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SOME INEQUALITIES FOR THE GENERALIZED
k-g-FRACTIONAL INTEGRALS OF FUNCTIONS UNDER
COMPLEX BOUNDEDNESS CONDITIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. Let g be a strictly increasing function on (a,b), having a continu-
ous derivative g’ on (a,b) . For the Lebesgue integrable function f : (a,b) — C,
we define the k-g-left-sided fractional integral of f by

T
Staard @ = [ k@ -g0)g ©F Ot 2 € (0,1
a
and the k-g-right-sided fractional integral of f by

b
Stan-1 @) = [ K@) =g @) 011 O dt, 2 € [a,b)

where the kernel k is defined either on (0, 00) or on [0, co) with complex values
and integrable on any finite subinterval.

In this paper we establish some inequalities for the k-g-fractional integrals of
integrable functions satisfying some boundedness conditions. Further bounds
for absolutely continuous functions whose derivatives also satisfy some bound-
edness conditions are given as well. Examples for a general exponential frac-
tional integral are also provided.

1. INTRODUCTION

Assume that the kernel % is defined either on (0, 00) or on [0, c0) with complex
values and integrable on any finite subinterval. We define the function K : [0, c0) —
C by

Jok(s)ds if 0 < t,
K (t) :=
0ift=0.

As a simple example, if k (¢) = t*~! then for o € (0,1) the function k is defined on
(0,00) and K (t) := 1t for t € [0,00). If > 1, then k is defined on [0, 00) and
K (t) :== 1t® for t € [0,00).

Let g be a strictly increasing function on (a,b), having a continuous derivative
g on (a,b). For the Lebesgue integrable function f : (a,b) — C, we define the

k-g-left-sided fractional integral of f by

(L1) StaarS @)= [ Ko@) =g @) (0 (0)dt, v € (a0
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and the k-g-right-sided fractional integral of f by
b

(1.2) Sk,gp—f (2) =/ k(g(t)—g(2)g () f{t)dt, x € [a,b).

If we take k (t) = ﬁto‘*l, where I' is the Gamma function, then
(13) Skgard (@) = s [ @ =g @01 g (0 F (@)
=1, f(2), a<x <D
and
(1.4) Stai 1) = g [ 90~ 9@ g @) F 0
: k,g,b— x_F(OZ) . g g\z g

—Ip @), a<a<b,

which are the generalized left- and right-sided Riemann-Liouville fractional integrals
of a function f with respect to another function g on [a, b] as defined in [22, p. 100]

For g (t) =t in (1.4) we have the classical Riemann-Liouville fractional integrals
while for the logarithmic function ¢ (¢t) = Int we have the Hadamard fractional
integrals [22, p. 111]

(L5)  HEf() = 1/; n (5)]" LY g caca <

I'(a) t t

and
(1.6) H"‘f(x)'_l/b (L BRI 0<a<z<b

' b= o I'(a) J, T t ’
One can consider the function g (¢t) = —t~! and define the "Harmonic fractional
integrals” by

e f(t)dt

1.7 Ry f(z) = / ,0<a<2<b
( ) + ( ) F(Oé) " (:L-ft)lfatOHrl
and
(1.8) Ry f(x)~—x1a/b St 0<a<z<b

' TN ), e '

Also, for g (t) = exp (Bt), § > 0, we can consider the "3-Exponential fractional
integrals”

(L) B f(x) = Ffa) / " fexp (B) — exp (88)]" " exp (B1) f (1) dt,

fora < x <band

b
(110) B f(e) = s [ lexn(80) - exp (8] exp (51) £ ()
for a <z <b.

If we take ¢g(t) = ¢ in (1.1) and (1.2), then we can consider the following k-

fractional integrals

(1.11) Skatf () = /Lk(x —t) f(t)dt, z € (a,b]
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and
b
(1.12) Sep—f(x) = / kE(t—2x)f(t)dt, = € [a,b).
In [25], Raina studied a class of functions defined formally by
. 7 = _— th
(1.13) o () k.:OF(Pk"‘/\)x , || < R, with R >0

for p, A > 0 where the coefficients o (k) generate a bounded sequence of positive real
numbers. With the help of (1.13), Raina defined the following left-sided fractional
integral operator

(1.14) Tgrnarwl () = /m (x— t))‘_1 o (w(z— ) f(t)dt, > a

where p, A > 0, w € R and f is such that the integral on the right side exists.
In [1], the right-sided fractional operator was also introduced as

b
(115) Ty d @)= [ -2 T E it 2)) O < b

where p, A > 0, w € R and f is such that the integral on the right side exists.
Several Ostrowski type inequalities were also established.

We observe that for k (t) = t* ' F7 , (wt”) we re-obtain the definitions of (1.14)
and (1.15) from (1.11) and (1.12).

In [23], Kirane and Torebek introduced the following exponential fractional in-
tegrals

o) TEi@e s [

a

xexp{—laa(x—t)}f(t)dt, r>a

and

(1.17) T f () :=;/:exp{—l;a(t—m)}f(t)dt,x<b

where o € (0,1).

We observe that for k (t) = L exp (—1=2¢), ¢ € R we re-obtain the definitions of
(1.16) and (1.17) from (1.11) and (1.12).

Let g be a strictly increasing function on (a,b), having a continuous derivative
g’ on (a,b). We can define the more general exponential fractional integrals

119 Tf@ =g {2t 6@ g0} 07O > a

a (67

and

19 T @)= e {200 g} O f 0 o <o

z [e%

where a € (0,1).
Let g be a strictly increasing function on (a,b), having a continuous derivative ¢’
on (a,b). Assume that o > 0. We can also define the logarithmic fractional integrals

(1.20) Ly oy f (x) = /L (9(x) = g(#)* " In(g(x) — g (1) g’ () f (1) dt,
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for 0 <a <z <band
b

12 L @)= [ G0 -g@) @) - g)g @) O

x
for 0 < a <z < b, where o > 0. These are obtained from (1.11) and (1.12) for the
kernel k (t) = t*"!lnt, t > 0.
For a =1 we get

(12)  Lpaf )= [ W) =g @)g (0 (0 0<a<w<d
and
b
(1.23) Lovf(z) = / (g (t)— g (@) g () fB)dt, 0<a<z<b
For g (t) = t, we have the simple forms
(1.24) Lo f(x):= /z (z—8)* "In(z—t)f(t)dt, 0<a<z<b,
b
(1.25) Ly f(z):= / (t—2)* 'In(t—z)f(t)dt, 0<a<xz<b,
(1.26) E,H_f(a:)::/zln(x—t)f(t)dt,0<a<x§b
and
b
(1.27) Ly_f(z) ::/ In(t—z)f()dt, 0<a<z<b.

For several Ostrowski type inequalities for Riemann-Liouville fractional integrals
see [2]-[17], [20]-[33] and the references therein.

In this paper we establish some inequalities for the k-g-fractional integrals of
integrable functions satisfying some boundedness conditions. Further bounds for
absolutely continuous functions whose derivatives also satisfy some boundedness
conditions are given as well. Examples for a general exponential fractional integral
are also provided.

2. INEQUALITIES FOR BOUNDED FUNCTIONS

For k and g as at the beginning of Introduction, we consider the mixed operator
(2.1) Skgats-f(2)
1
=3 [Sk.g,a+f (%) + Sk,gp— f (2)]

K b
=2 U Fo@) ~ g )5 01 @+ [ kO - 9@ @70

for the Lebesgue integrable function f : (a,b) — C and x € (a,b).
Observe that
b

(2.2) Stgsf (B) = / k(g () — g (8) g (1)  (t)dt, x € [a,b)

X



SOME INEQUALITIES FOR THE GENERALIZED k-g-FRACTIONAL INTEGRALS 5

and
(2.3) Sk,g.a—f (a) = /x k(g(t)—g(a)g (t) f(t)dt, € (a,b].
We can define also the mixed operator
(2.4)  Segarp—f (@)
= 5 [Skgws S () + Sy f (@)
b T
- [/ blg®) -9 g (0 f Odt+ [ Elg®) - g(@)g (O f ()ds

for any x € (a,b).
The following two parameters representation for the operators Sj g,q+.— and
Sk.g,a+,b— hold:

Lemma 1. With the above assumptions for k, g and f we have

(2.5) Sk.g.atp—f () = % YK (g (b) = g(2)) + AK (9 (z) — g (a))]

+;/jk(g(x)_g(t))g’(t)[f(t)_)\]dt

b
3 [ RO —a@)g 01 0 =)
and
26)  Sigurs (@)= 5 AK (90) ~ 9(2) + 7K (9(2) g (@)

3 [ K@ -g@)g O 0 -Na

b
*%/ k(g(b) =g (8) g (8)[f (1) = Al dt

for x € (a,b) and for any A\, v € C.
Proof. We have, by taking the derivative over ¢ and using the chain rule, that

(K (g(z)—g @) =K' (g(z)—g(t) (g(x) —g(t) =—k(g(z) —g(t) g (t)
for ¢t € (a,z) and

[K(g(t) =g ()] =K' (g(t) —g(2) (g(t) —g(2)) =k(9(t) — g (x)) g (t)
for t € (z,b).
Therefore, for any A, v € C we have

en [ ko@-s®)g O 0 -
:/Ik<g<x)—g(t))g'(t)f(t)d A/ k(g (x) — g (8) g (£)dt
g

t —
= Spgaif (@) £ A / K (g () — g (£))] dt
= Shgart (1) + A K (9(2) — g O = Skguas f (2) = MK (9 (z) — g ()



6 S.S. DRAGOMIR

and

b
(2.8) / k(g (t)—g(z)g () [f (t) —~]dt
b

b
=/ k(g(t)—g(w))g’(t)f(t)dt—v/ k(g (t) — g (2) g (1) dt

x

b
= Spgof () — 7 / K (g(t) — g ()] dt

= Skgo-f (@) =7 [K (9(8) = g (@))]l; = Skgp-] (@) = 7K (9 (b) — ¢ (2))

for x € (a,b).

If we add the equalities (2.7) and (2.8) and divide by 2 then we get the desired
result (2.5).

Moreover, by taking the derivative over ¢ and using the chain rule, we have that

(K (g(0) =g @) =K' (g(b) —g(1) (g (0) =g (1)) =~k (g(b) — g (£)) ¢’ (1)
for t € (x,b) and

(K (9(t) —g ()] =K' (g9(t) = g(a)) (9(t) = g(a) =k (g(t) —g(a)) g (t)

for t € (a,x).
For any A, 7 € C we have

b
(2.9) / k(g (0) —g () g (@)[f (t) — Al dt

b
= St 04X [ 1K (96) — g (6))]'
= Stgar f (0) = AK (g (b) — g ()

and

1) [k -g@)g O1F @) -l

=/wk(g(t)—g(a))g’(t)f(t)dt—v/ k(g(t) — g(a) g (t)dt

a
x

:/wk(g(t)—g(a))g’(t)f(t)dt—v/ K (g (t) — g ()] dt

a

:/wk(g(t)*g(a))g'(t)f(t)dt*VK(g(x)*g(a))

for « € (a,b).
If we add the equalities (2.9) and (2.10) and divide by 2 then we get the desired
result (2.6). O

If g is a function which maps an interval I of the real line to the real numbers,
and is both continuous and injective then we can define the g-mean of two numbers

a,bel as
Mg (a,b) = gfl (g(a);g(b)) .
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If I =R and g (t) = t is the identity function, then M, (a,b) = A(a,b) := £,
the arithmetic mean. If I = (0,00) and g (¢t) = Int, then M, (a,b) = G(a,b) := \/>
the geometric mean. If I = (0,00) and g (t) = then M,y (a,b) = H (a,

b) =
21127 the harmonic mean. If I = (0,00) and g (¢ ) = tP, p # 0, then M, (a,b) =

M, (a,b) := (%)mj7 the power mean with exponent p. Finally, if I = R and
g (t) = expt, then

M, (a,b) = LME (a,b) := In (GXPHGXI”)> |

2

the LogMeanEzp function.
Using the g-mean of two numbers we can introduce

(2.11) Prgarp—f = Skgatrpo—f (Mg (a,b))
Mgy (a,b) a
5 [ (MY o) wa

+1/b (o0 - 2D g0 5 )

2 /0, (ab)

Using the representation (2.5) we have

(212)  Pigarpf=K (9 (0) ;g (a)) ¥ —;— A

Mg(avb) a
*él k<9(ﬁ;ﬂ®_g@>y@nﬂﬂ—AMt
1 ° g(@)+g®)Y ,
+2/‘mwk@@> : >g@ﬂﬂﬂﬂﬁ

for any A, v € C.
Also, if

(2.13) Pegassf = Skgars_f (M, (a,b))

(2.14) Prgats-f =K (9 (b) ;g (a)> g ;r A
1 Mgy (a,b) /
+§/a k(g(t) —g(a))g @) [f () —r]dt
I ,
! 2/Mg(a,,,)"C g(0) —g@) g O Lf (1) = Aldt

for any A, v € C.
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Now, for ¢, ® € C and [a,b] an interval of real numbers, define the sets of
complex-valued functions

Upa,p) (¢, @)
= {f : [a,b] — C|Re [(@ - @) (f (t) — 5)} > 0 for almost every ¢ € [a,b}}

and

Amm¢@:{ﬂMMec

Fy- 22

The following representation result may be stated.

Proposition 1. For any ¢, ® € C, ¢ # ®, we have that U[a,b] (¢, ®) and A[a,b] (¢, D)
are nonempty, convexr and closed sets and

S%\@—qﬂ for ae. t € [a,b}}.

(2.15) Uta,p) (6,®) = Apap) (¢, P).-
Proof. We observe that for any z € C we have the equivalence
p+®| 1
_ < 2P —

if and only if

Re[(® —2)(z—¢)] 2 0.
This follows by the equality
2

1 $+® i
po =0 - |- 22| —Rel(@ - ) (- o)
that holds for any z € C.
The equality (2.15) is thus a simple consequence of this fact. O

On making use of the complex numbers field properties we can also state that:
Corollary 1. For any ¢, ® € C, ¢ # ®,we have that
(2.16) Ula) (6,®) = {f :[a,8] = C | (Re® —Re f(t)) (Re f(t) — Reg)
+(Im® —TIm f(¢)) (Im f (t) — Im ¢) >0 for a.e. t € [a,b]}.
Now, if we assume that Re (®) > Re (¢) and Im (®) > Im (¢), then we can define
the following set of functions as well:
g[a,b] (QS?@) = {f : [a7b] —C | Re (Q) > Ref (t) > Re (¢)
and Im (®) > Im f (¢) > Im (¢) for a.e. t € [a,b]}.
One can easily observe that g[a,b] (¢, ®) is closed, convex and
0 # Sjap) (0,®) C Upapy (¢, ).
We also define the function K : [0, 00) — [0, 00) by
[ 1k (s)| ds if 0 < ¢,
K(t) :=
0ift=0.

We observe that if k takes nonnegative values on (0, 00), as it does in some of the
examples in Introduction, then K (¢t) = K (t) for t € [0, 00) .
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Theorem 1. Assume that the kernel k is defined either on (0,00) or on [0,00)
with complex values and integrable on any finite subinterval. Let f : [a,b] — C be a
measurable function on [a,b] such that f € A[mb} (¢, ®) for some ¢, € C, ¢ # ®
and g be a strictly increasing function on (a,b), having a continuous derivative g’
on (a,b). Then we have

1) [Sugraf (@)= 51K (00) ~ 9 (2) + K (0(0) ~ 9] 57|
< EI‘I’—Qﬁl [K(g(z) —g(a)) +K(g(b) — g (z))]
and
218 [Sugnea-s @)= 5K @0) -9 @)+ K (00) — s @) 57
< il‘b—ﬁﬂ [K(g(z) —g(a)) +K(g(b) — g (z))]
for x € (a,b).
Proof. Since f € A[mb] (¢, @), then from (2.5) we have for = € (a,b) that
(219) |Skgarsnt (2) — 5 (K (9 (0) ~ g () + K (9.2) — g (a))] 252
1 6+ O
<3| [ (f B dt‘
1

/k

+M

(-5
o

+ oo

0

g0 (r- 52 )
0
®

(g(@)—g(t)g @)

()
(g(x)—g(®) g (#)
(g(t) —g(x)d ()

+;/bk (f dt

b
< le—g] V kg @) =g )] g (W dt+ [ Tla @) =g @)l (1)
=B (@)

We have, by taking the derivative over ¢ and using the chain rule, that

K (g(z) —g @) =K (g(z) =g (1) (9(z) =g (#))" =~ |k (g(x) =g ()] g’ (¢)

for t € (a,z) and

K (g(t) =g @) =K (g(t) —g(=) (g(t) =g (=) = k(g(t) = g(z)]g ()
for t € (x,b).
Then

[ k@ -9 @y O = [ K@ -0 @t =K (g(2) g )

and

b b
[ ka®-g@lg ®di= [ Kg®) - g it =Kg(t) - g(@).
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Therefore,
B(x) < 110 0l[K (g(x) g a)) + K (9 (8) — g ()]
for x € (a,b), which proves (2.17).
Also, by the equality (2.6) we have
. 1 6+
(2.20) &mﬁwﬂ@2mw@>g@»+K@w>gmm2\
1 6+
i o0-swora-£52)a
+;‘£kma»—wwm%w(ﬂw—;¢)m
<3 [ a0 -s@go(r0-5)|a
b
5 [ e -sgo(ro- 232
<3 [ a0 -s@ido(r0-5)|w
b T
gi@¢ql|ug@g@m¢@wﬁ+Lk@u> (@)l )
=C ()
for x € (a,b).

We have, by taking the derivative over ¢ and using the chain rule, that

K (g(b) =g @)

for t € (x,b) and

K (g ()~ g(a)

for t € (a,z).
Therefore

[
" e

=K' (g(0) =g () (g(b) —g(1) = -

=K'(g(t) —g(a) (g(t) = g(a)

and by (2.20) we get (2.18).

[k (g (

) =1k (g(t)

Corollary 2. With the assumptions of Theorem 1 we have

2.21)  |Pogarof—K (9 (b) = (a)) ¢ J; @\ .
and
(2.22) pk,g,aanf—K(g(b);g(a)) ¢42r<1>’ S%

b) —g ()l ()

—g(a)lg ()

Lo — i (105 210))
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Remark 1. By Holder’s integral inequality we have for p, ¢ > 1, % + % =1 that
tessupe(o,q |k ()] 1%l .41.00
(2.23) K(t / Ik ()] ds < e = {
ti/p (f |k (s)|? ds ) tt/p ||k||[o,t],q
fort > 0.
By (2.17) and (2.18) we then have

(2.24)

Sgurcat (0) ~ 51K (0(0) ~ 9 (0) + K (90) ~ g (@)] 57|

1
<712-9l {( (@) = g (a) [1E]lj0,g(2)— g(a)),00 T (9 (0) — g (2)) ||k||[0,g(b)fg(az)],oo}
1
< 712 =0l (g (b) = g(@) 1kllj0,4)—g(a)1,00
and

Sugurad (@) = 51K (0(0) = 9 (0) + K (0(0) ~ 9 ()] 57|

(2.25) 5

1
< 119 =1 [(9 @) = @) ¥l 01 g(opoe + (0 B) = 9 @) ¥l 0o,
1
< 1 |® —¢[(g(b) —g(a)) Hk”[o,g(b)—g(a)],oo

for x € (a,b).
In particular, we have from (2.24) and (2.25) that

],oo

2

Pk,g,a+,b_f—K<g(b);g(“)>‘“‘I" i@ 9l (9 (1) = 9 (@) [kl e

and

Prgara-f =1 (L G132 < Lo 610 0) 910 bl o -

By utilising the second branch in (2.23), then we also have

1 ¢+ @

(226) S UK (9 () =g (@) + K (9(2) — g (@) 5=

Sk,g,aﬁL,bff (.’)3) -

1
< 1192 = 9l (9@ =9 (@) Ikl gy gana + 9 ®) =9 @) Rl g1 40011

1 1/p 14/
< 19 =91 (9 6) = 9 @) [l o) gtarna + 1 g0)—tor10

1
< Siri 12—l (g (B) — g ()" IIk'II[o,g(b)_g(a)],q
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and

(2.27)

a1 (@) = 3 K G 0) = 9(0) + K (9(0) - 9 )] 25|

1
< 112 =91 [0 @) = 9 (@) 1l go)gana + 9 ©) = 9@ 1kl g6 g(o10)
1 1/p 1/q
< 710 =919 ®) = g @) [kl 0)g(ana + 1K g06)-a(on]

1 1/
S 21+1/p |(I) - ¢| (g (b) - g (a)) /e ||k||[0,g(b)fg(a)],q

for x € (a,b).
Finally, from (2.21) and (2.22) we derive the simple inequalities

(2.28) |Prgass f—K (g(b) ;9 (a)) ¢ J; <I>’

< i 12— 61 (9 8) — 9 @) Ikl ssi,
and
(229) | Prgatsf—K <g () ;9 (a)) ¢ -12- ‘P’

1
< vz |2 = 2@ () = g ()7 1Ml g srscor],

wherep,q>1,%+ =1.

1
q
3. INEQUALITIES FOR BOUNDED DERIVATIVES
We start with the following two parameters representations incorporated in:

Lemma 2. With the above assumptions for k, g and if f : [a,b] — C is absolutely
continuous on [a,b], then we have for x € (a,b) that

(3-1)  Sk.g.atp-f () % (K (9 (x) = g(a)) f(a) + [K (g (b) — g (2))] f ()]

b
n A/ K (g g(t))dtiv/ K (g(t) - g (2)) dt

o2 [ K@ @At [ Koo -s@h- ol
and
(32) Sigarst (@ %[K@(b)— () + K (9/(2) ~ g @) f (&)

+ v/K dtff)\/ K (g (a)) dt

+%/$ K (g(b)—g(t)) [fl(t)—ﬂdt+§/a K(g(t)—g(a) A= f (1) dt

for any A, v € C.
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Proof. Using the integration by parts formula, we have

(3.3)

for any = €
From (3.

(3.5)

for any = €

(a,b).
3) and (3.4) we get

/zk@ (2) — g (1)) (1) f (t) de

= K@) -9 @) 7@+ [ Ko@) g0
+ [ K@=y 0 - Na

b
/ k(g (t) — g (@) g’ (1) f (t)dt
=[K(g(b)—g(w))]f(b)—v/ K (g(t) — g (x)) dt
—/ K (g(t) — g () [f (t) — ] dt

(a,b).

13

If we add the equalities (3.5) and (3.6) and divide by 2 then we get the desired

result (3.1).
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Using the integration by parts formula, we have

61 [ e -9 ©F @ d

dt
== [K(g(b)—g(t))f(t)li—/ K(g(b) =g (1) f(t)dt

=K(g(b)—g(x))f(x)+/ K (g(b) — g() f (t)dt

for any x € (a,b).
From (3.7) and (3.8) we have

(3.9) / ko ®) -9 () g (07 (1)t
=K(g(b)—g(x))f(w)+v/:K(g(b) —g)dt
+LbK(g(b)g(t))[f’(t)7]dt

and

(3.10) [ raw-st@ng s
K (@) -9 @)@ - [ KO- g@)a
- [ Kl -g@)1f @)~ N

for any x € (a,b) .
If we add the equalities (3.9) and (3.10) and divide by 2 then we get the desired
result (3.2). O
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Corollary 3. With the assumptions of Lemma 2 we have

(311) Prgaypf =K (9 (b) ;9 (a)) f(a)+ f(b)

2
+ha / o ()‘;g(”)—g@)) dt—%v /;g(a’b)K@(t)—g(“);g“’)) at
o Hie? ( D gw) e - A

and

1 b 1 M, (a,b)
37 ) o K@ g @) [T K g0 g @)

for any A, v € C.
The following error estimates result can be stated:

Theorem 2. Assume that the kernel k is defined either on (0,00) or on [0,00) with
complex values and integrable on any finite subinterval. Let f : [a,b] — C be an
absolutely function on [a,b] such that [ € Ay ) (1, V) for some ¢, ¥ € C, ¢ # U
and g be a strictly increasing function on (a,b), having a continuous derivative g’
n (a,b). Then we have

(3.13)

Sk.gatb-f () = % [K (9 (z) — g (a)) f(a) + [K (g (b) — g (x))] f (0)]
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and
(314) |Sigusimt () i[mg(b) 9() + K (9(2) g @)/ (2
Y+
([ w60 -s@a-[xun ) :
gi V K \dt+/ K (g |dt1
< 1Iw -y [/ K (g (b dt+/ K ]
for z € (a,b).

Proof. Using the identity (3.1) and the fact that f’ € A[a,b] (1, T), then we have
for « € (a,b) that

(3.15)

Sk,gatb—f () — =

—g(a)
b T
+3 (/ K(g() =g @)t [ K(gm-gu»dt)@”;@
Sl ’ g(z) — ( L

which proves the first inequality in (3.13).
The last part follows by the fact that

/ 5) ds

K ()]

/|k )| ds =K (¢) for t > 0.
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Using the identity (3.2) we also have

gk,y,a-&-,b—f(x)_;[K(g(b) () + K (9 () —g(a)] f (z)

+;</;K(g(t) ) dt — /K )w;‘y
b 0) (f’(t)w”’)dt
~g(@) (1”;‘1’ 10 dt\

imf v [/ K@) -gla+ [ 1K |dt]

for x € (a,b), which proves (3.14).

(3.16)

< Z
-2

[\

O

Corollary 4. With the assumptions of Theorem 2 we have

(317) |Poguro f— K (9 R <a>) S+ )

([ o222 [ (222 )

Prpeaf — K (L0229 (o1, (0,0

1 Mg (a,b) b
= ( [ Ke@w-g@a- [ Koo —g(t))dt> .

1 b Mg(a,b)
<1l VMg@,b)K(g m-g@a+ [ K g(a))dt] |

(3.18)

Remark 2. Using the first branch in (2.23) we have
/ K (g Dt < [ (9 () = 90 bl 010

< Wl g—sionoe | (9(2) = g(2)) d
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and

b b
/ K (g (t) — g (2))dt < / (9.8) = 9.(2)) 1Kl 05y oy o0 I

b
< 15l g0 —g (oo / (g(t) - g () dt.

Therefore

x b
/K<g<x)—g<t>>dt+/ K (g (t) - g (x)dt

b
< ||k||[(),g(:c)7g(a)],oo/a (9(z) —g(t))dt + ||k||[(),g(b)fg(a:)],oo‘/x (g(t) —g(z))dt

IN

z b
[ w@-gma+ [ —g(x))dt] L.

i b T
= |9(@)(z—a)—g(x) (b—$)+/ g(t)dt—/ g(t)df] &1 0,9(6)—g(a)].00

i b T
= |g(z) (29€—a—b)+/ g(t) dt—/ g(t) dt] &l t0,g(5)—g(a)),00

and by (3.138) we get

1

(3.19)  |Skga+s-f(x) = 5 [K(g(x) —g(a)) f(a)+[K (g(b) =g ()] f (0)]
b

2
b
+y (/ K (9(t) = g () db /K@(m)—ﬂt»dt)‘”f

cin-sin o223 ]

for x € (a,b).
In particular, for x = %*b we get

Sk.g,a+b—f (a;—b)
(o (52) o) e i (o= (5))] o]
AL (559 [T (o () o)) 5

1 b =
=7 ¥ — 9| [/ﬁb g(t)dt — /a g(t) dt] 1Ml 0,9(6)g(a)],00 -

(3.20)
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Also
b x
/K<g<b>—g(t>>dt+/ K (g(t) - g (a)) dt
xT b a
<

< / (9 (0) — g () [1Ell0,g(5)—g(2],00 G +/ (9@) = 9(@) [1Ell0 () g(a)), 0 U

b
< kil —a(ooe / (9(8) = 9 (1) dt + 1Kl 0.y 0) gty / (9(t) — g (a))

x

b
< [/ (g(b)*g(t))dt+/ (9 (t)g(a))dt] 1%l 10,9()—g(a)],00

T b
= [g(b) (b—z)—g(a) (w—a)+/ g(t) dt—/ g(t)dt] 1%1l10,6(5)— ga)],00

a

and by (3.14) we get

Stgarst (@) — S[K(g() — g (@) + K (9(x) - g (@)] f ()

(3.21) 5

T b
+; (/ K =g@)at— [ K(g(b)—g(t))dt) N

< |‘Ij - ¢| ||kH[0,g(b)—g(a)},oo

x [g<b><b—:c>—g(a)(w—aw/zg(t)dt—/ g(t)dt],

e

for z € (a,b).
In particular, for x =

9 a+b
Sk,g,a+,b—f< D) )

[ emmo(557) (o (757) o)) (457)
K(g@-g(t»dt)w

a+b
%5 we get

(3.22)

a+b b

v [g(b);“") o-a+ [ oa- [

a

< g (t) dt‘| ||k||[0,g(b)—g(a)],oo :

1
4
Similar inequalities may be stated on using the second branch of the inequality
(2.23). The details are omitted.

4. EXAMPLE FOR AN EXPONENTIAL KERNEL

The above inequalities may be written for all the particular fractional integrals
introduced in the introduction. We consider here only an example for a general
exponential kernel that generalizes the transforms (1.16) and (1.17).
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For «, 8 € R we consider the kernel k (t) := exp [(a+ 5i) ], t € R. We have

exp[(a+ Bi)t] —1

KO ==t v5)

,ifteR

for a, B # 0.
Also, we have
|k (s)] := |exp [(a + Bi) s]| = exp (as) for s € R
and

explat) =1y oy

K () = /Ot exp (as)ds =

for o # 0.
Let f : [a,b] — C be an integrable function on [a, b] and g be a strictly increasing
function on (a,b), having a continuous derivative ¢’ on (a,b). We have

@y et f@ =g [ elet s @ -g@)g 0O

b
+%[L exp[(oz+ﬁi) (g(t)_g(x))}g/(t)f(t)dt

for x € (a,b).

If g = Inh where h : [a,b] — (0,00) is a strictly increasing function on (a,b),
having a continuous derivative h’ on (a,b), then we can consider the following
operator as well

(4.2) nztﬁﬂ, f(x)
= EQZBJH f(z)

L[ R @)\ T (1) bR\ R (1)
2V G@)  wwron [ (i) h(t)f@)dt]’
for z € (a,b).

Let f : [a,b] — C be an integrable function on [a, b] and ¢ be a strictly increasing
function on (a,b), having a continuous derivative ¢’ on (a,b) . We have

b
@3 Gl @ =y [ ewl+ 8o - g@)]g O O

+ ;/: exp [(e+ Bi) (g (t) — g ()] ¢ (t) f () dt

for z € (a,b).

If g = Inh where h : [a,b] — (0,00) is a strictly increasing function on (a,b),
having a continuous derivative h’ on (a,b), then we can consider the following
operator as well

(44)  Hl, f ()
= Gintar ot ()
. 1 x h(t) a+Bi B (t) b h(b) a+pBi % (t)
_2M (h(a)) h(t)f(t)dzH-/z (h(t)> g )

for z € (a,b).
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Assume that « > 0, then

& 0,00) g0 =  Sup exp (as) =exp (a[g(b) — g (a)]).
5€[0,9(b)—g(a)]

By using the inequalities (2.24) and (2.25) we have
Eparid (@)

1 [exp [(o+ Bi) (g (b) — g (x))] + exp [(o + Bi) (g (z) — g (a))] — 2} ¢+ <I>’
2 (o + Bi) 2
@ —¢[[(g9(z) —g(a))exp(alg(z) —g(a)]) + (9(b) — g (z))exp(ag(b) — g (2)])]

< 112 =0l(g(0) — g (@) exp (aly (B) — g a))

(4.5)

»-lk\}—‘

and

(4.6) |Gotd_f (@)
1 [exp [(a + Bi) (g (b) — g (2))] + exp [(a + Bi) (9 () — g (a))] —2} ¢+<1>’

2 (a4 Bi) 2
i\‘b ¢l[(g (z) — g (a)) exp (a[g (z) — g (a)]) + (9 (b) — g (z)) exp (a[g (b) — g (z)])]
< i [ — 9] (9 (b) — g (a)) exp (a[g (b) — g (a)])
for « € (a,b).

If we take in (4.5) and (4.6) g = Inh, where h : [a,b] — (0,00) is a strictly
increasing function on (a,b), having a continuous derivative b’ on (a,b), then we

(4.7) Fé(}f,—;izb { }L(L) a+ma+i§?) +B12] ¢H2_(I>
<zie-a[(i) » () + (i) » (i)
<zt () = (k)
and
ws) [ f(x)_% {(f&%)”ﬁ:j%i)”ﬁzz ¢>J2r<1>
<3ie-o (i) » (i) + ) = ()
<gte-a (i) » (i)
for z € (a,b) .

Similar results may be stated for the inequalities (3.19) and (3.21). However,
the details are not presented here.
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