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NEW INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
LOG-CONVEX FUNCTIONS

S. S. DRAGOMIR!:2

ABSTRACT. Some new inequalities of Hermite-Hadamard type for log-convex
functions defined on real intervals are given.

1. INTRODUCTION

A function f : I — [0,00) is said to be log-conver or multiplicatively convex
if log f is convex, or, equivalently, if for all z,y € I and ¢ € [0,1] one has the
inequality:

(1.1) fltz+ 1 =t)y) <[f @] [f @) "

We note that if f and g are convex and ¢ is increasing, then g o f is convex;
moreover, since f = exp (log f), it follows that a log-convex function is convex, but
the converse may not necessarily be true. This follows directly from (1.1) because,
by the arithmetic-geometric mean inequality, we have

F @I [f @I <tf (@) +(1—=1) f ()

for all z,y € I and ¢t € [0,1].
Let us recall the Hermite-Hadamard inequality

(1.2) f<a;b)§bia/abf(x)dx§f(a);f(b)’

where f: I CR — R is a convex function on the interval I, a,b € I and a < b.
For related results, see [1]-[22], [25]-[28], [29]-[39] and [40]-[51].

Note that if we apply the above inequality for the log-convex functions f : I —
(0,00) , we have that

(1.3) In [f (“‘;bﬂ < bia/ablnf(“’)dxﬁ hlf(a)—;lnf(b)’

from which we get

a b
ay () <ew [bf [ miw dx] <T@ 0,

which is an inequality of Hermite-Hadamard’s type for log-convex functions.
By using simple properties of log-convex functions Dragomir and Mond proved
in 1998 the following result [31].
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Theorem 1. Let f : I — [0,00) be a log-convex mapping on I and a,b € I with
a < b. Then one has the inequality:

a b
1) () <5t [ Vi@ @i ae < V@0,

The inequality between the first and second term in (1.5) may be improved as
follows [31]. A different upper bound for the middle term in (1.5) can be also
provided.

Theorem 2. Let f : I — (0,00) be a log-convex mapping on I and a,b € I with
a < b. Then one has the inequalities:

(1.6) f(a;b> Sexp[bi(hlbmf(ﬂdx]

b
i [ Vi@ far -

<

b
[ r@d LG @. s o),

<

where L (p, q) is the logarithmic mean of the strictly positive real numbers p,q, i.e.,

p—q .
L = d L =p.
(p,q) mp_mq#p#qmz (p,p) :=p
The last inequality in (1.6) was obtained in a different context in [41].
As shown in [57], the following result also holds:

Theorem 3. Let f : I — (0,00) be a log-convex mapping on I and a,b € I with
a < b. Then one has the inequalities:

(17) f(“§b>s<bfa/:mdx>2< ! /abﬂa:)dx.

“b—-a

The following result improving the classical first Hermite-Hadamard inequality
for differentiable log-convex functions also hold [15]:

Theorem 4. Let f : I — (0,00) be a differentiable log-convex function on the
interval of real numbers I (the interior of I) and a,b € I with a < b. Then the
following inequalities hold:

e o f (@) de
F(252)

o fon 51 (552) o [ 265 (252 20

The second Hermite-Hadamard inequality can be improved as follows [15].

(1.8)
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Theorem 5. Let f: I — R be as in Theorem 4. Then we have the inequality:

f(a)+£(b) b
(19) 2 ——>1+log | L, ;((j) dxb
b—a fa f(:l?) dx _fa f (l’) eXp |:f(m) (% o J}):| dx

> 1+ log

Motivated by the above results, we establish in this paper some new inequalities
for log-convex functions, some of them improving earlier results. Applications for
special means are also provided.

2. NEW INEQUALITIES
The following refinement of the Hermite-Hadamard inequality holds:

Lemma 1. Let h: [a,b] — R be a convex function and a = xo < £1 < ... < Tp_1 <
Zn, = b an arbitrary division of [a,b] with n > 2. Then

n—1
a+b 1 T; + T
(2.1) h( 5 ) < b a E h<2 H) (g1 — )

=0

1 b
< b—a/a h(z)dx

1 "2 h(z)+ h(zi h(a)+h(b
Sb—a; (i) 2( +)($i+1—$i)§%-

The inequality (2.1) was obtained in 1994 as a particular case of a more general
result, see [14] and also mentioned in [34, p. 22]. For a direct proof, see the recent
paper [27].

Theorem 6. Let f : [a,b] — (0,00) be a log-convex function on [a,b] and a = o <
21 < oo < Tp—1 < Ty, = b an arbitrary division of [a,b] with n > 1. Then

Tip1— T4

()R )

1=

b
exp (bla/ In f (2) dm)

IN
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Proof. If we write the inequality (2.1) for the function h = In f then we get

n—1
a+b 1 T + @
1nf< 5 ><b—ag (xiﬂ—xi)lnf(ZH)

=0

b
bia/ In f (x)dx

a

IN

1 I f () +In f (zis1) Inf (a) +1In f (b)

This inequality is equivalent to

no1 Tig1wi
(23) Inf (“;b> < (1:[1 {f <x+;+1)] )
<

b
_bl /lnf(x)da:

—a

n—1 Ti4pl T4
<1H<H[ f(:ci)f(xiﬂ)] o ><ln f(a) f(0).

i=1

This inequality is of interest in itself.
If we take the exponential in (2.3) we get the desired result (2.2). O

Corollary 1. Let f : [a,b] — (0,00) be a log-convex function on [a,b] and x € [a, b],
then

e () ()b

and, equivalently

a+b T—a a+x b—x z+b
(2.5) 1nf< 5 )Sb_alnf( > >+b_a1nf< 5 >
b
bia/lnf(x)dx

1 ) (z—a)lnf(a)+ (b—z)ln f (b)
2{lnf(ﬂc)+ — ]

SLVIGELYIV)

IN

IN
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Remark 1. If we take in (2.5) x = “E2, then we get

(26) In f<a+b> ;[lnf<3a:b) 1f<a+3b>}

< "l f (2)
1 a+b In f (a) + In f (b) Inf(a)+Inf(b)
S2[lnf< 2 >+ 2 }S 2 '

From the second inequality in (2.6) we get

0<7/1nf )da — In f(‘”b)

_Inf(a );lnf()bia/a In f (z) de

which shows that the integral term in (1.3) is closer to the left side than to the right
side of that inequality.
We also have the particular inequalities:

27) Inf (a + b>

- f[mf(w)mnf(fb(ﬁw”

2 2

1
S — lnf()

Vol f (5 + yaln/ (o) In f (@) + 0 £ (b)
_Ql Vb + va an(m)]g 2

and

(2.8) In f (“+b>
3a+b a+3b

1
= m‘”ﬂf <a2(a+b)) Tt <b2(a+b)>

b
o [

1blnf(b)+alnf(a) " 2ab < In f (a) + In f (b)
2{ a+b nf(a—&-b)]_ 2 '

IN

The following reverses of the Hermite-Hadamard inequality hold [23] and [24]:
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Lemma 2. Let h: [a,b] — R be a convex function on [a,b]. Then

(2.9) ogé{m (a;b>—h (a;bﬂ(b—a)

b

<l ()—hs @] (0 a)

and

(2.10) og;{m (a;b>—h_ (a;rbﬂ(b—a)

< S [h ()~ hs @] (0 a).

The constant & is best possible in all inequalities from (2.9) and (2.10).
In the case of log-convex functions we have:

Theorem 7. Let f : [a,b] — (0,00) be a log-convex function on [a,b]. Then

atby) _ atb
(2.11) 1< exp (; S ( Qf)(a+{)( 2 )] (b—a))
2
. JF@Tm
" exp (%a fablnf(:c) dx
11f-(0)  f+(a) .
<o (5 ' - Fy 0= )
and
atb) _ a+b
(2.12) 1 <exp (; I Qf)( +b)( 2 )] (b—a))
2
B exp (ﬁ fablnf(x) dx)
- F(%5%)

b
_bia/ In f (x)dzx

) fe@],
[f(b) f(a)}(b )
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that is equivalent to
atb) _
oglnlexp@ [h( i) /
N RV/IOY A0

<nloo (s 7w ) 0-0)]

By taking the exponential in this inequality we get the desired result (2.11).
The inequality (2.12) follows from (2.10). O

We also have the following result:

Theorem 8. Let f : [a,b] — (0,00) be a log-convex function on [a,b] and a = xy <
21 < oo < Tp—1 < Ty, = b an arbitrary division of [a,b] with n > 1. Then

b
(2.13) exp [bia / In f (z) dm] < !

a x
1=0 ©
1 b
< —a /a f(z)dx
Proof. Observe that we have

b
(2.14) exp lbia/ In f (x) dm]

Ti41
= exp [ Z/ Inf(z ]
— e nzl Tit1 — T ! /Wl In f (z) da
= exp 20 \o=w s .

Ti+1

f(zi+ 241 — x)dx

Since Y1, ! A= — 1, then by Jensen’s inequality for the convex function exp
we have
n—1 Tit1
Tit1 — Ty 1 *
2.15 exp ( / In f(z da:)
215) [z AT

Tiy1 — 1 s
<Z <M/mi lnf(m)dx>.

Utilising the inequahty (1.6) on each of the intervals [z;, z;4+1] for ¢ € {0,...,n — 1}
we have

1 Ti41
= é/ o \/f (;Ij)f(.%‘z + Xip1 — {B)d.%'
Tit1l — Tq Jy

2

1 Tit1
— / [ (@) da,
Titl — Ti Jg,

IN
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for any ¢ € {0,...,n —1}.
If we multiply the inequality (2.16) by *4=* and sum over ¢ from 0 to n — 1
then we get

n—1 ] o Tit1
(2.17) Z % exp (1/ In f (z) dx)

ZT; — X
i—0 1+1 1

i

n—l ez nol exig
<biai§_%/$i \/f(x)f(xi+xi+1—$)d$<biaz:o/w f(x)dx

1 b
= b—a/a f(z) dx.
Making use of (2.14), (2.15) and (2.17) we get the desired result (2.13). O

1=

Corollary 2. Let f : [a,b] — (0,00) be a log-convex function on [a,b] andy € [a,b],
then

b
(2.18) exp [bla/ In f (z) dm]

v b
< [/ Vf(“"“)f(“y—w)dH/y VI@ bty —ade

b
< bia/a f(x)dx.

We define the p-logarithmic mean as

1
pPtL_gpt1l ] P .
[7@“)(1)7”)] ,with a # b

L,(a,b) =
a, ifa=">

for p #0,—1 and a,b > 0.
The following result also holds:

Theorem 9. Let f : [a,b] — (0,00) be a log-convex function on [a,b]. Then for
any p > 0 we have the inequality

(2.19) f (“;b> < exp lbla /(;blnf(m)dx]




NEW INEQUALITIES OF H-H TYPE FOR LOG-CONVEX FUNCTIONS 9

Ifp e (O, %) , then we have

(2.20) f(a;b> < exp [b 1@/ In f (z)d ]
<(bfa/abfwx)fp(aw—x)dxy
S(bia/ﬂp( ) —b—a/f

Proof. If f is a log-convex function on [a, b] then f?” is log-convex on [a, b] for p > 0
and by (1.6) we have

b
(2.21) 2 <a42rb> < exp [bia/a In f27 (z) daz]
1

Taking the power i in (2.21) we get

(2.22) f(a;rb><e><plb1a/ In f (z)d ]

A
/N
o>
[ ] =
IS
~
V]
S
&
ISH
3)
~_—
|
]
—
~
N
S
—
N~—
~
V]
S
N~—
SN—
)|
]

Observe that, for p # %,

- o %_- f2p(a f2p %
(L (f%P (a), f% (b)]?> = |In 2P (a) — In f2¢ b)]
_ f2”(a)—f () fla)—f(b) ]
2w (f(a ) In f (a) — lnf()
_ f2”a =N R IC i
= 7 (@) ))} [lnf 1nf ]
a0 S OSSO

and by (2.22) we get the desired result (2.19).
The last inequality in (2.20) follows by the following integral inequality for power

€ (0,1), namely
b q
/ f(x) dx) ,

b
o e (52
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that follows by Jensen’s inequality for concave functions. O

Remark 2. If we take in (2.19) p = 1, then we get

(2.23) f(“?’) < exp [bla/ In f (z)d ]
_< _a/ f(@)fla+b—=z)d >é
§<bia/abf2(x>dm>2

<[A(f(a), £ B))]? [L(f (), f (B))]* .
If we take p = § in (2.20), then we get

(2.24) f(a;b> < exp [b 1@/ In f (z) dz
( /\/f fla+b—2)d x>2
§<b1/ m@ <—/f

This improves the inequality (1.7).

=

3. RELATED INEQUALITIES
In this section we establish some related results for log-convex functions.

Theorem 10. Let f : [a,b] — (0,00) be a log-convex function on [a,b]. Then for
any x € [a,b] we have

(3.1) f(b)(b—x)+f<a><x—a>—/’f(.y)dy

b b
> [t @iy -wf@) [
In particular,

b
(3.2) f(b);f(a)—bia/f(y)dy
b b
> f(y)lnf(y)dylnf(ag”)b_lafa o

fO)Vb+ f(a
(3.3) f+f b—a/f

> L /f )In f (4)dy —n f (Vab /f
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and

PR LR A _a/ fly

a+b

> L /f )inf (3) dy 1nf(2“b)bia/abf<y>dy

Proof. Since the function In f is convex on [a,b], then by the gradient inequality
we have

(3.5) Inf(z) —Inf(y) > =

for any « € [a,b] and y € (a,b).
If we multiply (3.5) by f (y) > 0 and integrate on [a, b] over y we get

b b
1nf<x>/ f(y)dy—/ f () n f (v) dy
b b
2/ f’+<y><w—y>dy=f<y><x—y>|2+/ f () dy

b
—F0)@-0)+f@ -2+ [ @y
which is equivalent to (3.1).

The inequality (3.2) follows by (3.1) on taking x =
If we take in (3.1) z = V/ab, then we get

FOVE (VB i) + £ @ (V- va) - [ 1wy

a+b

/f in f (y)dy —n f (Vab /f ) dy,

which is equivalent to (3.3).

If we take in (3.1) z = %, then we get

ron(58) vr@a(0) - [rwa
Z/Qbf(y)lnf(y)dylnf(zab)/ F () dy,

which is equivalent to (3.4). O

Corollary 3. Let f : [a,b] — (0,00) be a log-convex function on [a,b]. Then

b
(3.6) f(b);f(a)—bia/f(y)dy

b b b
Z/a f(y)lnf(y)dy*/a f(y)dyﬁ/a In f (y) dy > 0.
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Proof. If we take the integral mean over z in (3.1), then we get

b
[T 62+ (@) @) da:—/ e

/f )in f () dy ~ /f dy—/lnf
and since

b b
[ e-0+r@e- )= LT [T,

then the first inequality in (3.6) is proved.
Since In is an increasing function on (0, 00), then we have

(f(x) = f () (Inf(z) =In f (y)) = 0

for any z,y € [a, b] , showing that the functions f and In f are synchronous on [a, ] .
By making use of the Cebysev integral inequality for synchronous functions g, h :
[a,b] — R, namely

b b
bia/ g(x)h(m)dxzﬁ/ g (z)dr—

then we have
1 b
1 d
— a}/@ n f(z)dx

b b
ﬁ/@ f(ac)lnf(x)deﬁ/a f(x)dmb

which proves the last part of (3.6). O

The inequality (3.6) improves the well know result for convex functions

b a b
ICESIC RSP
We have:

Corollary 4. Let f : [a,b] — (0,00) be a log-convex function on [a,b]. If f(a) #
f(b) and

P @ydy _bf () —af (@)= [}y

7 S wydy f(b) — f(a) Y et
then
f fly lnf y) dy
3.8 In f >
(3.8) (ay e

Proof. Follows from (3.1) by observing that

b
O b+ i@ ar—a) = [ f)d
(]

Remark 3. We observe that if f : [a,b] — (0,00) is nondecreasing with f(a) #
£ (b) the condition (3.7) is satisfied.

We also have:
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Corollary 5. Let f : [a,b] — (0,00) be a log-convex functwn on [a,b]. Then

[Pyf(v) dy> (f yf (y )
3.9 by| b — &=~ =
(3.9) f<>< e A /f
b b f yf(y)dy>
> In dy — dy In @ 7L "1 >0
_/a @) f (y)dy /af(y) y f<f;f(y)dy >

Proof. The first inequality follows by (3.1) on taking

f yf (y)d

a,b
12 f (y)dy €l

since f (y) > 0 for any y € [a,b].
By Jensen’s inequality for the convex function In f and the positive weight f we

have
Jo fly lnf Ji ydy
> f ;
Jif J2 Iy
which proves the second inequality in (3.9). O

4. APPLICATIONS

The function f : (0,00) — (0,00), f(t) = } is log-convex on (0,00). If we use

the inequality (2.2) for this function, then we have
n
Tit1— T4

(4.1) A(a,b) > T [A (.’Ei,.’L‘iJrlﬂ bma > I(a,b)

=

—_

3

Titl T4

G (ziyzit1)] = > G (a,b),

Y]
E‘

i
for any a = 29 < 21 < ... < Tp_1 < T, = b an arbitrary division of [a,b] with
n>1.

In particular, we have

(42) A(a,b) > [A(a,z)] 7% [A (2, b)] P+
I(a,b) = \/ﬁz G (a,b)
for any x € [a,b].

If we use the inequalities (2.11) and (2.12) for f : (0,00) — (0,00), f(t) =
then we have

o=

(4.3) (1<) é((‘;?) < exp ( >

and

(4.4) (1<) 1;1((5”5)) < exp ( )

If we use the inequality (3.6) for f : (0,00) — (0,00), f (t) = 1, then we have

(4.5) L(a,b) — H (a,b) > (b—a) H (a,b)In <é(<al;))>(20).
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The interested reader may apply the above inequalities for other log-convex func-
tions such as f (t) = tip, p>0,t>0, f(t) =expg(t), with g any convex function
on an interval, etc...The details are omitted.
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