u—»;mﬁ)

IA

2ab 2

S/Olg((lt) <(1A)2+Ai>+ti>dt

S 9= +20) +9(5)

= 2
(W) ()
- 2
and
2=Na+X\ (3 +0 =N+l
2o o (B “

</Olg((1—t)2+t<(1-A)2+Ai>)dt
g

1) 9 (=N 5 +27)
2

) +g ((1—>\a):+/\b)
5 .

If we multiply (2.5) by (1 — A) and 2.6 by A, add the obtained inequalities and use
the first part of the equality (2.3) we get

(2.7) (1=2f (( “Na b(A )b> A <(A2)CLZ+M)>

<f (= m)

ab
((1 )\)a+)\ ) 0)+f ((1—>\)a+>\b>
2

e M> ]

_ ol

g(

S

[
|

<(
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By the convexity of g we have

(I_A)f(a—x)azib(AH)b) A ((2—5)%)

:(1_)\)9((1—)\)@+()\+1)b> +)\g<(2—)\)a+)\b>

2ab 2ab
IT=XN[A=XNa+AN+1)b A[(2—=X)a+ \b]
= g( 2ab + 2ab >

B a+b\ 2ab
g( 2ab ) f<a+b>

and
N 0=V @+
:g((l—A)i%—Ai) + (1 =X f(a)+Mf(D)
S@A=N)fO) +Af(a)+ (1 =A) f(a)+Af (D)
=f(a)+ f(b)

and the desired inequality (2.4) is proved. O

Corollary 2. With the assumptions of Theorem 1 we have

eo (@)=l () (@) <5
! [f <a2j-bb> N f(a);rf(b)] <T@t

o
+2
b)

2

3. NEwW RESULTS

We recall some facts on the lateral derivatives of a convex function.

Suppose that [ is an interval of real numbers with interior I and f:I—Ris
a convex function on I. Then f is continuous on I and has finite left and right
derivatives at each point of I. Moreover, if x,y € [ and z < y, then f’ (z) <
fi(x) < fL(y) < fi (y) which shows that both f’ and f! are nondecreasing
function on 1. It is also known that a convex function must be differentiable except
for at most countably many points.

For a convex function f : I — R, the subdifferential of f denoted by Of is the

set of all functions ¢ : I — [—00, 00] such that ¢ (I) C R and

(3.1) f(x)> f(a)+ (xr—a)p(a) for any z,a € I.

It is also well known that if f is convex on I, then Jf is nonempty, f’, fi € 0f
and if ¢ € 9f, then

fL(z) <¢(z) < fL(x) for any z € 1.

In particular, ¢ is a nondecreasing function.
If f is differentiable and convex on I, then df = {f'}.
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The identric mean I (a,b) is defined by

1\
I(a7b) = g <a,u)

while the logarithmic mean is defined by
b—a
Llab) =y
Theorem 2. Let f : [a,b] C (0,00) — R be an HA-convex function on the interval
[a,b]. Then

Lo (L(@b) ~ a)bf (B) + (b~ L(@.h) of (a)
62) fL@h) < 5= [ fa)in < TR |

Proof. Since f : [a,b] C (0,00) — R is an HA-convex function on the interval [a, b]
then the function g : [%, é] ,g9(s)=f (%) , 18 convex on [%, 1], Therefore f has

partial derivatives in each point of (a,b) and by the gradient inequality for g we

have for any x,y € (a,b) that
1 1 L1\ /1 1
g(=)-al=)zd (=) (==
€T Y Y r oy

(3-3) fx) =1 (y)
-5 ()%

Since
then

and by (3.3) we have

F@)— )= f ) y;yx (~4*) = wy(1-2).

Therefore we have
(3.4) F@—fw = wy(1-2)

for any z,y € (a,b).
If we take the integral mean over z in (3.4), then we have

b b
65) [ f@d-se) = (“%ia/ id:v>f’(y)y

) ’
(1- 2 £ 0
for any y € (a,b).

Now, if we take y = L (a,b) in (3.5), then we get the first inequality in (3.2).
Observe that for any = € [a,b] we have

(a—3)

+

1
T

)

S
|~

X

Q||

=
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By the convexity of g on [§, 1] we then have

(3.6) f(x):g<i> :g<(a_)ll7+(1m_b>a>
=)o)+ G -5)e()
.
)+ (G—3)f ()

|
—~
IS
I
8=
S~—
s
—
=
_|_
S =

for any z € [a,}].
Taking the integral mean in (3.6) we get

b b
1t (=52 Jy 2dw) £ ) + (55 [ 2do = 3) f (@)
b f(x)de < —
~%Ja a7
(t- o) O + (b — ) /@
B T_1
a b
L(a,b)—a b—L(a,b
_ a(L(a),b) f )+ L(a(,b)b)f(a)
B b—a
ab
and the second inequality in (3.2) is also proved. 0

Remark 1. If f : [a,b] C (0,00) — R is a differentiable HA-convex function on
the interval (a,b), then from (8.5) we have the following inequality

b
(3.7 i [t rw = (1- ) £ o
for any y € (a,b).
We have

69 o [ FEd- A 2 (1—fﬁjjlb’;)f’mm,b»fl(a,b)

and if ' (A(a,b)) <0, then

1

b
(39 o [ f@de= (A,

We have

b
a10) o [ f@a- e (1—i((zz?))f’(f(a,b))f(a,b)

and if f' (I (a,b)) <0, then

b
(3.11) o [ f@de= s @),

We have

b a
312 i [ @de-rean = (1- FE0) G an G a
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and if ' (G (a,b)) >0, then

b
(3.13) o [ @z G ).

We have:

Theorem 3. Let f : [a,b] C (0,00) — R be a HA-convex function on the interval
[a,b]. Then

b
(3.14) f<a+b>a+b< ! /xf(x)deM.

2 2 T b—a 2
Proof. From the inequality (3.4), by multiplying with 2 > 0 we have

(3.15) of (@) —xf (W) 2 f2 W)y (z —y)
for any z,y € (a,b) .
Taking the integral mean over x € [a, b] we have

b b b
ﬁ i xf(ﬂf)dx—f(y)ﬁ/a xdx > (b—la/a xdaz-y) Wy,

that is equivalent to

b
(3.16) af () de — f (y)

b—a /,

for any y € (a,b).
If we take in (3.16) y = aT"'b, then we get the first inequality in (3.14).
From the inequality (3.6) we also have

G-/ +(1-F)/f(a)

a;b > <a;b—y> L)y,

(3.17) of () <

for any x € [a,}].
Taking the integral mean on (3.17) we get

b atb __atbd
(3.18) —bia zf (z)dx < ( 2a l)f(b3+ (11 2 )f(a)
a a3
B0+ (@) bf(b) +af (a)
e T
and the second inequality in (3.14) is proved. O

Remark 2. If f : [a,b] C (0,00) — R is a differentiable HA-convex function on
the interval (a,b), then from (5’ 16) we have

(319)  Fy)A(ab) - /f Ydz < (y— A(a,b)) I () v,

for any y € (a,b).
If we take in (3.19) y = I (a,b), then we get

(3.20) F(I(a,b)) A (a,b) — 7/ of (z
< (I (a,b) = A(a,b)) f' (I (a,b)) I (a,b).
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If f' (I (a,b)) > 0, then

(3.21) fI(a,b)) — a/ xf (x

If we take in (3.19) y = L (a,b), then we get

(3.22) f(L(a,b)) A(a,b) 77/ xf (z)dx
< (L(a,b) — A(a,b)) f' (L(a,b)) L (a,b).

If f' (L (a,b)) >0, then

b
(3.23) F(L(a,b)) A (a,b) < ﬁ / of () do
If we take in (3.19) y = G (a,b), then we get
(3.24) (G (a, (a,b) —/ zf (z
< (G (a,b) — A(a,b)) f' (G (a,b)) G (a,b).

If f' (G (a,b)) > 0, then

(3.25) f(G(a,b)) A(a,b)

b
< bia/a xf (z)dx

We use the following results obtained by the author in [21] and [22]

Lemma 2. Let h: [a, ] — R be a convex function on [, B]. Then we have the
inequalities

(3.26) é {h; (O‘;ﬁ> —h (a;ﬁﬂ (5 —a)
. h(a);h(ﬁ)ﬂia/jh(t)dt
< S ()~ My (@) (B )
and
(3.27) s (557) - (450) |-

IN

—aJ,

! 6h(t)dt—h< ;ﬁ>

IN
Xl =

[h(8) = by ()] (B —a).

The constant & is best possible in (5.26) and (3.27).
We have:
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Theorem 4. Let f : [a,b] C (0,00) — R be a HA-convex function on the interval
[a,b]. Then

11, [ 2ab , [ 2ab ab
(3.28) 2 [f+ (a+b) - /- <a+b>} (a+b)2 (b=a)
f(a)+ [ (b) [t
= 2 b —a /
1 [f2(b)b* = £} (a)
= 8 { ab ] (b—a)
and
11, [ 2ab , [ 2ab ab
o) ()
ft 2ab
= b / t2 dt <a + b>
1 — fi(a)a
= 8 { ab ] (b-a).
Proof. Since f : [a,b] C (0, ) — R is an HA-convex function on the interval [a, ],
then the function g : %, ﬂ ( ) is convex on [b, ﬂ .

‘We know that
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that is equivalent to

1 f 1 1 o 1 1
N = (%+5)2 “\ i (%+%)2

IN
k,\_'
—~
S
S—
|4
&h
>
SN—
|
—
Bl
Kﬁ
7 N
| =
N———
QU
w

IN
| —
B
—
=
>
[\v]

\
&h
JF\
—
IS
S~—
IS
N
7 N\

o>
\
=)
~~

Observe that

and the inequality (3.28) is proved.
The inequality (3.29) follows by (3.27). O

Corollary 3. If f : [a,b] C (0,00) — R is a differentiable HA-convex function on
the interval (a,b), then

(3.30) 0< @ —QF O bciba /a” ft(;) u
< é [f’ (b) v? ;bﬁ (a) aT b—a)

and

(331 0= biba ab ft(;)dt_ f <a2ibb>
BTACCSVEL 1Y

4. RELATED RESULTS
We have the following result:

Theorem 5. Let f : [a,b] C (0,00) — R be an HA-convex function on the interval
[a,b]. Then

(4.1) % xf(xH(bw)bf(bH(xa)af(a)]

1 b
o zb_a/yf(y)dy
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for any x € [a,b].
Proof. From (3.4) we have

(4.2) F@=fw) =1 wy(1-2)

for any z,y € (a,b).
If we take the mtegral mean over y in (4.2), then we have

(4.3) f(z) /f dy>7/ f2( ydy—xb_a/abf’_(y)fdy

for any x € (a, b) .
Integrating by parts in the Lebesgue integral, we have

/abf’( ydy = bf (b) — af (a /f

b
/f vy =1 0) - (@) -2 [ uf W)y
Utilising (4.3) we obtain
— / f(y)dy

zbia< b)—af (a /f )

_%bia (be(b)—GQf(a)—Q/ yf(y)dy>

and

(4.4) f ) =

_bf(d)—af(a

- e /f ) dy
L6 f (b) —a®f (a)

oz b—a +xb—a/yf()

that is equivalent to

f(x)—i—lef(b)_an(a) _ bf(b)—af(a) - g 1

x b—a b—a “xb—a
If we multiply this inequality by 5, then we get

1 b2f (b) — a?f (a) — xbf (b) + zaf (a)
3 [l"f (z) + b a ]

and the inequality (4.1) is proved.

/a b yf (y) dy.

Remark 3. If we take in (4.1) x = %rb, then we get

(45) 1[a+bf <a+b> +bf(b)+af(a)} _ 1 /byf(y)dy.

2| 2 2 2 “b-al,
If we take in (4.1) x = %, then we get

1[ 2ab 2ab b2 f (b) +a?f (a) 10
(4.6) 2[a+bf<a+b>+ pays ]Zba/ayf(y)dy.
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We have:
Theorem 6. Let f : [a,b] C (0,00) — R be a HA-convex function on the interval
[a,b]. Then
Li(b=2)f(b)+(x—a)f(a) 1 /b
(4.7) - s i af(y)dy

1 1 ")
= L(a,b) llnb—lna/a Yy dy—f(x)]

for any x € [a,b].

Proof. By dividing with y > 0 in (3.4) we have

1 f ) / Y
(48) @l (1-2)

for any z,y € (a,b).
By taking the integral mean over y in (4.8) we obtain

Inb—1Ina 1 " f(y)
b—a f(x)ib—a/a Td

_b_a/f ) dy 11/byf'_(y)dy

CFO)—f@  1bf() —af(a) - ['f(y

N b—a x b—a

_f)—fla) 1bf(b)—af(a)

B b—a oz b—a xbfa/f
that is equivalent to

1bf(b) —af(a)y f(b)— /f

T b—a bfa b—a

/ fy dy—Lf(év)

T b —a

or, to
1 [b—= T—a 1 " fy)
4. - — [ —=d
(19) ba[ T+ f<a>} [ 1,
lnb In

> [

for any x € (a,b).
Rearranging the terms in (4.9) produces the desired result (4.7). |

Remark 4. If we take x = L (a,b) in (4.7), then we get

b
g L0l L[,

b
> it | P f @),
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If we take x = A(a,b) in (4.7), then we get

b
(4.11) f(b)+f(a) - bia/ fy)dy

A( b) 1 ")
>L(a b) [lnb—lna/a Y dy—f(A(a,b))].

If we take x = H (a,b) := % in (4.7), then we get

(4.12) bf (b) +af(a w/ fy

b+a

= IZ((Z:ZI;)) [hlb—lna/a fy dy—f(H(a7b))1 .

If we take x = G (a,b) in (4.7)), then we get

— a a —a a b
g oCEDIO G al@ L [,

G (a,b) 1 b £ (y)

If the function f : [a,b] C (0,00) — R is convex, then by Jensen’s inequality we

have
d
L /bf(y)d _ /f (L
Inb—Ina a Y Yy dy bdy

ay

- f(hlll:iw)=f(L(a,b))-

Therefore, for any function f : [a,b] C (0,00) — R that is convex and HA-convez,
by (4.10) we have

— a a —Qa a b
g Lm0l L[,

1 "f)
> — > 0.
>t [y s 20
It is known that, if a function f : [a,b] C (0,00) — R is GA-convez, namely

FETN) () A =N f (@) +Af ()

for all z,y € [a,b] and A € [0, 1], then [25]

b
(4.15) lnbilna/ f;y)dy>f(G(a7b)).
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Therefore, for any function f : [a,b] C (0,00) — R that is GA-convexr and HA-
convez, by (4.13) we have

g CCEDIO G al@ L [,

G (a,b) 1 ")
“ Tiab) [lnblna/a y dy—f(G<a,b))] >0

Theorem 7. Let f : [a,b] C (0,00) — R be a HA-convex function on the interval
[a,b]. Then

(4.17) ;E(f(b)a(b—w)Jrf(a)b(w— )+$f )_ba/ fly

for any = € [a,b].

Proof. From (3.4) we have, by division with y? > 0, that

i@ - 5w 2 B (1= 1)

y? Yy x

for any z,y € (a,b).
Taking the integral mean over y we have

1 [t 1 [P fy)
—dy — d
x)b—a/a 2 —a/a 2 Y

1 [P f(y) 11,
ZHA " d _Ebfa/fi(y)dy

that is equivalent to

")

ab  b—al), o?

1[ﬂ®_ﬂ®+/W@M4_lﬂwﬂ®
2 x

“b—a| b a —a
bia<fl()b)faa> _a/f 1f(bl))_£(),

for any x € (a,b). This can be written as

Lf)=fla) 1 (f() [fla) 2 ["fW) f(x)
r b—a _b—a< b a )>b—a/a y? = ab

(o s oo ] ) 2 s [

This is equivalent to the desired result (4.17). O

or as

Remark 5. If we take in (4.17) x = ‘%’77 then we get

(4.18) ;(f(b)Zinc(a)bJrf (a;b» > bciba /ab fy%/)dy.
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If we take in (3.19) x = 3%_%, then we get

(4.19) 2 f<b>;f(a>+f<2abﬂ b_a/ fly

5. APPLICATIONS

We consider the arithmetic mean A (a,b) = %2, the geometric mean G (a,b) =
Vab and harmonic mean H (a,b) = 2‘”’ for the posmve numbers a, b > 0.
The following well know order between these means, including logarithmic and
identric means defined above, holds
(5.1) H (a,b) < G(a,b) < L(a,b) <I(a,b) < A(a,b).
If we consider the HA-convex function f : (0,00) — R, f(¢) =t and we use the
inequalities (2.4), then we have
2ab 2ab
+ A
1-XNa+A+1)b (2—=Na+ b
G? (a,b 1 b
<G lab) 1 a +a
L(a,b) —2[(1=XNa+Xb
for any A € [0,1].
If we use the inequalities (3.30) and (3.31) we get
G?(a,b) _ 1 A(a,b)
< - ! b—
T(ab) ~1c2(an 0~

(5.2)  H(a,b) < (1—\)

A

—ANa+Ab| < A(a,bd),

(5.3) 0< A(a,b)—

and

G? (a,b)

A4 < -2
(54) 0< L(a,b)
The first inequality in (5.3) also follows by (5.1
Consider the function f: (0,00) — R, f (¢

_H(avb) <

which shows that f is HA-concave on (0, 00).
If we use the inequality (3.2) for HA-concave functions we have

In (L (a,b)) 1 / Int (L(a,b) —a)lnb+ (b— L(a,b))Ina
> —dt > 5
L(a,b) ~b—a t (b—a)L(a,b)
which is equivalent to
In (L (a,b)) < InG (a,b)
L(a,b) — L(a,b)
The first inequality in (5.5) also follows (5.1).

From the second inequality we have

(a b) a b—L(a,b)

(5.6) G(a,b) > b v=e q ?-a

If we write the inequality (4.19) for the HA-convex function f : (0,00) — R,
f(t) =t, then we have

(L(a,b) —a)lnb+ (b— L(a,b))lna'

(5:5) b—a) L ()

>

A(a,b) + H (a,b) S G? (a,b)
2 = L(a,b)’

(5.7)
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If we write the inequalities (4.5) and (4.6) for the HA-concave function f : (0, 00) —
R, f(t) = 2L then we get

t
(5.8) A(a,0) G (a,b) < I (a,b)
and
1 2ab blnb+alna
5.9 — |1 <InI (a,b).
(5.9) Q{H(a—i—b)—'— a+b ]_n (a,5)
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